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Abstract

This paper introduces a novel framework based on a-stable moving average aggregates to model financial
bubbles with heterogeneous growth and crash dynamics. We establish the theoretical properties of the
model, showing in particular that it admits a semi-norm representation, which enables the prediction of
extreme trajectories from past observations whenever each latent component is anticipative. We develop a
minimum distance estimator based on the joint empirical characteristic function of consecutive observations
and establish its consistency and asymptotic normality under suitable regularity conditions. Monte Carlo
simulations confirm reliable finite-sample performance, and a subsampling procedure confirms convergence
to the asymptotic Gaussian distribution, with confidence interval coverage reaching near-nominal levels for
every parameter as the sample size grows. An empirical illustration to the CBOE Crude Oil ETF Volatility
Index decomposes observed volatility dynamics into distinct latent components with different persistence
properties, showing that what appears as a single explosive episode actually consists of multiple superimposed
processes with heterogeneous growth rates and crash probabilities. A pattern-matching forecasting exercise
based on this decomposition anticipates both the timing and magnitude of the March 2020 volatility spike.
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1. Introduction

Financial markets regularly witness dramatic episodes where asset prices undergo rapid growth followed by abrupt
collapses. These phenomena, termed rational asset pricing bubbles when they diverge from fundamental values (Blan-
chard and Watson , 1982; Tirole , 1985), have become increasingly prominent alongside well-documented features
such as heavy-tailed distributions and volatility clustering, and emerge as solutions to linear rational expectation
models that admit multiple stationary equilibria through infinite variance innovations (Gouriéroux et al. , 2020).
Such patterns are incompatible with standard linear time series models, which fail to simultaneously accommodate
heavy-tailed innovations, explosive growth, and the abrupt reversals characteristic of locally explosive episodes. From
an empirical perspective, anticipative (or noncausal) models appear as good candidates to account for the non-linear
dynamics of bubbles and the non-Gaussian environment. Such future-oriented models may generate intermittent pe-
riods of explosive growth and relative stability within a stationary linear framework, while also admitting a regular
time representation involving nonlinear dynamics or non-i.i.d. innovations (Gourieroux and Jasiak , 2026; Fries and
Zakoian , 2019). Beyond estimation, this class of models has been studied for its forecasting properties (Gouriéroux
and Jasiak , 2016, 2018; Gourieroux and Jasiak , 2026) and its applications ranging from inflation and macroeconomic
dynamics (Lanne and Saikkonen , 2011, 2013; Hecq et al. , 2020) to bubble modelling and tail risk (Fries and Zakoian
, 2019; Gouriéroux et al. , 2025; Giancaterini et al. , 2026). This framework also exhibits intriguing properties, such
as a predictive distribution with lighter tails than the marginal distribution, which enables more accurate predictions
of higher-order moments (see e.g. Fries , 2022) and forecasts based on pattern recognition (see de Truchis et al. |
2026a), both critical for informed investment decisions.

A natural class of such models is provided by anticipative stable two-sided moving averages: stationary linear
processes of the form

Xe=3Y dicrr, &% S(a,f,0,0), (1.1)

kEZ
where (g¢) is an i.i.d. sequence of a-stable innovations with tail index « € (0, 2], skewness § € [—1,1], scale o > 0,
and (dg)kez is a real deterministic sequence satisfying appropriate summability conditions. Because the coefficient dy,
is nonzero for k > 0, the process X; depends on future innovations, making it anticipative. The simplest instance is
the purely anticipative stable AR(1) studied in Gouriéroux and Zakoian (2017), which corresponds to dy = 9*1;>0,

|| < 1, and admits the two-sided moving-average representation

—+oo

X = Z¢k€t+k7 Y| <1, (1.2)

k=0

showing explicitly that X; depends on current and future innovations only, with geometrically decaying coefficients at
rate 1. This framework extends naturally to mixed-causal autoregressive processes of orders (r, s), denoted MAR(r, ),
defined by ®(L)¥(L~")X; = &4, where ®(L) = [[;_, (1 = N\;L) with [\;| <1, Vi€ {1,...,r} and O(L7") = [[5_, (1 -
¢ L7 with |¢;] < 1,Vj € {1,..., s}. Under these root conditions, every MAR(r, s) process admits a two-sided MA (co)
representation of the form (1.1), with coefficients (d) that decay geometrically on each side of the origin (Gouriéroux
and Jasiak , 2016; de Truchis and Thomas , 2026). The purely causal case (s = 0) reduces to a standard AR(r) model
driven only by past innovations, while the purely noncausal case (r = 0) yields a process driven exclusively by future
innovations.

However, anticipative models impose a similar increase rate for all bubbles, fully determined by the noncausal au-

toregressive coefficients (Gouriéroux and Zakoian , 2017).* This lack of flexibility may conflict with empirical evidence

4Lanne and Luoto (2013) introduce time-varying parameters in noncausal models not to allow growth rates to vary directly over time,

but their approach, in a sense, addresses this issue.



on financial markets where the surge of explosive episodes can exhibit very different patterns. A natural motivation
for heterogeneous bubble dynamics also arises from heterogeneous agent models: when fundamentalist and chartist
traders interact, their competing strategies can generate distinct speculative components with different persistence
properties (Agliari et al. , 2018), further supporting aggregation as a natural device for capturing the empirical
complexity of bubble dynamics. A natural remedy is to consider processes resulting from the linear aggregation of
J > 1 independent latent stable moving averages, each driven by its own innovation sequence. Formally, an a-stable

aggregate is defined as

J

Lid.

X :UZWij,t, Xt :Zdj,k€j,t+k, g~ S(a,B;,1,0), (1.3)
j=1 keZ

where ¢ > 0 is an overall scale parameter, (7rj)3-]:1 are positive mixing weights summing to one, (d,; )x are distinct
deterministic coefficient sequences characterising the dynamics of each latent component X, and the innovation
sequences (¢;,;) are mutually independent. The tail index « is assumed common across all components. This restriction
rests on two grounds. First, it follows from the stability under linear combinations: the aggregate X; admits a well-
defined a-stable distribution only when all components share the same tail index, since the tail of a sum of independent
stable variables is governed by the heaviest one and the resulting distribution is tractable only in the equal-a case.
Second, a common « preserves identifiability of the remaining parameters: the components are distinguished by their
dynamic coefficients (d; ), and mixing weights (7;), so that heterogeneity in bubble growth rates is fully captured by
the autoregressive structure rather than by tail heterogeneity. As a consequence, all components share the same tail
decay rate while differing in their persistence and crash dynamics; the asymmetry parameters §; may however vary
across components.

For example, the simplest specification takes each latent component X ; to be a purely anticipative stable AR(1)

process as in (1.2), with d; , = w;? 10, ¥; € (0,1), so that

J +oo
Xo=0) mXje  Xje=) Uik (1.4)
j=1 k=0

Because the 1; differ across components, each latent process generates a distinct bubble growth pattern, and their
superposition produces richer and more heterogeneous explosive dynamics than any single anticipative process. Fur-
thermore, as noted by Gouriéroux et al. (2021), aggregation introduces multiple independent sources of noise, making
the stable aggregate structurally different from any mixed-causal or two-sided moving average model, and therefore
better suited for derivative pricing where each risk factor must be separately identified and hedged.

The literature on the estimation of anticipative stable processes is relatively sparse. For non-aggregated mixed-
causal AR models, an early semi-parametric approach is developed by Gassiat (1990, 1993), who establish consistency,
asymptotic normality, and adaptivity for noncausal AR(p) processes with infinite-variance innovations, thereby cover-
ing the a-stable case; however, their procedure requires knowledge of the innovation density up to a scale parameter.
Building on this line of work, Breidt et al. (1991) establish maximum likelihood theory for noncausal ARMA processes,
which Andrews et al. (2009) extend to a-stable AR models in full generality. Velasco and Lobato (2018) develop
frequency-domain minimum distance estimation for potentially non-invertible and noncausal ARMA models. Gourier-
oux and Jasiak (2023) propose the Generalized Covariance estimator (GCov), which identifies MAR(r, s) parameters
by minimizing serial dependence in polynomial transformations of the pseudo-residuals; however, its asymptotic theory
requires innovations with finite moments of a sufficiently high order, a condition incompatible with a-stable distribu-
tions. For aggregated processes, Gouriéroux and Zakoian (2017) propose a Cauchy-specific (a« = 1, 8 = 0) minimum
distance estimator (MDE) based on the empirical characteristic function (ECF), deriving identification results for
both continuous and discrete mixing distributions; nonetheless, their framework is confined to the Cauchy family and
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to purely anticipative AR(1) latent components. The ECF approach is grounded in the minimum distance theory
of Knight and Yu (2002) and Xu and Knight (2010), who establish \/n-consistency and asymptotic normality for
ECF estimators in stationary time series, albeit under finite-variance assumptions that do not directly extend to the
a-stable setting. Finally, Gouriéroux et al. (2021) study a Gaussian—Cauchy aggregate for WTI crude oil prices
but do not establish formal asymptotic properties: no consistency result or central limit theorem is provided for
the component-weight estimator, nor are the mixing conditions required under infinite-variance innovations formally
verified.

In this paper, we make two contributions to the literature on econometric modelling of financial bubbles. First,
we introduce the aggregation model (1.3), a novel flexible framework that overcomes a key limitation of existing
anticipative heavy-tailed models, which impose uniform growth patterns across different bubble episodes. We derive
the theoretical tail properties characterizing such an aggregation model. We demonstrate that the model admits a
semi-norm representation®, except when one of the underlying components exhibits purely non-anticipative behavior.
This structural property allows us to predict extreme trajectories with heterogeneous growth patterns.

The main object underlying prediction in the a-stable framework is the spectral measure, which encodes the
dependence structure of the process across time. In standard representations, this measure distributes mass in all
directions of the space, mixing past and future indistinguishably. The semi-norm representation, introduced in de
Truchis et al.  (2026a), circumvents this limitation by replacing the standard norm with a semi-norm that assigns
zero weight to future coordinates: the spectral mass is then entirely supported on directions that depend on the past
alone. Economically, this means that the shape of current observations, specifically the magnitude and duration of the
price surge, fully determines the asymptotic conditional distribution of the future trajectory. When this representation
exists, the conditional probability that a bubble follows a given path converges to a well-defined limit as observations
grow large, providing a coherent early-warning system for predicting bubble peaks.

Building on de Truchis et al. (2026a), we characterise when the aggregate admits such a representation. The main
condition is simple: each latent component must be genuinely anticipative, in the sense that its forward-looking moving
average coefficients do not vanish over arbitrarily long horizons. Intuitively, a purely causal component contributes
innovations that are entirely invisible from any finite window of past observations, so that no amount of history can
signal the bubble it drives, such a bubble always arrives as a complete surprise.

Second, we develop a minimum distance estimator based on the joint empirical characteristic function of consecu-
tive observations (X, X;4+1), and we demonstrate its consistency and asymptotic normality under suitable regularity
conditions. Departing from Gouriéroux and Zakoian (2017), who focus on continuous support distributions for the
mixing weights in the specific Cauchy case, our approach handles discrete mixing weights and the full a-stable family
with o € (1,2).° We first consider aggregates of anticipative AR(1) processes, then extend the framework to MAR(1, 1)
aggregates, and finally cover the general MAR(r, s) case, building on the exact two-sided MA (oo) coefficient repre-
sentation derived in de Truchis and Thomas (2026); when no closed-form expression for the characteristic function is
available, we show that, under a non-cancellation condition on the moving-average coefficients (Assumption 9), a nu-
merically truncated approximation achieves a geometrically decaying approximation error at controlled computational
cost.

Our methodology draws from Knight and Yu (2002) and Xu and Knight (2010), who developed asymptotic theory

S5similarly to non-aggregated processes (de Truchis et al. , 2026a)
6The restriction « > 1 ensures that the objective function Dy (8) belongs to C?(©), a regularity condition required for the asymptotic

theory of the estimator (Lemma 2.1). It also guarantees that the innovations have finite moments of all orders ¢ € (0, ), which is needed
for the strong mixing property of the latent processes and the central limit theorem underlying asymptotic normality (Knight and Yu ,

2002; Xu and Knight , 2010).



for minimum distance estimation using the empirical characteristic function in stationary time series, but we extend
their approach to handle heavy-tailed stable distributions. We establish the asymptotic properties of our estimator
under suitable regularity conditions, proving consistency and asymptotic normality. To numerically validate the finite-
sample convergence toward the limiting Gaussian distribution, we conduct an extensive simulation study combining
Monte Carlo experiments and subsampling diagnostics following Politis and Romano (1994) and Politis, Romano
and Wolf (1999). The Monte Carlo analysis demonstrates that the estimator exhibits reliable convergence properties
across various parameter configurations, though with moderate finite-sample biases. At n = 500 and n = 1,000,
subsampling coverage is well below nominal for every parameter, and it improves steadily as n grows: by n = 100,000
all five, 71 included, sit within a few points of nominal, and the same holds at n = 500,000, where estimation variance
also shrinks almost exactly at the 1/4/n rate. « is consistently the best covered of the five. None of the parameters,
the autoregressive coefficients (¢;) and m; included, can be trusted in absolute terms below n = 10,000.

As an empirical illustration, we estimate an aggregation of purely anticipative stable AR(1) processes using the
CBOE Crude Oil ETF Volatility Index (OVX) data collected at weekly frequency over May 23, 2015-April 27, 2025
(T = 518), and we demonstrate that the observed volatility patterns can be effectively decomposed into multiple
latent stable components with heterogeneous persistence properties. The empirical analysis reveals that what initially
appears as a single explosive episode actually consists of several superimposed processes with distinct autoregressive
parameters and crash probabilities, each driven by an independent innovation sequence, pointing to the coexistence
of multiple speculative components within a single observed bubble.

The remainder of this paper is organised as follows. Section 2 introduces the stable aggregates model and develops a
new minimum distance estimator based on the characteristic functions of the unobserved latent components. Section
3 extends the representation theorem of de Truchis et al. (2026a) to stable aggregates and theoretically derives
the conditions under which the forecast of a stable aggregate is possible. Section 4 documents the finite-sample
performance of the minimum distance estimator through Monte Carlo simulations and implements a subsampling
methodology to numerically verify the asymptotic normality of the estimator. An application to the CBOE Crude Oil
ETF Volatility Index is proposed in Section 5. Section 6 concludes. All proofs are relegated to Appendix A, while
the Online Supplement provides Monte Carlo results, subsampling diagnostics, convergence analysis, and additional

results for the empirical illustration.

2. Estimating stable-aggregate of moving average

Consider X; an a-stable moving average defined by

Xt = Z dk6t+k7 €t Z;L\‘d 8(0&, 67 a, O) (21)
keZ

with dp > 0, (dj) a real deterministic sequence such that if a # 1 or (o, 8) = (1,0),
Z |di|® < 400, forsome s € (0,a)N(0,1], (2.2)
k€EZ
and if « =1 and g # 0,
O<Z|dk|‘ln\dk|’ < +o0. (2.3)
kEZ

For dj, = ¥, X; is a simple strictly stationary anticipative AR(1). For X; the strictly stationary solution of
U(F)®(B)X; = O(F)H(B)e, with F and B the lead and lag operators, the process belongs to the class of mixed-

phase ARMA. Furthermore, if © = H = 1, X; is called a mixed causal-noncausal or MAR(r, s) process, where
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r = deg(®) and s = deg(¥). Adding the (o, 5) = (1,0) restrictions (let say S1S), X; actually comes down to the so-
called anticipative Cauchy AR(1) studied, e.g., in Gouriéroux and Jasiak (2018). As emphasized in the introduction,
stable moving averages of the form (2.1) generate trajectories bound to feature the same pattern ¢ — cd,_; (up to a
scaling ¢ and a time shift 7) recurrently through time. This can be seen as a strong limitation when it comes to time
series modelling as argued by Gouriéroux and Zakoian (2017) in the context of explosive bubbles. They suggest to

alleviate this restriction by considering processes resulting from the linear combination of different models.

Definition 2.1. Let (X14),...,(X ) be J > 1 stable moving averages, each satisfying (2.1)-(2.3), for some distinct
coefficients sequences (d; )r and mutually independent error sequences €4 i S(o, B5,1,0), 5 =1,...,J. Let also

(mj)j=1,...,0 be positive numbers summing to 1, o > 0 be a scale parameter and define
J
X; :UZﬂ'ij,t, for teZ.
j=1
We will call such process Xy a stable aggregate, and call X;,, j =1,...,J the latent components of Xj.

Discrete mixture weights Stable aggregate process X,

Wk il | »U
: . MW WWWMMW WMM

500

Figure 1: Simulated stable aggregate dynamics with two components. Top left: Distribution of weights for the two components with
1 = 0.90, w1 = 0.40 for the first component and 2 = 0.70, w2 = 0.60 for the second component. Top right: The resulting trajectory of

the aggregated process X;. Middle and bottom panels: The individual latent component processes with different persistence parameters.

The estimator we propose is valid for any strictly stationary stable aggregate satisfying Definition 2.1, but in
practice, it requires to formally derive the characteristic function of the latent components which can be tedious.

We provide the derivation for four parametric specifications. The first three admit a closed-form characteristic
function: the aggregation of purely anticipative AR(1) processes, mixed causal-noncausal MAR(1, 1) processes , and
the Gaussian-plus-AR(1) mixture of Gouriéroux et al. (2021). Notice that even in these specific frameworks, these
aggregations feature much richer dynamics than single-component stable processes, as illustrated in Figure 1. The
fourth specification extends the framework to general MAR(r, s) processes; in this case, no closed-form expression
for the characteristic function is available, but we show that, under mild regularity conditions on the moving-average
coefficients,” a truncated approximation of the two-sided MA(oco) representation of de Truchis and Thomas (2026)
achieves a geometrically decaying approximation error, at a controlled computational cost. To disentangle the com-

ponents of X;, our method leverages the independence of the latent processes and the resulting structure of the joint

"Namely, well-specified components (pairwise distinct causal and noncausal roots) and the non-cancellation condition of Assumption 9;

we also restrict attention to a € (1,2) and $8; = 0 in this specification.
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characteristic function:

J
vx(u,v) = E(exp{i(uXt + vXt+1)}) = H ox,(omju, om;v) (2.4)

where px; is the joint characteristic function of a single latent component. In the rest of this section, we focus on

B; = p for simplicity.

2.1. Case 1: Aggregation of Anticipative AR(1) Processes

We first restrict our attention to the case where each latent component X ; is a purely anticipative AR(1) process.
Its moving average representation is given by d;; = Q/Jflkzo, with 0 < %; < 1. This restriction ensures that the
asymmetry parameter (3 is preserved through the infinite summation defining each latent component X;;. From
an economic perspective, positive autoregressive coefficients correspond to monotonic bubble growth patterns without
oscillations, which is the empirically relevant case for financial applications modeling speculative bubbles.® The process

is thus defined by X, = Zk 0 z/) €j1+k. The joint characteristic function of the vector (X, X;,+1) is given by
ox,(u,v) = E(expi(qu,t + vXj,tH)) = ]E(expi((uwj +0) X1 + ufj’t)), (2.5)
for (u,v) € R%. Due to the independence of the innovations, this simplifies to
x; (u,v) = E( expi(uy; + v)Xj7t+1)E(eXp iuej,t),

Assuming for simplicity a common asymmetry parameter 8; = 3, we have for o # 1

|7“/’J v|®
L — [ths]@

log E(expiuej) = — (1 — i sign(u) tan (%)) ).

logE(exp i(u; +v) X, t+1) = (1 — ifsign(uy; + v) tan (%))

The log-characteristic function of the aggregate is then obtained by substituting these expressions into Equation (2.4)

J (0%
log ¢ (u,v) Ua W;x (m (1 — ifsign(utp; 4+ v) tan %) + |ul|® (1 — ifsign(u) tan W;)) .
A
The Cauchy case examined in Gouriéroux and Zakoian (2017) is recovered for « = 1, § = 0, leading to
log E(expiuej) = —|u| and

uY; + v
log px (u,v) O’Z <|1_j|¢|| + |u> .
j

As each latent component satisfies |¢;| < 1, the per-component summability condition (2.2) holds and the aggregate
X is strictly stationary. Since J is finite in Definition 2.1, the following sum is automatically finite; we record it
because it is the form of the strict stationarity condition that remains meaningful when the number of components
grows (continuous aggregation, J — oo, see de Truchis et al. (2026b)):

J s

S <o forse(0,0)N(0,1] (2.6)
i (2]

ivi.d.
8To see why this matters, recall that for a sum Z:o:o cpup with uy R S(a, B,0,0), the resulting distribution is S(a, 8’,0’,0) where

5 — Yoo lek|“sign(cr)

=3

o - . When 1; > 0, all coefficients ¢, = 1[);.“ are positive, yielding 8’ = 8. However, when 1¢; < 0, the coefficients
cp |
k=0

alternate in sign, leading to 3’ # (. The case 1; < 0 would thus require a component-specific modified asymmetry parameter B;. in the

characteristic function.



2.2. The minimum distance estimator

As suggested by Knight and Yu (2002) and Gouriéroux and Zakoian (2017), one can rely on the empirical
counterpart of the joint characteristic function (ECF) to build a minimum distance estimator (MDE). The ECF is
simply defined as

n—1

! > exp(i(udy + vXis1)) (2.7)

en(u,v) = n_1

which can be decomposed into real and imaginary parts:

n—1 n—1
1 1 .
<Pn(u, ’U) = P ; cos(u?(t + UXt+1) + m ; ZSIH(UXt + ’L)Xt+1) (28)

By the law of large numbers, ¢, (u,v) £ o(u,v;6p) as n — oo, where 0y denotes the true parameter values. For the
sake of simplicity, we illustrate the parameter identification logic for the special case of the anticipative AR(1). The
identification of 6 = (1,...,55,%1,...,%s, @, B), with ¢; := om; (see Assumption 1 below), rests on the asymptotic
behavior of the population characteristic function ¢(+;6p) as (u,v) — (0, 0) along different directions.? For small values

of u, the behavior of ¢(+;6p) is dominated by the a-stable distribution’s properties. Specifically, for u > 0,

log log | (u, 0; 60)] !

=i 2.
o= lin log|u] (2:9)
and
Im(1 ;0
B pim mUose(0:8)) 7o (2.10)
u—0+ Re(log p(u,0;00)) 2
For the identification of the remaining parameters, we exploit the behavior of the function
J
. log |(u, Au; 6o)| |95 + Al
A\ = 1 = _ o 1 2.11
g( ) u% |u|a Zgj 1— |¢j|a + ( )

j=1
for v = Au and A € R. Two features of (2.11) deserve comment. First, the limit is not doing any real work: factoring
[u|* out of log |¢(u, Au; )| shows that the ratio log [¢(u, Au; 0p)|/|u|* already equals — 3 S (Jehy+ A"/ (A —=]e|*) +1)
for every u # 0; (2.11) is thus an identity, not an asymptotic statement. Second, (sj,%;) < are not recovered by
evaluating ¢ at a handful of points: since J itself is unknown, there is no finite system to solve, so instead one locates
where g stops being smooth. Away from {—1,...,—1s}, g is a finite sum of real-analytic pieces, hence real-analytic
itself; at A = —; each summand [¢); + A|* only reaches C! regularity when a € (1,2), its second derivative blowing

up since the exponent a — 2 is negative:

J a

g ry
"(\) = —ala—1 — i+ A —— —0. 2.12
) = ol =) Y T A o (2.12)
Because the 1); are pairwise distinct (Definition 2.1), the singular support of g” is exactly {—vn,...,—¢s}: it delivers
{1,...,1;} as a set, with no need to know J in advance. Near each singularity only the matching summand blows

up, so rescaling by |\ + ¥|?>~ kills every other term and isolates

ala—1)¢p

AT (2.13)

; 2—a 11 _
A+ [T () =

9These limits are taken on ¢(+;6p) itself, not on the empirical characteristic function ¢y, at a fixed sample size n: since log |pn, (u,0)| =
—Spu?/2 4+ O(u*) as u — 0, with S, the sample variance of the observations, the corresponding ratios computed on ¢, would instead
recover the Gaussian values 2 for «, and a ratio diverging like u—! for 8 irrespective of g. Equivalently, the limits in u and in n may be

taken, provided n — oo is taken first.



which pins down ¢, > 0 once o and ) are known. Since w > 0 everywhere, Do(6) = 0 forces ¢(-;0) = ¢(-;60)
w-almost everywhere, hence everywhere by continuity; then o = o and 8 = Sy by (2.9)—(2.10), g = go on R, and
(2.12)—(2.13) determine the unordered family {(s;,%,)};<s. Combined with the ordering restriction of Assumption 1,
this determines 6 uniquely, so that Assumption 5 holds in this specification rather than being merely posited. Note
that o > 1 is what makes this work: for o < 1 the singularity already sits in ¢’, and the same argument goes through
one derivative down.

Now we can define the MDE estimator as the minimizer of the objective distance measure

+oo +oo
Dy (8) = /_ /_ lon (1, v) — @(u, v; 0))*w(u, v)dudv (2.14)

where w(u,v) is a weighting function ensuring the convergence of the integral. The MDE estimator is then defined as

0,, = arg mein Dx(0). (2.15)
Knight and Yu (2002), show that under the following regularity conditions, the MDE estimator has standard limit
theory. They suggest that it could accommodate a-stable models. Actually, some of their assumptions, listed here-
after, do not readily extend to the a-stable case. The characteristic functions of a-stable distributions are likely to
exhibit singularities in their derivatives when « € (0,2), particularly near points where |1;u + v|* vanishes. Without
appropriate regularization through the weight function, these singularities can cause the integrals defining the first
and second derivatives of (2.14) to diverge. Moreover, when o = 1, an additional source of divergence arises in the

first derivative of the characteristic exponent with respect to «, since the term tan(ma/2) appearing in the standard

/2

parameterization satisfies % tan(ma/2) = o (aTT)

— 00 as @ — 1, regardless of the behavior of |u|*. The decisive
reason is however structural rather than analytic: at & = 1 with 8 # 0 the Samorodnitsky—Taqqu representation
changes functional form, the term jtan(ma/2) sign(u) being replaced by —82 In |ul, so the parametric family is not
even continuous in « at a = 1 in the parameterization used here. Together with the requirement o — 2 > —1 of the
C? analysis, this is what makes o € (1,2), rather than « € (0,1) U (1,2), the natural domain. The following lemma

establishes the precise conditions under which their regularity assumptions remain valid for a-stable aggregates.

Lemma 2.1. Consider the MDE objective function defined by
+oo +oo
Dx®) = [ [ lenlu) = ol 0) Putu,v) duds (216)

where w(u,v) = (k/m) exp(—k(u? + v?)) with k > 0 a positive constant.

Then, for any o € (1,2), the objective function Dx(0) belongs to C*(©) and Assumptions 3, 6, 8, as well as the
integrability and continuity conditions on the second-order derivatives required by Assumption 7, are satisfied. Here
the nonsingularity of 3(6y) demanded by Assumption 7 is not an extra restriction: it follows from the model itself,
and Appendiz A.1.8 proves it. We keep it as an assumption in the general statement only because the same argument

breaks down for the MAR(r, s) aggregates of Case 4.

Lemma 2.1, shows that we need to reduce the parameter space of a by introducing Assumption 2, and to replace
the pointwise domination requirement (A6) of Knight and Yu (2002) by its integrated counterpart in Assumption
7, in order to recover their asymptotic theory in presence of a-stable distributions. It also reveals the critical role of
the decaying exponential weights w(u,v). Assumption 7 states the domination requirement in integrated rather than
pointwise form, and this is not a matter of convenience: pointwise domination, as in condition (A6) of Knight and
Yu (2002), cannot hold for a-stable scores. As 1, ranges over its compact domain, the singular line {¢u + v = 0}

pivots and sweeps out a cone of positive Lebesgue measure, on which sup,cg |0%¢/01%| = +00; no single w-integrable
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envelope can dominate the second derivatives uniformly over §. What survives is weaker, but sufficient: for each fixed 6
the w-integral of the second derivative is finite, and it varies continuously with 6. This is exactly what Appendix A.1.3
establishes. Assumption 4 is satisfied under the condition given by (2.6) or (2.24): these deliver strict stationarity,
while ergodicity comes for free. X} is a measurable function of a two-sided i.i.d. shift, and such a shift is ergodic, so any
measurable factor of it is ergodic too, no summability condition is needed for that part. The stronger strong-mixing
property, needed elsewhere for the central limit theorem, is established separately in the validation of Assumption 8.
Assumption 5 is likewise not an extra posit in the specification of Case 1: it follows from the identification argument
built above, (2.9) and (2.10) for o and f, (2.12)—(2.13) for the unordered family {(s;,%;)}, once combined with the
ordering restriction of Assumption 1 that fixes the labelling. In the other specifications no such argument is available,

and Assumption 5 is maintained as a genuine assumption.

Assumption 1. § = (¢1,...,55,%1,...,%s,a,08) € O, withg; := om; > 0 for j = 1,...,J, where the parameter
space © C R27%2 js a compact set with 6y € Int(©). The original parameters are recovered through o = ijl S; and

7 =;/o. We further require © C {0 : 1)1 < by < --- < 1hs}.

The ordering restriction is what rules out label switching. Formula (A.2) writes log ¢y as a sum of one and the
same function evaluated at each pair (g;,;), and a sum does not care about the order of its terms: for any permutation
7 of {1,...,J}, relabelling 6 into 07 := (Sr(1), - - - » Sr(1)s Pr(1)s - - - » Pu(d)> @, ) leaves (- ;07) identical to ¢(-;0). If ©
treated all relabellings alike, Dy(#) = 0 would have J! solutions instead of one, and Assumption 5 would be hopeless.
Definition 2.1 does not help here: it rules out two components coinciding, not two distinct components being listed
in the wrong order. What does help is forcing an order on them: ¢; < --- < 1 singles out exactly one labelling
per set of components. The constraint is open, and since the v; are pairwise distinct by Definition 2.1, it can always
be met at 6y by relabelling; choosing © as a compact set on which the inequalities stay strict throughout keeps both
compactness and ¢y € Int(©) intact. Case 2 uses the same device with a lexicographic order on (¢;,,), and Case 4
with an order on (7, s;,6;).

The reduced parameterization ¢; = on; is dictated by the structure of the model rather than adopted for com-
putational convenience: the characteristic function (2.4) depends on (o,71,...,7;) only through the products ;.
Carrying ¢ and (71,...,7s) as J + 1 free coordinates, with no relation linking them, would leave the scores tied by
the exact, pointwise relation o dp/do = Z'jjzl m; Op/0m;, so that ¥(6y) of Assumption 7 would be singular at every
0. Eliminating one coordinate through 7 + ...+ 7y = 1 would remove this particular degeneracy, but only at the
cost of singling out one component as the one solved for, an arbitrary asymmetry the model itself does not impose.
Working directly with ¢ = (g1, ...,ss) avoids both defects at once: it removes the redundancy without privileging any

component, and (o, ;) are recovered afterwards.

Assumption 2. The tail parameter space is such that o € (1,2) and w(u,v) is the normalised exponential weight

function of form w(u,v) = (k/7) exp(—r(u? + v?)) with k > 0 a positive constant.

The specific constant /7 is not arbitrary: since [ o, exp{—r(u?+v?)} dudv = 7/k, it is exactly what turns w into
a genuine N(0, (2x)~11;) probability measure, so Assumption (A8) of Knight and Yu (2002) holds by construction
rather than by a separate argument. Yet nothing in the estimator or its limiting distribution actually depends on it'°:
the choice is made purely for convenience, and its payoff is that the weight constants C\, o and I, (o, k) used below

come out in closed form.

!OReplacing w by cw multiplies Dx by ¢, hence leaves 0, unchanged, while it multiplies £(6o) by ¢ and Q(6p) by ¢?, so that
S(00)71Q(00)S(00) " is invariant.
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Assumption 3. With probability one, Dy (0) is twice continuously differentiable under the integral sign with respect

to 0 over ©.
Assumption 4. The sequence {X;} is strictly stationary and ergodic.
Assumption 5. Let Do(6) = [[ [o(u,v;00) — p(u, v; 0)|?*w(u, v)dudv and Dy(0) = 0 only if 6 = 6.

Assumption 6. K(z;0) is a measurable function of v = (z1,x2) € R? for all @ and bounded, where

K(z;0) :// [(Cos(uxl +vxo) — Re @(u’y;g))w
+(sin(ux1 + vra) — Im @(u, v; 9))W] w(u, v)dudv. (217

For the observed series, we set Ky := K((Xy, Xi41);0), t = 1,...,n — 1; note that the observation index is denoted t

to avoid any confusion with the component index j =1,...,J.

Assumption 7. The p X p matrix

_ 5(,0(u,v;90) 6@(”7”190)
¥(6y) = //< 50 20 w(u, v)dudv
is nonsingular '*; for each 0 € ©,
0?o(u,v;0)
//H 5000 H w(u,v) dudv < 0o,

%p(-:0)
0000’

and the map

e Lt (w du dv)

is continuous, that is,

elig}a // H G 891291)’ 6) 82('2(;3;)/; %) H w(u,v) dudv =0 for every 0 € ©.

Here p = dim © is the dimension of the parameter vector introduced in Assumption 1, and it is not the same across
specifications: p = 2J + 2 for the anticipative AR(1) aggregate of Case 1, p = 3J + 2 once the causal roots ¢, of Case
2’s MAR(1, 1) aggregate are added, and p = J + 1+ Z}]:l(rj + s;) for the MAR(r, s) aggregate of Case 4, where each

component contributes its own order.

Assumption 8. Let F; be a o-algebra such that {K;, F;} is an adapted stochastic sequence, where K; =
K((zt,2¢41);00). We can think of F; as being the o-algebra generated by the entire current and past history of
Ki. Letvy =E[Ko|K_¢, K_¢—1,...] —E[Ko|K_¢—1, K_¢_2,...] for £ > 0. Assume that E(Ko|F_,,) converges in mean

square to 0 as m — 00 and 0o Elvjv]'/? < oo.

Assumption 8 is the projection condition (A7) of Knight and Yu (2002). v, measures what the ¢-th past observation
adds to Ky: conditioning further back, on K_y_1, K_4_o,..., versus conditioning only up to K_j, isolates that one
increment, and requiring these increments to be summable is what pins down the weak dependence of the score
sequence. Everything here is evaluated at 6y, where E[Ky] = 0. One notational note: with j already tied to the latent

components, ¢t denotes the observation index and ¢ the projection lag throughout.

1Two deliberate departures from the printed form of (A6) of Knight and Yu (2002) are worth recording. First, we write the Gram
matrix with the complex conjugate, ff(&p/(%’)(@@/@@’)w, whereas Knight and Yu (2002) display it without: differentiating |¢n — ©(8)|2
twice produces 2 Re[8gy 9ps 0], so the conjugate is the correct form; it is also what makes X(6g) positive semi-definite. By the evenness of
w and the Hermitian symmetry ¢(—u, —v;0) = m, the resulting matrix is moreover real (see Remark 2.1), so no ambiguity arises
in the sandwich. Second, the domination requirement is stated here in integrated form rather than as the pointwise envelope of (A6); as
shown in Appendix A.1.3, no pointwise w-integrable envelope exists for a-stable aggregates, while the integrated form is verifiable and

suffices for the proof of their Theorem 2.1.
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Proposition 2.1. Under Assumptions 1-8
V0, — 00) 5 N (0, %(80) ' 2(60)S(60) ") (2.18)

where 3(0g) is defined in Assumption 7, and Q(0y) is the long-run variance matriz of the score function Ky =

K((xt,2¢41);00) from Assumption 6

Q(6) = T(0) + i (T(h) +T(h)),  T(h):= Cov(K, K1)
h=1

Remark 2.1. Writing fg := o, — ¢(-;0), the first two derivatives of the criterion (2.14) are
09Dy (0) = -2 // Re|[ fo Opp(-;0)] w du dv, (2.19)
029 Dx(0) :2//Re[89<p39/g0 wdudv — 2//Re[ﬁ@39,4p]wdudv. (2.20)

Since Re[fs Bpp] = (Re o — Re @) dgRe o+ (Im o, — Im ) pIm 0 and Re @, (u,v) = (n—1)"1 3277 cos(ud; +vXii1),
comparison of (2.19) with (2.17) gives the exact identity

_ _ 1

VDx(0y) = —2K,, K,:= > K, (2.21)
while the second integral in (2.20) vanishes in probability at 8 = 0y, so that

V2Dx(00) — 2%(6p). (2.22)

Substituting (2.21) and (2.22) into the usual first-order expansion of VDx(8,) = 0 around 0y gives \/n(f, — o) =
—1%(00)"1/nVDx(00) +op(1) = 2(0p)"*/n K, +op(1): the —3 inherited from inverting 25(0y) ezactly cancels the
—2 inherited from (2.21), leaving a unit coefficient on K,,. This is why Q(60p) can simply be the long-run variance of K;
itself, with no leftover scaling to carry through the sandwich. A second fact worth recording here is that X(6p) is real,
symmetric and positive semi-definite: w is even and p(—u, —v;0) = (u,v;0), so dip(—u, —v;0) = d;p(u,v;0), and
substituting (u,v) — (—u, —v) in the defining integral shows [£(0p)]i; = [2(00)]i;. Nonsingularity therefore carries no
complex-versus-real ambiguity, and X(0p)*Q(00)%(00) ™! comes out as a genuine real covariance matriz. There is a
third departure from Knight and Yu (2002) to record here, alongside the two already noted under Assumption 7. Their
Theorem 2.1 prints the long-run variance as var(K(z1;00)) +23_ 55 cov(K (z1;60), K(25;60)) =T'(0) +232,5, ['(R),
doubling T'(h) rather than adding its transpose; this only defines a symmetric matriz when T'(h) = T'(h)’ for every h,
which holds automatically in their scalar setting but not once K; is vector-valued, as it is here. The form actually
used, 2(6y) =T'(0) + Zh21(F(h) +T(h)"), is the correct long-run variance for a vector process and reduces to theirs
exactly when p = 1.

The proof of this theorem is omitted as, by Lemma 2.1, it follows from Theorem 2.1 of Knight and Yu (2002), whose
Hessian step is shown in Appendix A.1.3 to go through under the integrated domination condition of Assumption 7.

Notice that in our a-stable framework, unlike Xu and Knight (2010), £(6p) and 2(6y) have no closed-form solutions.

2.5. Case 2: Aggregation of Mized Causal-Noncausal MAR(1,1) Processes

We now consider a richer dynamic structure where each latent component X;; is a mixed causal-noncausal
MAR(1,1) process defined by (1 — ¢;L)(1 — ¢;L7 )X+ = €+, with |¢;| < 1 and |[¢;] < 1. In this specification

the parameter vector of Assumption 1 becomes

3J+2
0:(§17"'7<J,¢17'"a¢.],w1w~'aw.]aaaﬁ) €eOCR + ) Sj = 0Ty,

12



of dimension p = 3J + 2, the causal roots ¢; adding one coordinate per component relative to Case 1. As in Case 1,
the products ¢; rather than (o, 7;) are the identified quantities. The corresponding MA(00), d; i, coefficients are given
by ¥ (1= ¢jep;) =1 if k> 0 and gi)ljkl(l — ¢;1;)7! for k < 0. The log-characteristic function for a single component X;

is derived from the linear combination of innovations

o0

Uijt + UXj.,t+1 = Z ('Ll,dj,k + Udj,k71)5j,t+k~

k=—o0

In the symmetric (SasS) case, the log-characteristic function is

o0

logox, (u,v) = — > |ud;x +vd; 51 |*

k=—o0

We split the sum into its causal (k < 0) and noncausal (k > 1) parts. For the causal part (k < 0), the generic term
is udj +vdjp—1 = (1 — ¢j¢j)71(u¢‘jk‘ + v¢|jk_1‘) = (u+vg;)(1 — ¢jwj)*1d>‘jk‘. For the noncausal part (k > 1), the
generic term is ud; + vdjr—1 = (1 — ¢j¢j)_1(u¢f + vwffl) = (uw; +v)(1 — (bjwj)_lwf*l. The sum becomes the
sum of two geometric series

o0

1 0 o
2 fudjetodipa|® = g—g ( > |(“+U¢j)¢y€||a+2|(u¢j+U)1/’;'€1|a>

k=—oc0 —00 k=1

1 e e
= | fu v > (1651 + luh; +0[* D> (|v5]*)!
1= 6,05 2 2
— 1 <“+U¢j“ N Juth; +v"‘)
[T —@ioil> \ 1—[gs]* — 1—[gyl> )~

Finally, substituting this result into the aggregate function from Equation (2.4), we obtain the log-characteristic

function for the MAR(1,1) aggregate for the SaS case . For the asymmetric case with « # 1 we impose, for simplicity,
that every component satisfies ¢; > 0 and 1; > 0. The restriction has teeth once 5 # 0: when ¢; < 0, the coefficients
(u + U¢j)¢‘jk| change sign as k varies, so the causal block picks up its own effective skewness, distinct from § (the
same mechanism as the footnote of Case 1); the noncausal block behaves the same way through ;. Left unrestricted,
the general formula would have to carry these block- and component-specific skewness parameters, ﬂ;,c and 5;-7 A

separately. Under this restriction we obtain

log o (u,v) Z i *¢J1/Jj|°‘ Cj(u,v) + Aj(u,v)) (2.23)

where C;(u,v) and A;(u,v) represent the complex-valued contributions from the causal and noncausal dynamics of

each component j, respectively

Cj(u,v) = W (1 — i3 sign(u + vo;) tan (%)) )
Aj(u,v) = W (1 — ifsign(u; + v) tan (%)) .

Each component being strictly stationary (|¢;| < 1, [1;] < 1), the aggregate is strictly stationary; the corresponding

summability condition, again automatic for finite J, but meaningful under continuous aggregation, now reads

+

LIk
Zl@w(lw ) <o Frec0anEll (224

This specification also needs ¢1,...,¢; pairwise distinct and 1,. .., pairwise distinct, on top of what Definition
2.1 already gives: that definition only asks the sequences (d; 1), to differ, which leaves room for ¢; = ¢2 as long as

11 # 1. With the added condition, the 2J lines along which the score fails to be analytic,

£ ={utve; =0k L ={du+v=0} j=1...J
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are pairwise distinct. Two causal lines coincide only if ¢; = ¢,, two noncausal lines only if 1; = 1y, and a causal
line can meet a noncausal one only if ¢;¢, = 1, which the root conditions |¢;|,|1¢| < 1 already rule out on their
own. The argument of Appendix A.1.3 then goes through unchanged, working on the connected components of
R?2\ (fu=0}u{v=0}U Uj(£§j U E;“)). Both axes have to go this time, not just u = 0: differentiating with respect
to ¢y brings down a factor v, exactly as differentiating with respect to v, brings down a factor u, so either axis would
silently kill the corresponding derivative. The direction transverse to LS is 9, (since d,(u + v¢r) = 1) and to L7 is
Oy; one derivative in that direction isolates cg, or cy,, a second brings in the logarithmic factor that isolates c,, and
comparing the two sides of the line then forces ¢, = cg = 0, just as in Case 1. One more restriction, ¢; # 0 and
1; # 0 for every j (the boundary case of a purely noncausal component already belongs to Case 1), keeps every one

of the 2.J lines off the coordinate axes themselves. Under these conditions, () is nonsingular in Case 2 too.

2.4. Case 3: Aggregation of Mixed Stable and Gaussian Processes

Our estimation framework can also be extended to accommodate aggregates mixing a-stable and Gaussian compo-
nents, an approach explored in Gouriéroux and Zakoian (2017) and Gouriéroux et al. (2021) but only for the Cauchy
case. Consider a process X; resulting from the aggregation of an a-stable MAR(r, 1), r € {0,1} with « € (1,2) and a
Gaussian AR(1) component X s ;. As the distinction between causal and noncausal dynamics is unidentifiable when
a = 2, we adopt the standard causal specification for the Gaussian component. The log-characteristic function of the

Gaussian AR(1) component Xxr ¢ = o Xpri—1 + n¢e, 7 ~ N(0,1), for the vector (X, Xar+1) is given by

2 2

The resulting aggregate log-characteristic function, log px(u,v), is the sum of the stable component’s characteristic
functions log ¢x, (u,v) and log pn(u,v), scaled by their respective aggregation weights as in Equation (2.4). A
Gaussian log-characteristic function is quadratic in (u,v), so log par(su, sv) = ¢2log par(u,v): it scales with degree 2,
not with degree a as the stable blocks do, log px; (sju, jv) = £@;(u,v). Since a < 2 throughout, these two exponents
differ, and the aggregate has to carry both, logpy = Zj S P+ 92\/ log par, with ¢z entering 6 as its own coordinate
rather than as a share of the stable components’ scale. This is also why the recovery formulas o = Zj Sj, Tj = S;/0
of Assumption 1 only make sense restricted to the stable block: a single o feeding two blocks that scale at different
powers would not multiply their contributions in the same proportion, so there is no coherent sense in which ¢y could
be read as omas for a shared o. This composite function can be directly employed in the MDE objective function
(2.14). The estimator 6,, defined in (2.15) remains valid because the stability index a = 2 for the Gaussian component
is fixed and not estimated. The Gaussian block log @ar is C°° in its parameters, and all its derivatives are polynomials
in (u,v) times @ar, hence dominated by w-integrable functions uniformly on compacts. Adding it to log px therefore
preserves the conclusion of Lemma 2.1: the extended criterion is again C?(©) and the differentiability and integrability
conditions required by Proposition 2.1 are satisfied, with X(6p) now formed from the score of the extended parameter
vector. It should be noted that the lemma concerns the regularity of Dy, not of log ¢y, which is not C? in : for
fixed (u,v) with u # 0, ¥ — |ppu + v|* fails to be twice differentiable at 1, = —v/u, and it is exactly this failure
that makes the integrated treatment of Assumption 7 necessary. Nonsingularity of ¥(6y) delivers local identification
of the extended parameter vector, the score family having full rank at y; global identification remains Assumption 5,

now bearing on the extended vector.

2.5. Case 4: General MAR(r,s) Aggregates

We now extend the estimation framework to aggregates of general MAR(r;, s;) processes with arbitrary causal
order r; > 1 and noncausal order s; > 1. Consider a process X; resulting from the aggregation of J independent

14



MAR(rj, sj) components:
(I)](L)\IIJ(Lil)XJ,t :Ej,tv ]: 177J7 (225)

where ®;(L) = [T/, (1 — A;.L) with [Aj4] < 1, U;(L71) = [[}2, (1 — ¢, L~Y) with (] < 1, and 5, "% 8(a,0,1,0).
We restrict to the symmetric case 8; = 0 for all j to simplify the exposition. We take each component to be well-
specified: the r; causal roots pairwise distinct, the s; noncausal roots pairwise distinct, a condition guaranteed below
by s > 0 and needed for the partial-fraction decomposition (2.26) to reduce to simple poles. Nothing needs to be
imposed across the two sides: ®;(z)’s roots have modulus |A;;|™' > 1 while ¥;(27!)’s have modulus |(;;| < 1, so
the polynomials never share a factor, and no causal root can be the reciprocal of a noncausal one. The stationarity
restrictions |A;;,|(;| < 1 already do this work on their own, ruling out the transfer-function cancellation that would
otherwise leave the order (r;, s;) over-specified.

Each component’s roots serve as its parameters, 6; = (\;1,.. .7)\j’rj,Cj’17...,Cj,sj) € 0j, with ©; a compact
set of root configurations closed under conjugation: a real root is its own coordinate, a non-real one contributes
the pair (Re(,Im() for one representative of its conjugate pair, so ©; sits in R""% either way and ®;, U; keep
real coefficients. Every bound derived below is stated through the moduli |A;;|, |(;:| and the separation s, so none
of it cares whether a given root happens to be real or complex, and the full parameter vector to be estimated is
0="(s1,---,55,01,...,05,) € ]RJ+1+25=1(Tj+S'j), collecting everything across components: the scaled mixing weights
sj = om; (as in Assumption 1, since the characteristic function depends on (o, 7;) only through these products), the
causal and noncausal roots of each component, and the shared tail index a.

Unlike the MAR(1,1) case, the MA(o00) coefficients exhibit a multi-mode structure. By de Truchis and Thomas

(2026), these coefficients admit the closed-form representation:

> A0 ¢, k=1,
dj(0;) = ¢ '5' (2.26)

S BN k<o,
=1

where A;; and B;; are rational functions of the roots given by partial-fraction expansion.'? The well-specification
condition ensures that all poles are simple and separated from one another, so these weights are uniformly bounded
over ©:

sup |d; x(0;)] < Co pl*!, kelZ, (2.27)
0cO

where Cj := max(r;,s;) p™n(73:5)=1 /57T =1 (the denominator of each partial-fraction weight contains r; + s; — 1

1 -1

factors, each bounded below by s, and the numerators are bounded by p® =" and p"i~" respectively, both dom-
inated by p™in(ri5)=1 gince p < 1), p := Supyeg Max;<;j<;ymax(max; [A;;|, max;|¢;;|) < 1 (strictly below one
by compactness of © inside the open stability region, parallel to the definition of s as an infimum) and s :=
infgee min; <j<y min{min,p, |1 — Gom|, mingzi |Aj; — Xjor|, ming ; [A;;:¢ — 1|} > 0 denotes the minimum sepa-
ration distance between roots over the parameter space ©. The constants are used uniformly over the components.

Set

q:= max, max(7;,s;), m = 11_<nji£J min(r;, s;), n = 11%1%}%(@ +55),

128pecifically, by de Truchis and Thomas (2026),
(17 G

il
_ and Bj;(0;) =
[ (Gt = Giom) - TTZ NGy = D) e

1 1

(1% N

Aj(05) = . .
P [T i =20 - TLZ, yaiGia = 1)
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and assume without loss of generality that s < 1 (otherwise replace s by s A 1, which only weakens the bounds). With

this notation (2.27) holds with the explicit constant
o (1) (2.28)

Differentiating (2.26) yields analogous bounds for the derivatives:

sup |9pd; . (0;)] < CL(1+ k)™, sup[05.d;x(0;)] < Ca(1+ K?)pl*!, (2.29)
0cO )
with
Cr=qA1+2p22s 70 Cy=q(Ay+2p7 " Ay) +4pm 8571, (2.30)
and where

Ay = gs~ (D 4 pon-lg—2n-1) Ay = G251 4 (chﬁ +ﬁ2)2ﬁ71572(ﬁ71) 4 27292n—24—3(1—1)

bound the first and second derivatives of the partial-fraction weights; the derivation is a routine, if lengthy, application
of the quotient and Leibniz rules to the explicit weights A;;, B;;, and is deferred to Appendix A.2. Case 4 loses the
proportionality d; 1 /d; —1 = const. that gave closed-form characteristic functions in Cases 1-2 as soon as max(r;, s;) >
1; we fall back on a truncated characteristic function instead.

Every bound used below concerns the pair (d;x, djx—1), not d;  on its own, which is why it pays to fold the cost

of the shift into the constants directly rather than track it separately at each occurrence. Define
C_’() = p’lCm C_’l = 2p71C'1, 62 = 3[)7102, (231)

so that, for all k € Z, j € {1,...,J} and 6 € O,

max (|d; k], |djk-1]) < Cop*!, max(|0pd; il |06d;r—1]) < CL(1+|k])p*,  max(||0Fy djill, |05 dju—1]l) < Co(1+E?)pl*!.

(2.32)

Where do the factors p=t, 2p~! and 3p~! come from? Split on the sign of k. When k > 1, |k — 1| = |k| — 1, so

1 and nothing else. When k < 0 the opposite happens: pl*=11 < plkl,

trading d;  for djr—1 costs one power of p~
so the exponential part is free, but the polynomial envelope is not, since 1+ |k — 1] = 2 + |k| < 2(1 + |k|) and
1+ (k—1)2 =2+ k% +2|k| < 3(1 + k?), the latter inequality tightest at &k = —1. Because p~! > 1, multiplying
rather than choosing between the two penalties still gives a valid, and simpler, bound in both regimes at once, which
is (2.32). As an immediate corollary, delkﬂ <V2Cq pll.

For notational brevity, set A; x(u, v;8;) = ud,; (0;) +vd;r—1(0;) and d;,k(Qj) = (d;k(0;),d;k-1(0;)) € R?. The
exact joint log-CF of (X1, Xj141) is logox; (u,v;05) = — >, cp |Ajx|*. For M > 1, define the truncated log-CF:

M
log o1 (uw,v;0,) == — Y A k(u,v;07)]°, (2.33)
k=—M
the aggregate truncated CF:
J
M M
cpg( )(u,v;ﬁ) = H exp{log cpg(j)(gjw SjU; 9j)}, (2.34)

j=1

and the MDE objective:

Dy (0) = //R [0 11,0) = 95" (u,030) [Fw(u, v) dudo,
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with w(u,v) = (k/7) exp{—k(u? + v?)} as in Assumption 2.

The analysis of the second-order derivatives of the truncated objective function additionally requires a geometric
lower bound on the norm of consecutive pairs of coefficients. Such a bound cannot be derived from the partial-fraction
decomposition (2.26) alone: the moduli of the dominant roots on the causal and noncausal sides may differ, so that
one side decays strictly faster than pl*l; and cancellations between terms sharing the same modulus (e.g., complex-
conjugate pairs of roots, which the real-coefficient MAR(r;, s;) model allows for max(r;,s;) > 2) may drive d;; and
d; r—1 simultaneously close to zero along subsequences of lags. We therefore impose the non-cancellation property as

an explicit assumption.

Assumption 9. There ezist ¢, > 0 and p1 € (0,1) satisfying the rate condition 2log(1/p) > (2 — a)log(1/p1), where
a:=min{a: 0 € O} > 1, such that

L) > copl,  forallkez, je{1,....J}, 6 €O,
the constants ¢, and p1 being independent of k, j and 6.

Remark 2.2. Assumption 9 is phrased directly in terms of the coefficients d;, which have no closed form once
max(r;j,s;) > 1 and are therefore awkward to check on a given specification. The three conditions below bear only on
the roots themselves and imply the assumption.

(t) Dominant root. On each side the root of mazimal modulus is real, simple and dominant uniformly in the gap:
writing, for each 6 and each j,

pe(0;) == max [(;i(0;)],  pa(f;) = max |X;;(0;)],

1<i<s; 1<i<r;

there exist € > 0 and an indezing, both independent of 0, such that
G (05)1 = pc(0;) and [Gu(6;)] < pc(0;) —€ (1=22),  forallf €O,

and symmetrically for the \;;. It is the gap € that is uniform over ©, not the dominant modulus itself: requiring the
latter to be constant would confine © to a level set and contradict 0y € Int(O).
(tt) Roots bounded away from the origin. infgco minj,lyi(\cjyl\ A |)\“|) =:r>0.

(ur) No cancellation at short lags. infgce ming min g <y, d}k(Hj)H > 0, with k. as defined below.

Together, (1) and (1) settle the long lags; (wt) mops up the finitely many that are left. With a :=
infgeo mini<j<s |A;1] and A := suppee maxi<j<; > sy |Aj1|, condition (1) already gives a > 0, since the numerator
S5—

G ! is bounded below by %=1 and the denominator above on the compact ©, while A < oo is immediate from (2.27).

Fork >1,

— k a
ikl > 1Al pE = 1Al (pc — )F > pf {G—A(l —€/pc) } > §pf
1>2

as soon as k > k¢ := [supgee max; log(2A4/a) / log(pc(0;)/(pc(05) —€))], finite by compactness and by condition (ut),
with the convention k¢ := 1 when s; = 1 for every j, in which case |d; x| = |A;j1]pc(0;)F exactly. The causal side is

symmetric, with its own threshold ky, and we set k, := max(k¢, kx). Define

p1 = e)iIel(fa 12?2] min (o (65), pA(0;)) > 0,

positive by compactness and (1). Then |dj x| > Spc(0;)% > 4p} for k > k., and c, taken as the smallest of a/2, its

causal counterpart, and the quantity in (wt) delivers Assumption 9. Finally, (2.27) forces p1 < p in every case.
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Lemma 2.3 and its proof never call on the rate condition in its logarithmic form; what recurs is a single constant,

so we introduce it now. Set

a—2 a—
pi=ppr = sup p’pi 7
[A<C]

which no longer depends on 0. Assumption 9’s rate condition is exactly p < 1, and since p1 < p with o — 2 < 0, we

also get p > p< > p® for every a admissible under Assumption 1.

Lemma 2.2. For everyk € Z, j, 0 € O, and o € (1,2):

//R 1A 4] w(u, v) dudv = Cop o b 5], (2.35)

K a,—rs? . —Kt? — F(QTH)
where Cy o = £ [1 |s|%€ ds- [pe dt = =7 < oo.

Lemma 2.3. Let Assumption 9 hold and recall p = p2p1972 € [p*,1). For a € (1,2), the following bounds hold for
every M > 1, 5€{1,...,J}, and 0 € ©:

//|log px,; —log gp%)| wdudv < ¢o p™M, (2.36)
//|89[10g<pxj - loggog?j)ﬂ wdudv < ¢y (14 M) p*M, (2.37)
//|8§9, [log ox; — logwg?f)]} wdudv < co(14+ M) pM, (2.38)

where the constants ¢g, ¢1, ¢2 are given in closed form by (A.28), (A.30) and (A.33) below, and depend on

(v, K, p, p1,C0,8) and on the orders (r;,s;) through q, m, n, but not on M, k or j.

The bounds above are for the unscaled log px, (u,v;0;). The scaled quantity log ¢x;(gju,s;v;0;), which is what
Lemma 2.4 actually needs, obeys the same bounds after multiplication by the explicit factors in V, := supycg max; qjv

and £ := supg max; | Ing;| recorded in the proof, and summing over the components multiplies them by J.

Lemma 2.4. Under Assumption 2 and Assumption 9, with o € (1,2) and 5; =0 for all j:

(¢) For every fized M > 1, DSKM) € C?(©), and Assumptions 3, 6, 8, as well as the integrability and continuity

)

conditions of Assumption 7, are satisfied with @y Teplaced by <p(XM ; moreover, if 3(0y) is nonsingular, there

exists My > 1 such that the truncated Gram matriz XM (0y) is nonsingular for every M > M.
(ee) Let

G(6) ::/ 39|<pn—g0;((-;9)|2wdudv, H(0) ::/ o (pn—¢x(~;9)|2wdudv,

both finite for every 6 € ©, and let G, HM) be the corresponding integrals for cpg(M), so that GM) = VDSKM)
and HM) = VQDE(M) by (). Then, as M — oo,

sup | DLV (8) — D (6)] = O(p*M),
0cO

sup IGPD(0) — G(0)|| = O((1 + M)p™),

sup [ H0(6) ~ H(O)| = O((1-+ M)*5™).

By (w) below, G = VDx and H = V2Dy, so that the last two displays are indeed statements about the derivatives

of the untruncated criterion.
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(tet) The truncated scores converge to the full scores in L2 (R?): as M — oo,

2118/ ||39<PEYM)(U, v;0) — Ogopx (u,v; 0)||2 w(u,v) dudo = O((1+ M)?p**M).
(S R2

(tv) The untruncated criterion satisfies the same conditions: Dy € C%(0©), so that Assumption 3 holds; the score
K(-;0) built from px is bounded, so that Assumption 6 holds; Assumption 8 holds; and 6 — 02, px(-;0) is
finite and continuous in L*(w dudv), so that the integrability and continuity clauses of Assumption 7 hold. Also,

0 — Ogpx(-;0) is continuous from © into L2 (R?)

Proposition 2.2. Let X; be a strictly stationary SaS aggregate as in Definition 2.1 whose latent components are
MAR(r;, s;) processes with 5; =0 and o € (1,2). Assume 1 (in the Case-4 parameterization), 2, 4, 5, 9, that X(6y)
is non-singular. Assumptions 3, 6, 8 and the integrability and continuity clauses of Assumption 7 then hold for cp()éw)
by Lemma 2.4(¢), and for ox by Lemma 2.4(wv); the proof in Appendiz A.2 uses the truncated form for the estimator

and the untruncated form for the limiting objects. Moreover, let (My)n>1 satisfy

1 — a—2
M, > c, 1 — = p2pETc. 2.39
nE GBI T gy P T (2:39)

Then M) = arg ming. g DEYM")(G) satisfies:

oM Lsgy m(0M) — 6,) —L N (0, S(60) 1 Q(80)(60) ),

with 3(00), () defined analogously to Proposition 2.1, i.e., with the Case-4 score Opx [08.

3. Forecasting aggregation of moving averages

This section begins by summarizing relevant findings from de Truchis et al. (2026a), DFT henceforth, concerning
the description of stable random vectors on the unit cylinder.'®> Let the vector X = (X1,...,X,) be an a-stable
random vector, I a finite spectral measure on the Euclidean unit sphere S; and u° a non-random vector in R?, such

that,
E(ei<u’x>) = exp { - /S [{u, s)|* (1 — isign({u, $))w(a, (u, s>)> I'(ds) +i(u, ;LO}}, Vu € RY, (3.1)

where (-,-) denotes the canonical scalar product, w(a,s) = tg (%), if « #1, and w(1,s) = —% In |s| otherwise, for
s € R. Drawing on DFT, we explore alternative representations of X where the integration is performed over a unit
cylinder Cc‘ll'H = {s € R?: |s|]| = 1}, defined by a semi-norm || - || on R%, in presence of stable aggregates. The
reason why we are interested in alternative representations is that, in the presence of the Euclidean norm, the spectral
measure encodes information in all directions of R% and does not allow us to predict future elements of the vector X
while ensuring that these future elements are not themselves carriers of information for prediction. By contrast, the
semi-norm || - || is flexible enough to force some directions R to vanish.

We will say that X is representable on C(U'” if X can be written as in (3.1) with (Sg, T, u°) replaced by
(C’g'”,f‘“"',uﬁ_”). As demonstrated in DFT for the single-component model, X is representable on C’L‘il'H —
(K = 0 when o # 1 or if X is S1S. Moreover, Tlll(ds) = ||s]|;*T o ﬂlfl‘l(ds) with Tj = S \ K — C(‘il'H

defined by Tj. (s) = s/|s||. Importantly, this new representation inherits from the traditional representation the

13We exclude the Gaussian case from further discussion as anticipative dynamics are not identifiable when a = 2.
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following asymptotic conditional tail property: for any Borel sets A, B C C’(g'H with Tlll (8(/1 N B)) =Tl (3B) =0,
and TI'I(B) > 0,

rll(An B)

P AIB) 2 sy

(3.2)
where OB (resp. (AN B)) denotes the boundary of B (resp. AN B), and

X X
Pll(x,A|B ::P<6A‘ X >x,€B).
(X, AIB) =P 5y € 4|11 > 2 5

To build a forecasting strategy upon these theoretical results, DFT considers vectors of the form X; =
(Xt—my ooy Xty Xet1y .oy Xewn), m > 0, h > 1, derived from a stable moving average process and choose, without loss

of generality, semi-norms satisfying
[(x—my- o, @1, .- szp)]| =0 <= 2_p =... =29 =0, (3.3)

for any (z_yn,...,zn) € R™HL They show that for o # 1 and («, ) = (1,0), the representability of X; on a
semi-norm unit cylinder depends on the number of observation m 4+ 1 but not on the prediction horizon h. More
precisely, they find that sequences of consecutive zero values in must either be of finite length or extend infinitely to

the left :
Vk€Z, |(dpsms.. dp) =0 = VO<Fk-—1, dzZO]. (3.4)

This result surprisingly establishes that the anticipativeness of a stable moving average is a necessary condition (and
sufficient for « # 1 and (o, 8) = (1,0)) to make use of (3.2) in order to feasibly predict X¢. The more non-anticipative
a moving average is (i.e., the larger the gaps of zeros in its forward-looking coefficients), the larger m must be to

achieve representability of (X;—m,..., X, Xt41,. .., Xi+n) on the appropriate unit cylinder.

3.1. Ezxtending the representation to stable aggregates

To extend these results to stable aggregates, we first provide the spectral representation of paths of the aggregated

process X; on the Euclidean unit sphere.

Lemma 3.1. Let X, be an a-stable aggregate with latent moving averages (X1,4),...,(X ) as in Definition 2.1, but
now allowing B; € [—1,1] to vary across components, and X¢ = (Xi—m, ..., X, Xpx1, ..., Xegn) for anym >0, h > 1.

Then, X is a-stable and its spectral representation (I, u°) on the Buclidean unit sphere Sy, ni1 writes

J
P=o0" > Zwa‘,M?de,kH?d{ 9d, }, (3.5)

j=19€S, keZ
e Id;xle

0 07 ZfC( 7é 1
o J .
—2 S YkenmiBidi I lomidyklle, if =1
where dj i = (dj ktm, - djgsdjp—1,.-. djk—n), Wi = (1+96;)/2, forany k € Z, j = 1,...,J, ¢ is the Dirac

mass, ¥ € S1 with S1 = {—1,+1}, and if d;, = 0, the term vanishes by convention from the sums.

Notice that I' = o ijl mi'l'j, where I'; denotes the spectral measure of the path X;; from the moving average
(Xj4), g=1,...,J. If all the X ,’s are symmetric (8; = 0 for all j), then X, and I" are symmetric as well, but the
reciprocal however does not hold true. The measure I" will be symmetric if and only if o Z;-le s (I‘j (A)-T; (—A)) =
0 for any Borel set A C S;,+h+1. The latter condition is necessary and sufficient for X; to be symmetric in the case
where a # 1, whereas for o = 1, it guarantees that X; will be symmetric up to an additive shifting, as u° may be

non-zero. The symmetry of paths intervenes in the representability conditions provided in the following lemma.
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Lemma 3.2. Let X; be an a-stable aggregate with latent moving averages (X14), ..., (X s¢) as in Definition 2.1, where
each component j has asymmetry parameter B; € [—1,1]. Let m > 0, h > 1 and || - || be a semi-norm on R™*Th+1
satisfying (3.3). When either a # 1 or X ~ S18, the vector X is representable on C’T‘Lﬁhﬂ if and only if condition
(3.4) holds with m for all coefficient sequences (dj )k, 7 =1,...,J. For a =1 and X, asymmetric, the vector X, is

representable on C’lm_hﬂ if and only if (3.4) holds and

> ldiklle

k€EZ

< 400, Vje{l,...,J} (3.6)

tn (11l

hold with m and h for all sequences (d;j )k, 7 =1,...,J.

The next proposition extends to stable aggregated processes the notion of past-representability introduced in DFT

and helps to understand to what extent anticipativeness is crucial in this more general framework.

Proposition 3.1. Let X, be an a-stable aggregate with latent moving averages (X1,4),...,(X ) as in Definition 2.1,
where X; = o ijl m; X+ with scale parameter o > 0.

(v) Define for j=1,...,J the sets Mj ={m>1: 3k €Z, djpym=...=djrt1 =0, djr # 0}, and

M, if  M;#0,
moj = s My, i (3.7)
0, if M;=0.

(a) For oo # 1, the aggregated process X, is past-representable if and only if (X; ) is past-representable for all

sup mo,; < +00. (3.8)
J=1yeesd

Moreover, letting m > 0, h > 1, X; is (m, h)-past-representable if and only if (3.8) holds and m > max _mo,;.
j=1,...,
(b) For a = 1, the process X; is past-representable if and only if (3.8) holds and there exists a pair (m,h),

m > ‘nllameO,j, h > 1 such that either
=1,

X, is S1S, or, X asymmetric and (3.6) holds for all sequences (d; ).

If such a pair exists, then the process Xy is (m, h)-past-representable.
(w) Let || - || be a semi-norm satisfying (3.3) and assume that X is (m, h)-past-representable for some m >0, h > 1.

The spectral representation (DI, ull-ly of the vector Xg = (Xi—my .., Xoy Xig1, ..., Xown) on Cﬂjthrl is given by:

J
=gy % ij,my||dj7k||a5{ 9d, . } (3.9)

j=19€S51 k€Z de,k |

' 1
pll = 0 yof (3.10)

o .
=2 i1 Ykez miBidj e n lomidyyll, if a=1
where dj i = (djk+m, - djk, djk—1,--,djx—n), wjo = (1 +9B;)/2, forany k € Z, j = 1,...,J, 0 is the Dirac

mass, 0 € S with S1 = {—1,4+1}, and if d; , = 0, the term vanishes by convention from the sums.

The necessary condition (3.8) extends what was noticed in the Proposition 3 of DFT, namely, that anticipativeness
is a minimal requirement for past-representability. Importantly, notice that a single non-anticipative latent moving
average is enough to render the aggregated process not past-representable, regardless of the other latent components.
Also, for « # 1, the past-representability of an aggregated process is equivalent to that of its latent moving averages,
but this does not seem to hold in general for « = 1. In the latter case however, if all the latent moving averages are
symmetric, that is, f1 = ... = 5 = 0, then the paths X, are S1S for any m > 0, h > 1 and (¢)(b) collapses to (¢)(a).
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The representability condition also simplifies in the case of aggregated ARMA processes and requires each latent

ARMA process to be anticipative.

Corollary 3.1. For any j = 1,...,J, let (X,.) be the ARMA strictly stationary solution of U;(F)®;(B)X;; =
O;(F)H;(B)ej+, with mutually independent sequences €; < S(a, B4,1,0). Define Xy = 02}’21 m; X ¢ for any
positive weights 7; summing to 1 and o > 0. Then, for any o € (0,2), (B1,...,Bs) € [—1,1]7, the following
statements are equivalent:

(¢) (X)) is past-representable,

(w) infdeg(¥;) > 1,

) sz}p mo,; < +00,

with thé mo,;’s as in (3.7). Moreover, letting m > 0, h > 1, the aggregated process (X;) is (m, h)-past-representable if

and only if for any j=1,...,J, mg; < +00, and m > maxmy,;.
J

3.2. Tail conditional distribution of stable aggregates

Now, we derive the tail conditional distribution of linear stable aggregates. The case of a general past-representable
stable aggregate is considered. We also pay a particular attention to the anticipative GaS AR(1) because to the best
of our knowledge, no deconvolution estimation techniques exists for stable aggregates as defined in 2.1, except for
the anticipative GaS AR(1) discussed in Section 2. To be relevant for the prediction framework, the Borel set B
appearing in Equation 3.2 has to be chosen such that the conditioning event {||X:|| > =} N {X¢/||X¢|| € B} is
independent of the future realisations X;.1,...,X;yn. For || - || a semi-norm on R™*"*! satisfying (3.3), denote
S,Hr;”rl ={(5_m,.-.,80) € R = |(s_m,...,50,0,...,0)|| = 1}.'* Then, for any Borel set V C Sl‘,;”rl, define the
Borel set B(V) C Cllr;‘-!rh-&-l as

B(V) =V xR"

Notice in particular that for V = Sﬂ{‘-l-lv we have B(V) = Cﬂiy In the following, we will use Borel sets of the above
form to condition the distribution of the complete vector X¢/||X¢|| on the observed shape of the past trajectory. The
latter information is contained in the Borel set V', which we will typically assume to be some small neighbourhood on
Slﬂl. It will be useful in the following to notice that

V xRh = {s GCJLUF}LH : f(s) € V},
where f the function defined by

Rm+h+1 N RM+1
[ : (3.11)
(Tomy ey Oy Ty e ooy @) — (T, ..o, X0)
Let X; an a-stable aggregate as in Definition 2.1. Assume X; is (m, h)-past-representable, for some m > 0, h > 1.

Also, we know by Proposition 3.1 (z4), that Tl is of the form

J
=3 3 ijM;Yde,kHaa{ 9d; } (3.12)

=114
J=19€51 keZ ||dk||

Proposition 3.2. Let X; be an a-stable aggregate as in Definition 2.1. Assume X; is (m, h)-past-representable, for

some m >0, h > 1. Also, we know by Proposition 3.1 (1), that LIl s of the form

J
Pl =23 §° ij,wﬂldj»kﬂa‘s{ Id; }

j=19€S1 k€EZ
’ ' 1l

T T
14The set S

'm.1 corresponds to the unit sphere of R™*1 relative to the restriction of || - || to the first m + 1 dimensions.
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Under the above assumptions, we have

ri {ﬂdﬂ‘vk ea: Mldin) v}
ldjell lldjell

o (o) | o
Tl {Mm el . Uldin) v}
il — ;1]

: : Jd; ‘ 9f(d,;
Jorany Bortsts A€ Clly, v € Sy suh that {2 € Ol St ev ] 0,1 (atans() =

J.k g,k

LH@B(V)) = 0, where B(V) =V x R" and f is as in (3.11).

Observe that setting V' = S,H,L'L, and A an arbitrarily small closed neighbourhood of all the points

(9d;k/lld;k|)o.jk, as in the single-component case we have TETOO]P’(Xt/HXtH € A’ | X > x) = 1. In other
terms, when far from central values, the trajectory of process (X;) necessarily features patterns of the same
shape as some 9d; /||d; x|/, which is a finite piece of a moving average’s coefficient sequence. The index j indi-
cates from which of the J underlying moving averages the pattern stems from, the index k points to which piece
(djktms---»rdjk,djk—1,--.,djk—p) of this moving average it corresponds, and ¥ € {—1,+1} indicates whether the
pattern is flipped upside down (in case the extreme event is driven by a negative value of an error (¢;.)). The likeli-
hood of a pattern ¥d; ;/||d; i | can be evaluated by setting A to be a small neighbourhood of that point. In particular,
only one pattern dy/||dy|| can appear through time for J =1 (up to a time shift and sign flipping). This is no longer
the case in general for J > 2, where the shape of each extreme event appears as if being drawn from a collection of
patterns.

Interestingly, as in DFT in the non-aggregated case, the observed path (X;—,, ..., X;—1, &) /|| X¢|| will a fortiori be
of the same shape as some Y(d; g+m.; - - -, djk+1,d5%)/||d; k|| when an extreme event will approach in time. Observing
the initial part of the pattern can give information about the remaining unobserved piece: the conditional likelihood of
the latter can be assessed by setting V' to be a small neighbourhood of the observed pattern. In practice, we anticipate
that matching an observed path to a particular pattern j among the collection of J patterns will be challenging, even

for a small number of latent components.

3.8. Ezample: Aggregation of Anticipative AR(1) Processes

We now counsider the aggregation of stable anticipative AR(1) processes discussed in Section 2. We assume without
loss of generality that the ¢;’s are distinct. For each anticipative AR(1) with parameter ¢;, the moving average
coefficients are of the form (wf]l{kzo})k, and thus, mg ; = 0 for all j, where the mg ;’s are given in (3.7). By Corollary
(3.1), we know for any m > 0, h > 1, the aggregated process X; is (m, h)-past-representable. The spectral measures

of paths X; simplify and charge finitely many points. Their forms are given in the next lemma.

Lemma 3.3. Let X; be an aggregation of a-stable anticipative AR(1) processes as in Definition 2.1 with d; = 1/1?
and general scale parameter o > 0.
Letting Xy = (X, - oy Xey Xeg1y - oy Xen) for m >0, h > 1, its spectral measure on C’r”rﬂrhﬂ for a seminorm

satisfying (3.3) is given by

9es j=1 k=—m+1
' ! " ld; x|l lldjnll

J h-1 v
. a,_« * e :
ikl — Z Wb (.0...00) + Zo iy (wj,ﬂ Z .kl 5{19‘1116} + 1*|]7¢y|a“d7h|| 5{ dd;n })17

(3.14)
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where for allY € Sy, j€{1,...,J} and —-m+ 1<k <h,

djr = (w;ﬁLm]l{kZ—m}u e awfﬂ{kzo}ﬂ/)ffl]l{kzl}a e M/Jffh]l{kzh})y

wjy = (1+965;)/2,
J
Wy = ZO’aﬂ'}l’w%ﬁ,
j=1

Wy = (1 +195j)/2
w<o¢>

L= Jihjl*’

and if h =1 and m = 0, the sum Z m+1 vanishes by convention.

56]

The next proposition provides the tail conditional distribution of future paths in the case where the 1;’s are positive.
m-+h+1

Let us first introduce useful neighbourhoods of the distinct charged points of TlI'l. Denote do.—m = (1,0,...,0) so
that the charged points of T!I'l are all of the form 9d; 1 /||d; & || with indexes (9, 5, k) in the set Z := Sy x ({1, ol
{—m, h} U{(0, —m)}). With f as in (3.11), define for any (9o, jo, ko) € Z, the set Vi as any closed neighbourhood of
Yo f(djoko)/ || djo ko || such that

V(W' K) €T, Viiw) gy P HEiw) _ Dol (diok) (3.15)
I el 1 el 0.0

In other terms, Vp x R is a subset of C’H I +he1 in which the only points charged by Tl all have the first (m + 1)t

coinciding with Yo f(djq .k, )/l djo ko |- Define also Ay ; x for any (9,7, k) as any closed neighbourhood of ¥d; i/||d; k|l

which does not contain any other charged point of T!I'l that is,

v, k) €T, % €Apjp = (0,5, K)=(9,jk). (3.16)
ik
Proposition 3.3. Let X; be an aggregation of a-stable anticipative AR (1) processes as in Definition 2.1 with d; =
1/);? € (0,1) for all j’s.,Let Xy, the d; s and the spectral measure of Xy be as given in Lemma 3.3, for any m > 0,
h > 1. Let Vi be any small closed neighbourhood of o f(djy ko) /|| djo. ko || in the sense of (3.15) for some (o, jo, ko) € T
and let B(Vp) = Vo x R". Then, with Ay j 1 an arbitrarily small neighbourhood of some 9d; i /||d; k|l as in (3.16), the
following hold.
(¢) Case m > 1.
(a) If 0 < kg < h:
[950|“* (1 = [9055 |*) 80, (9)85, (5), 0 <k <h—1,
PRI (Xe, Ao s BOG)) —
(956" 804 (9)854 (), k= h.
) If —m <ky < —

pll-l (Xt,Aﬁ,j,k‘B(VO)) s 090 (9) 5 (J)0kq ().

(1) Case m = 0.

J a
i—1 T Wy,
By ivin s, ) k=0
Zi:1pi,190
Pl (X, A, .. |B(V: ﬂ ak(] Sror(0), 1<k<h-1
* t, Ag ik | B(Vo) ? |55 ( |51 )01903 ( )s SR )
Fmroo Z =1Di 90
Dj «
7051 89y (9), k=h,
2i=1Pid0
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with pj 9, = waj,ﬁo/(l - |wj|a)'

For m > 1, that is, if the observed path is assumed to be of length at least 2, there is a significant difference
between whether kg € {0,...,h} or kg € {—m,...,—1}. For the latter, the asymptotic probability of the whole path
X¢/||X¢| being in an arbitrarily small neighbourhood of ¥d; . /||d; i | is 1 if and only if ¥ = 0, j = jo, k = ko: given
the observed path, the shape of the future trajectory is fully determined. For the former, this probability is strictly
positive if and only if ¥ = ¥y and j = jg, but the observed pattern is compatible with several distinct future paths.
One can see why this is the case from the form of the sequences d; /||d; x| and of their restrictions to the first m + 1

components f(d,;)/|ld;kll. On the one hand (omitting 1),

m—+1 h

(w§+m7'"’1/};?711)‘?717"'?wj’]‘?O?"'?O)
(™, ok b e, 1,0, 0)

, for ke{0,...,h},
d; i _
.kl

(W™ 5,1,0,...,0,0,...,0)

||(¢;‘€+m7"'7wj71707"'7070a"'70)||

m+1 h

, for ke{-m,...,—1}.

We can notice that all the above sequences are pieces of explosive exponentials, terminated at some coordinate. For
k € {0,...,h}, the first zero component, i.e. the crash of the bubble, is situated at or after the (m 4+ 2)" component,
whereas for k € {—m, ..., —1}, it is situated at or before the (m + 1), Using the homogeneity of the semi-norm, we

have on the other hand that

m—+1
—~
(P 5,1)
— , for ke{0,...,h},
H( i 75¢j717077070770)”
m—+1 h
fldjr) _
”dj,k” m+1
k+m
bem b 1,0,...,0
kf;/)] Y ) , for ke{-m,...,—1}.
(5™, 44,1,0,...,0,0,...,0)]
——
m—+1 h
Thus, conditioning the trajectory on the event {f(X:)/|| Xl = f(djy.ko)/||djo.koll} for some kg € {—m,...,—1}

amounts to condition on the burst of a bubble being observed in the past trajectory with no new bubble forming yet,
which allows to identify exactly the position of the pattern on the j* moving average’s coefficient sequence.

When conditioning with kg € {0,...,h} however, the crash date is not observed and can happen either in the
next h — 1 periods, or after the h'". However, the shape of the observed path is that of a piece of exponential with
growth rate w;l regardless of the remaining time before the burst, which leaves several future paths possible. One
can quantify the likelihood of each potential scenario: the quantity [¢;|**(1 — |1;|%) corresponds to the probability
that the bubble will peak in exactly k periods (0 < k < h), and [1/;|*" corresponds to the probability that the bubble
will last at least h more periods.

The previous statement confirms the interpretation of the conditional moments proposed in Fries (2022) for the
stable anticipative AR(1) case (J = 1). It also extends it in two ways:

(¢) by accounting for paths rather than point prediction,

(¢2) by showing that the aggregation of AR(1) processes also features killed exponential explosive episodes but with
various growth rates and crash probabilities.

Proposition 3.3 furthermore shows that asymptotically, as few as two observations are sufficient to identify the
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growth rate w;l of an ongoing extreme episode,'® and the conditional dynamics within this given event will be similar
to that of a simple AR(1) with corresponding parameter. An identification of the growth rate in the early developments
of the bubble appears possible, allowing to infer in advance the odds of crashes, as long as the latent components

parameters are identified.

4. Simulation Results

This section documents the finite-sample performance of the minimum distance estimator developed in Section 2.
Section 4.1 presents Monte Carlo evidence on estimation accuracy. Section 4.2 implements a subsampling methodology
to empirically verify the asymptotic normality predicted by Proposition 2.1. Complete results, including detailed tables,

graphical diagnostics, and sensitivity analyses, are provided in the Online Supplement, Sections S.1 and S.2.

4.1. Estimation accuracy

The observed process is generated by the aggregation of two independent a-stable AR(1) processes:

Xy =m Xy + maXoy, (4.1)

iid.
Xip =X +eit, g ~ S, 5,1,0), (4.2)

where j € {1,2} and ¢; € (0,1). We fix 0 = 1.6, m; = 7/16, mo = 9/16, yielding combined scale parameters ¢; = 0.7
and ¢z = 0.9. Three distributional settings are considered: (i) Cauchy (S1S); (i¢) symmetric a-stable (SaS, o = 1.5);
and (i4i) general a-stable (GaS, a = 1.5, § = 0.3). For each case, we perform 1,000 replications with sample sizes
T € {250,500, 1,000}.

Results (Table S.1 in the Online Supplement) confirm the good finite-sample behavior of the estimator. The
dominant autoregressive coefficient v is precisely estimated across all settings, with mean relative error (MRE) below
13% even in the GaS case for T = 250. The tail index « is recovered with high accuracy (MRE around 9% at
T = 250, declining to 4-5% at T" = 1,000). The smaller coefficient 15 and the combined scale parameters exhibit
higher relative errors, reflecting the difficulty in disentangling individual component contributions from the aggregate
signal. The asymmetry parameter [ is the most challenging to estimate (MRE of 69% at T = 250), although its
identification is not required for the autoregressive and scale parameters. Section 2.3 extends this design to mixed
causal-noncausal MAR(1,1) aggregates, adding one causal root per component; Table S.2 of the Online Supplement
reports the corresponding accuracy results, which are qualitatively similar but uniformly noisier, the added causal

root proving the hardest parameter to pin down throughout.

4.2. Subsampling-based verification of asymptotic normality

To empirically verify Proposition 2.1, we implement a subsampling methodology following Politis and Romano

(1994) and Politis, Romano and Wolf (1999). Given a full sample of size n, we construct non-overlapping subsamples

of size b = |n?/3]:

Xb(l) = {X(i_l)b+1,...7xib}; i=1,...,Ny = |_TL/bJ (43)

15This holds asymptotically in the (semi-)norm of the observed path, but in practice it can be expected that the noise surrounding the
trajectory will make this identification difficult with only two observations. Longer path lengths (higher m) may provide robustness to the
identification, but could also incorporate some bias by taking into account past extreme events, such as now-collapsed bubbles. One can

suspect a bias-variance trade-off when searching for an optimal choice of m.
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16 Since the individual scale parameters ¢; and ¢y exhibit slow finite-sample convergence (as already noted in Section

4.1 above, and documented in Table S.1 of the Online Supplement), we apply a post-estimation reparameterization:

9= (Y1,v¥2,0,m,), where o=¢ +¢, w1 = %. (4.4)
We conduct M = 200 Monte Carlo replications for each sample size n € {500, 1,000, 10,000, 100,000, 500,000}.17

Coverage at n = 500 and n = 1,000 is far below nominal for all five reparameterized coordinates, reflecting the
small number of non-overlapping blocks available at these sample sizes. By n = 10,000-100,000 coverage approaches
nominal for all of them, « fastest and most reliably (Online Supplement, Table S.4); this still holds at n = 500,000,
where the standard deviation of every parameter also shrinks almost exactly at the 1/y/n rate.

Two other things stand out. Shapiro-Wilk and Jarque-Bera rejection rates jump at n = 100,000 for the three
parameters confined to a bounded region of the parameter space, while o and « show nothing of the sort; this traces
to a small share of subsample blocks landing on the boundary of the compact parameter space, and has no bearing
on the asymptotic normality established for the full-sample estimator by Proposition 2.1 (Online Supplement, Section
S.2.2 and Table S.8). At n = 500,000 this recedes rather than getting worse, e.g. Shapiro-Wilk rejection for ¢ falls
from 0.595 to 0.260 (Online Supplement, Table S.9), so it looks like a transient artifact of the block boundary rather
than a growing problem with the estimator. Normal-approximation intervals also beat the quantile-based ones at

small n, consistent with how few non-overlapping blocks are available for the quantile calculation there.

5. Illustration on financial markets

We apply our framework to the CBOE Crude Oil ETF Volatility Index (OVX), a forward-looking measure of
expected crude oil price volatility often referred to as a fear index. The literature on heterogeneous agent models (e.g.
Agliari et al. | 2018) suggests that fundamentalist/chartist dynamics may generate distinct volatility components,
particularly during periods of market stress. We collect the OVX from the FRED website at weekly frequency over
23/05/2015-27/04/2025 (T = 518), linearly detrended following Hecq and Voisin (2021).

18 The estimates reveal

We estimate a general a-stable specification (GaS) with two latent AR(1) components.
distinct dynamics: the first component (1&1 = 0.80, 1 = 0.28) captures abrupt, short-lived volatility bursts, while the
second (1&2 = 0.85, 72 = 0.72) drives more persistent explosive episodes. The two autoregressive coefficients are nearly
equal; it is the marked difference in weights, not in persistence, that generates this contrast in dynamics, as illustrated
by the deconvolution via de Truchis et al. (2026b), which shows that extreme market stress periods, most visibly the
2020 disruption, feature a superposition of both dynamics with heterogeneous persistence properties. The tail index
& = 1.47 confirms heavy-tailed behavior well beyond Gaussian accommodation.

To demonstrate forecasting potential, we conduct an in-sample prediction exercise for the 2020 oil market disrup-
tion. Setting January 2020 as the cut-off, we apply Proposition 3.3 with pattern matching length m = 20. For each
|Och

component, we identify the matched position kg and compute cumulative crash probabilities 1 — [t and survival

probabilities |1, |*" for all future horizons h.1?

16Following Politis, Romano and Wolf (1999), the choice b = |n2/3] ensures b — oo, b/n — 0, and satisfies the higher-order requirements

for the subsampling approximation to be valid (Online Supplement, Section S.2.1); no alternative subsample-size rule is reported.
17Table S.3 summarizes the Monte Carlo design. Table S.4 summarizes results across all five sample sizes; complete diagnostics for each

sample size are reported in Tables S.5-S.9. Visual diagnostics are displayed in various figures throughout the online supplement.
18 Estimation results for the SaS and S1S specifications, along with the complete deconvolution analysis, are reported in Section S.3 of

the Online Supplement.
9Detailed per-component crash probability profiles, forecast trajectories across risk thresholds (90%, 95%, 99%), and the complete

forecasting algorithm are provided in Section S.3 of the Online Supplement.
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Figure 2: Combined in-sample forecast at the 99% risk threshold for the 2020 OVX bubble. The blue line shows the detrended series, the
green segment indicates the matched historical theoretical pattern starting at the black dotted vertical line, and the red curve displays the

out-of-sample forecast beyond the January 2020 cut-off (red dotted vertical line).

Figure 2 presents the combined forecast at the 99% threshold. The aggregate trajectory closely tracks the realized
path during the March 2020 spike, reaching approximately 220 before the predicted crash remarkably close to the

observed peak of around 195.

6. Conclusion

This paper addresses a fundamental limitation in the empirical modeling of rational asset bubbles in financial mar-
kets by introducing a novel framework based on a-stable moving average aggregates. Traditional approaches to bubble
modeling based on anticipative heavy-tailed processes impose uniform bubble patterns across different episodes, con-
tradicting the observed heterogeneity in market dynamics. Our contribution is both theoretical and methodological.
Theoretically, we develop a flexible model built on a-stable moving average aggregates that accommodates diverse
bubble growth patterns and crash dynamics. We establish that this model admits a semi-norm representation on a
unit cylinder, similar to non-aggregated moving averages, thereby enabling the forecasting of bubble episodes with
heterogeneous growth trajectories. We extend the spectral representation of stable processes to aggregated compo-
nents and derive conditions under which the tail conditional distribution can be used for prediction, showing that
anticipativeness remains a necessary condition for past-representability even in the aggregated case. Methodologically,
we develop a minimum distance estimation procedure based on the joint characteristic function that effectively iden-
tifies the parameters of stable aggregates, and we establish its consistency and asymptotic normality. Unlike existing
approaches limited to the Cauchy case with continuous support distributions, our framework extends to the general
a-stable family with discrete support, making it more suitable for empirical applications. Monte Carlo simulations
confirm robust finite-sample performance, and a subsampling procedure supports the asymptotic normality of the esti-
mator, with confidence interval coverage converging to near-nominal levels for every parameter of the reparameterized
space, including the mixing proportion. An empirical illustration using the CBOE OVX index reveals the presence
of multiple anticipative components with distinct persistence properties and asymmetric weights. The deconvolution
analysis shows that the 2020 oil market disruption actually comprises multiple superimposed processes with hetero-
geneous growth rates and crash probabilities, and our forecasting framework successfully anticipates both the timing

and magnitude of the March 2020 volatility spike.
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A. Proofs

A.1. Proof of Lemma 2.1

We first establish the C?(©) regularity of (2.14), the MDE objective function. The proof proceeds by analyzing the
theoretical characteristic function structure and establishing precise control over its derivatives under Assumptions 1
and 2. For simplicity, the proof is only developed for the MAR/(0,1) case although it also holds for the MAR(1,1) case.
Case 3 is covered by direct extension of this lemma’s conclusion, as noted where the Gaussian block is introduced;
Case 4 is treated separately by Lemma 2.4 in Appendix A.2, since its untruncated characteristic function admits no

closed form. In accordance with Assumption 1, the parameter vector is 6 = (s1,...,$7,%1,..., %7, o, f) with ¢; = o7j.

A.1.1. C%(©) regularity and validation of Assumption 3
Recall that for the a-stable MAR(0,1) component, the variable uX; ; + vX, +4+1 decomposes into two independent
parts: (¢;u+v)X; 41 and uej,. The joint log-characteristic function is the sum of their log-characteristic functions.

Since a € (1,2) by Assumption 2, we have

ju+ vl
1 — 9y«

where A(x) = 1 — ifsign(x) tan(ma/2), so that @; is the log-characteristic function of the pair (X, ¢, X;;41) at unit

@j(u,v;0) = A(ju+v) — |u|* A(u), (A1)

scale. The scale enters through the arguments in (2.4): since ¢; is positively homogeneous of degree «, ¢;(s;u,s;v) =

¢ @j(u,v), and therefore

J
logpx (u,v;60) =Y o @;(u,v;0), 5 =om;, (A2)
j=1

in accordance with Assumption 1, it is this scaled form that the argument of Appendix A.1.3 relies on. Let K C © be
any compact subset satisfying the uniform bounds: inf; gex(1—[%;]) > ¢’ > 0, infgexc o > g > 1, supgerc 0 < M < o0,
and supycx 8] < B < co. From these assumptions, we can establish a uniform lower bound for 1 — |¢;|*. Since
[;| <1 -0, it follows that 1 — [¢p;|* > 1 — (1 — 0’)®, which is increasing in « (since 1 —¢" € (0,1)). Therefore, its
minimum value over K is attained at «g. We can thus define a single constant 6 = 1 — (1 — ¢')* > 0, which ensures
that for all 8 € K, we have 1 —|1;|* > §. The envelopes constructed below retain the factor |p(u,v; )|, and it is worth
recording once what that factor buys. For (u,v) # 0 write r = ||(u, v)||. If |u| > /2 then max(|u|, [{1u+v|) > r/2; and
if |u| < r/2 then |v| > ?r, whence [¢h1u +v| > |v| — u| > §r since [11] < 1. In either case max(|ul, [1u+ v]) > /3,

so that, 1 — |¢;|® being at most one,

lo(u,v;0)| < exp{—c||(u,v)[|*}, c:= euelifc(%) >0, (A.3)
uniformly on K, where ¢ := infspexminjg; > 0. Consequently every envelope below of the form [p| x

(polynomial in |u|, |v| with logarithmic factors) is not merely w-integrable but bounded and rapidly decreasing; in
particular the products of first derivatives that arise in 9%y, ¢ = ©(93, log ¢ + g log v dpr log ) are dominated by the
same envelopes as the second derivatives of log ¢, and we shall use the crude bound |p| < 1 only where no such gain
is needed.

(t) The derivatives with respect to the scale coordinates ¢ are computed from (A.2), log(u,v;0) =

J_ ¢*P.:(u,v), in which ¢, appears only through the factor ¢&. Hence
D e S5 @4 (u,v), pp y g i

890 a—1 ~ 6290 a—2 ~ 2 2a—2 ~2
—(u,v;0) = p(u,v;0) - asy ™ Gr(u,v), — (u,v;0) = p(u,v;0) - [a(a — 1)) " on + a’;, gok}.
8§kz agk
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Substituting @ (u, v) = —[|¢ru+v|* A(Wru+v)/(1—[¢r]*) +|u|*A(u)] and using the uniform bounds on the compact
set IC, namely |A(-)| < 1+ B|tan(mag/2)| =: M4 with ag = infoec e > 1, 1 — [¢r]|* > § and ¢, € [5,3] C (0,00), we
obtain

|thru + v|*

0
’ gp 5 + |u|0é = CC Gg(’U/,’U),

22 wit)] < Cleluuin)

with C. = a<® *M4. The bounding function G, is of polynomial growth of degree @ and is therefore integrable
against w for any a > 1. Note that no derivative with respect to ¢ or m is required: these are not coordinates of 6
under Assumption 1, and differentiating along them would follow the direction of exact degeneracy o 950 = > T On;p
discussed there.

(¢) The derivative with respect to o is computed from the j-th summand <§'¢; of (A.2), with ¢; given by (A.1).

Since 0a[s5'¢5] = < Ing; pj + <5 Oapj, we have

9. N [hju + v|*A(Yju + v) o
90 [§j on] = =9 In Si ’ 1— W}j|oz + |’LL| A(’LL)
Moy, al .
o Ww+flﬁﬁy”*ﬁawu+vrwmﬂmmAwﬂ
1%
‘wﬂ+ma%am¢u]
o A(p;u +
ST A=y it
o [lu o AWt ) DA
ST e M e |

which is the j-th summand of (A.12) in Appendix A.1.3. Using the uniform bounds on the compact set I, specifically

1—[t;|* > 6 and the fact that the derivative d,.A(z) = —if sign(z) 5 sec?(ra/2) is uniformly bounded on any compact

K C {a > 1} since sec?(ra/2) is continuous and finite for o € (1,2), we obtain the following majoration,

[+ v|*
0

[vju +v|%| In |¢p;u + v]|
1)

w$wmsa[ +uﬂ

+@[ +mmmmy

where C7 and Cs are finite constants depending only on /. This leads to a bounding function of the form

0 H,(v;
;wmﬂs%wwwﬂwf“”wuﬂzaamm
o
where H,(z) = |z|*(1 + |In|z||). To conclude on the integrability of G, (u,v) against w(u,v), we use a continuity

argument. Since @ > «p > 1 on K, the function z — H,(x) is continuous on R (prolonged by 0 at = 0 since
lim, 0 |2|*In 2| = 0). Consequently, H,(x) is bounded on any compact set and grows polynomially at infinity. At
this stage, we need Assumption 2 as it imposes w(u,v) = (k/7) exp(—r(u? + v?)). As a consequence, the growth is
dominated by the exponential decay of w(u,v), ensuring that [ Ga(u,v)w(u,v)dudv < co.

(eee) The derivative with respect to [ is obtained by differentiating the asymmetry terms A(x) within the log-

characteristic function expression (A.1). We have 0gA(zr) = —isign(z) tan(re/2) for o > 1. Thus,

Ora-1_ S ‘ WOAWu+v) o o OA()
85 [gj (P]] - 1— wj|a|wJu+U‘ 85 Sj |u| aﬂ
= is? tan(mar/2) Wﬂ“ﬂi\ S}in(fjwv) + Ju|*sign ()
A}

The derivative of the full characteristic function is g—g = ‘PE}]:1 %[gj"@j}, by (A.2). Taking the modulus and

applying the triangle inequality along with the uniform bounds on the compact set I (specifically |sign(-)| < 1 and
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|tan(ra/2)| < sup,ex |tan(re/2)| := M,,), we obtain

0 ZJ [y + 0|
. < . a fed
aﬁ (U,’U,e)‘ - |S@(U,’l},9)| §] Mw |: 5 + |’LL|

Jj=1

J
< Calotun,v:0)] | S0 e
j=1
The functional form of this bound is identical to that found for the derivative with respect to ¢ (a polynomial of
degree a in u, v multiplied by the characteristic function). Consequently, it is integrable against the exponential weight
w(u,v) for any a € (1,2).

(vv) Finally, we turn to the most critical case, the derivative with respect to ;. For a > 1 the map x — |z|*A(z) =
|z|* — if tan(ror/2) z|x|*~! is continuously differentiable on all of R, with derivative a|z|*~ (sign(z) — i tan(ma/2)).
No distributional subtlety therefore arises, provided the numerator is differentiated as a whole rather than factor by
factor: differentiating A(w,u + v) separately would produce Oy, sign(¢,u + v), a Dirac mass on the line ¢pu +v =0,

which the product form avoids. Writing z = 9;u + v and recalling from (A.2) that component k contributes g @y,

i[CO‘@k] =—q 9 [maA(x)}
Oy, P ouk (1 — [yl
_ o« aulz|* (sign(z) —iBtan ) o fyy|*Tsign(yn) [¢]* Ax)
Tk [ 1— |l - (1 — [9x]*)? (A4)

The first term is the one that fails to be differentiable along the line 2 = 0; its exponent a—1 € (0, 1) being positive, the
term itself vanishes there, though its derivative blows up. The second term, of order |x|®, is smoother still. Using the
uniform bounds on the compact set IC (specifically |A(-)| < M4 and 1—|ix|® > §, together with |5 tan(ra/2)| < Ma),
we define the bound for the singular part:

alul[hru + v]*?

0

Ty (u,v) = M.

Again, we need Assumption 2 and impose w(u,v) = (k/7) exp(—k(u? 4+ v?)), for k > 0, to prove the convergence. We

rely on the polar coordinates of the integral of T5:

I

+oo +oo K
/ / Ty (u,v) = exp(—r(u? + v?)) du dv
—oo J—o0 ™

M 27 o'}
_— 5AE/ / 7| cos @| - r ¢y, cos ¢ + sin ¢|°‘_16_”2r dr d¢
m™Jo Jo

aMA

27
= B2 conlfincos o sin g do Iy (a ),
0

with v = rcos ¢, v = rsin ¢. This decomposition reveals that the radial integral converges for a@ > —2:

R . r(ER)
I (o, k) := — rotle™ " dp = 22 < o0 A5

r(a ) T /0 27 k/2 (A.5)
The angular integrand is in fact bounded near the zeros ¢g of ¥y cos ¢ + sin ¢, its exponent o — 1 being positive; a

fortiori the angular integral converges, and it would already do so for a > 0:

$o+e € 2 a—1_«o
/ |91, cos ¢ + sin ¢|* " dg ~ / |Cr|*~tdr = e < 00,
®

o

0—€ —€

with € > 0 an arbitrary small constant and C' = /1 + 7. Therefore, for any «a € (1,2), the derivative is bounded by

an integrable function:

lul|ru +v[*™ Jgu 4 v|*
5 T
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O,



where Cy is a suitable constant. All terms in Gy(u,v) are integrable against w(u,v) for o € (1,2). This completes
the first-order derivative analysis, establishing that each component of the gradient Voo(u, v; 0) admits a w-integrable
dominant. We now turn to the second-order derivatives.

Finally, we analyze the second derivatives to establish C2(0) regularity. The most critical terms arise from the
second derivative with respect to 1y, specifically from the modulus term |¢,u+v|*. Using the decomposition in (A.1),
we have

o S

77 5624 = ~ T g [+ oI A+ 0]+ RO ),

where R,(Cz) (u,v) collects terms involving first derivatives of the modulus and derivatives of the coefficients, which are
less singular. Specifically, R,(f)(u, v) = O(|u]*+|v|%) as ||(u,v)|] = oo and is locally integrable. The dominant singular
term is

2

8%2 [|1/Jku + v|*A(Yru + v)} = a(a — 1)u?|pu + v|** (sign(vpu + v) — if tan T2 )sign(vru + v),
k

The integrability of this term against w(u,v) determines the C%(©) regularity. Let us bound the integral of the

modulus of this second derivative
Ty (u,v) = Clp(u,v; 0)|u’|pu + v|*2
Using polar coordinates (u = r cos ¢, v = rsin ¢) and the weight w(u,v) = ge*’”ﬁ, the integral becomes
K 2m oo 2
Ih=— / / 72 cos® ¢ - 12 |¢y, cos ¢ 4 sin @|* e r dr do
™ Jo 0
2T
=I.(a, k) / cos? @l cos ¢ + sin ¢|* ~2dg.
0

The radial integral converges for @« > —2. The angular integral J, = fo% cos? |1y cos ¢ + sin ¢|*~2d¢ presents
singularities when 9 cos ¢ + sin ¢ = 0. Let ¢o be such a singularity. Locally, the integrand behaves like |¢ — ¢g|* 2.
Convergence requires

dote

/ IT]72dr <00 &= a—2> -1 < a> 1.

do—e
For a € (1,2), the angular integral is finite. The other second-order partial derivatives are covered by the same
analysis: the mixed partials such as 9?/9vy0a produce factors u |ipu + v|* P In|ypu + v|, and 9?/da? produces
factors |z|*(In|z|)? (with = t;u + v or = w); in polar coordinates the corresponding angular exponents are
a —1 > —1 up to logarithmic corrections, which do not alter the integrability thresholds, so all these terms are
w-integrable for o € (1,2). The remaining terms in the second derivative of the objective function Dx () involve
products of first derivatives (which are integrable because each first-derivative envelope G4 constructed above is in

fact square-integrable against w: the most singular case is |u|?|¢pu + v]2(@~1)

, whose angular exponent 2(a—1) > —1
remains integrable) or the second derivative analyzed above.
At first order this suffices: since a — 1 > 0, the envelopes just constructed are uniform over 6 on a neighbourhood,
because
_ -1 —a—
sup_Jul [pu+o|*71 < Jul(ful + o) max(1,9)* 7t € L (w),
SR
and ordinary dominated convergence gives Dy € C'(0) with VDy = [[8g[-]w. At second order, dominated
convergence is not available, and this is not an accident of the proof: as shown in Appendix A.1.3, the supremum over

any neighbourhood V' of @ of u?1,u + v|*~2 is infinite on a cone of positive Lebesgue measure (the cone swept by
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the lines {¢)u + v = 0} as 1 ranges over the projection of V| which is nondegenerate because ) € Int(©)). No locally
uniform w-integrable envelope for the second derivatives exists. We therefore replace dominated convergence by the

following elementary substitute, which requires only what is available.

Lemma A.1. Let h(0) := [[ f(u,v,0)wdudv on an open set U C RP (we apply it with U an open neighbourhood
of the compact ©, on which all the bounds below hold, this being how C?(©) is to be read throughout) and assume:
(1) for almost every (u,v), 8 — o f(u,v,0) is absolutely continuous on line segments of U, with almost-everywhere
derivative 83y, f; (1t) Vh(0) = ff g fw for every 0; (e) 6 — Dap f (-3 0) is a continuous map U — L'(w dudv). Then
h € C%(U) and V?h(0) = [[ 02, f(

Proof. Fix 0, € U, a direction e and s small, and set 6, := 6, + te. By (¢) and (wt),

Vh(&s)—Vh(G*)://[/Osage,f(-;@)edt}w:/OSCD(Ht)edt,

the exchange of integrals being licensed by Fubini, since ¢ — [[ |02, f(-;6:)|| w is continuous by (vet), hence bounded
on the compact segment, so that fos S 11030 F(-;0) || wdt < oo. As (wu) also makes ® continuous, the fundamental

theorem of calculus gives 9sVh(0s)|s=0 = ®(0.), and h € C2. O

Lemma A.1-(¢) holds here: the only non-smooth dependence is through ¥ +— awu|pu + v|*~Lsign(vyu + v), pro-
portional to [¢p — ¢*|*“Lsign(y) — ¢*), which is absolutely continuous because [ [¢) — ¢*|*"?dyp < oo for a > 1.
Lemma A.1-(u) is the C! step above. Lemma A.1-(wet) follows from (A.8). Indeed, with f = |p, — ¢(-;0)|?,
(2.20) gives 92, f = 2Re[0sp Oprp] — 2Re[fg O2y1¢), with fo := @n — ¢(-;0). The first term is L!(w)-continuous
in 6 because 6 — dyp(-;0) is continuous into L2 (R?) (established below from the first-order envelopes alone) and

L2

1fallw) < Iflzz

//er/ D p(0") — fo O3 p(0) || w < //|90(9/) — 0(0)] |05 (0) || w + 4//“%0/ — Dh90(0) | w,

where the first term tends to zero by ordinary dominated convergence (its dominating function 2|02, ¢(-;0)|| is fixed

. For the second, inserting + 92, ¢(-;6) and using |fs| < 2,

and w-integrable by Assumption 7) and the second by (A.8). Appendix A.1.3 uses only the pointwise derivative
computations carried out above (the envelopes 77, To and G,) and not the present conclusion, so the reference is not
circular. Applying Lemma A.1 with f = |¢,, — (- ;6)|?, the objective function is C?(©) for « € (1,2), and Assumption

3 is satisfied under this condition.

A.1.2. Validation of Assumption 6

Assumption 6 requires the random sequence K(z;6) defined in (2.17) to be measurable and bounded. Since
trigonometric functions and the theoretical characteristic function ¢(u,v;6) are continuous (and thus measurable),
the entire integrand in (2.17) is a measurable function of z for each fixed (u,v,0). By the Fubini theorem, the
integral of this function with respect to (u,v) is a measurable function of . Next, we demonstrate that K(z;60) is
uniformly bounded with respect to 2. From the natural bounds of trigonometric functions, | cos(uz; + vzs)| < 1 and
| sin(uzy + vaz)| < 1, and since |¢(u, v;0)| < 1, we have

x9\</ / [ cos ux1+vz2)|+|Re<p(uv0)|)‘W‘

Olm (u, v; 6)
06

<2/ / (‘aRego U, v; 9)‘+ lalmgpa(g,v;G)D w(u, v) du do

§2\/§/ / ’W‘w(u,v)dudv := B(6),

36

+ (| sin(uzy + vz2)| + Im @(u,v; 0))|)

H w(u, v) du dv




where the last inequality follows from the Cauchy-Schwarz inequality: for any complex number z = a + ib, we have
la] + |b] < v/2|2| since (|a] + |b])? < 2(a?® + b%) = 2|2|2.
The first-order analysis in the proof of Lemma 2.1 established that for each parameter component 6;, the integral

of the derivatives is finite, i.e.,

/ / ‘&p 5 9)’w(u,v)dudv<oo.

Furthermore, the smoothness of ¢ in 6 established directly in the proof of Lemma 2.1 shows that, for each fixed (u,v),
the gradient dp/06 is continuous in 6; combined with the K-uniform w-integrable envelopes Go(u,v) constructed
there, the dominated convergence theorem yields the continuity of the integral function B(#) on the parameter space
0. Since O is compact (Assumption 1), the continuous function B(6) is bounded. We thus have

sup sup | K (z;0)| < sup B() < oo.

0cO = e

This uniform boundedness ensures that Assumption 6 is satisfied. O

A.1.8. Validation of Assumption 7

Assumption 7 has two parts: the nonsingularity of the matrix X(6p), and an integrability together with a conti-
nuity condition on the second derivatives 9%p(u,v;6)/0000'. We verify the second here, and then show that in the
specification of Case 1 (and, by the same argument, in that of Case 2) the first is not an additional restriction either,
but a consequence of Definition 2.1 together with a € (1,2) and ¢; > 0. It is retained as an assumption in the general
statement only because the argument does not extend to the MAR(r;, s;) aggregates of Case 4, for the reason given

at the end of the subsection.

Form of the domination condition. The domination in Assumption 7 bears on the w-integrals of the second derivatives
rather than on a pointwise envelope, and this is the form suited to a-stable scores: a single g € L*(w du dv) dominating
102¢0/0600¢’ || pointwise for almost every (u,v) would have to be infinite on a set of positive measure. Indeed, the

dominant term of 9% /07 is

¢ a(a— 1) u? [Ypu + v]|*2
L — ||

Let [1,4] C (0,1) denote the range of ¢y, over the compact © and consider the cone of positive Lebesgue measure

o(u,v;0) - A (u,v), a—2<0.

S = {(u,v) : v € [1,2], —v/u € [,¢]}. For every (u,v) € S, the value ¥* = —v/u is admissible and letting
Y — Y* drives |¢pu + v| — 0 while |¢l, |Agl|, u* and ¢ /(1 — |¢%|*) remain bounded away from zero on S. Hence
Supyee |0%¢/ 0} = +oo everywhere on S. The w-integrated version of the domination, on the other hand, is finite

and continuous in #, as we now show.

Integrability at fixed 0. For each fixed 6 € O, the analysis of Lemma 2.1 shows that the most singular contribution
to ||0%p/000¢'|| is of the form Cwu?|tpu + v|*~2, all remaining terms being of polynomial growth (possibly with

logarithmic factors) and therefore w-integrable. Passing to polar coordinates,

27
// u2|wu + v|°“2 w(u,v)dudv = I.(a, K) / cos? ¢ |1 cos ¢ + sin ¢|O‘*2 do < o0 (A7)
0

for a € (1,2), where I.(a, k) = F(O‘—”)/(Qﬂ'ﬁo‘ﬂ), since the angular singularities are of order & — 2 > —1. Hence

[ 10%¢(u, v;0) /0600’ || w du dv < oo for each 6 € ©.

LY (w)-continuity of the Hessian. Let 6™ — 6§ in ©. We show

/ ||8001 0( ) 8001 ||U}dud'l} — 0 (AS)
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which is the continuity clause of Assumption 7. The integrands converge to 0 almost everywhere: for almost every
(u,v) one has ¥ru +v # 0 for every k, and at such a point 6 — 93, ¢(u,v;0) is continuous. Recall that o := min{a :
6 € ©} > 1, define also @ := max{a : § € ©} < 2, and let C := supycg C(f) < 0o collect the f-uniform bounds <,
My, 671 and a(a — 1) of the proof of Lemma 2.1. Write gy for the envelope of |92, ¢(-;6)|,

J J )
go(u,v) = CZuQ\wku + 07 + C(14 |ul*+ \U\O‘)2<1 + |Inful| + Z‘ln [hru + v||) ,

k=1 k=1
the squared second block accounting for the products of first derivatives that arise in 93,0 = ¢ (839, logp +
0y log ¢ Oy log cp), including the cross terms [1;u + v|*"1|hou + v|*~L. That block is w-integrable, the weight be-
ing Gaussian and the added singularities only logarithmic, and 6 — [[(second block) w is continuous by ordinary
dominated convergence; only the first block requires the argument below. Put g¢,, := ggwm), g := gg. The difference
is dominated by g, + ¢, and [(gm + g)w — 2 [ gw as soon as [ g, w — [ gw, so Pratt’s lemma (the generalized
dominated convergence theorem) applies to the sequence g,, + g. It remains to check [ g, w — [gw, i.e. the joint

continuity in (¢, @) of the map

2m
) 2 a—2 ; dudv = Ir , 2 : (x—Qd
(Y, @) %//u [u + v|* "% w(u,v) dudv (« KJ)/O cos” ¢ |1h cos ¢ + sin @ 0]

(the remaining, logarithmic, terms are handled identically and are less singular). The radial factor I,.(«, k) is continuous
in a by (A.5). For the angular factor, an envelope free of o but still depending on ¢ would not suffice, since
its singular points {¢ : ¥ cos¢ + sing = 0} move with ¢ and dominated convergence along ™) 5 ) requires
a fixed dominating function. We therefore freeze the singularities by a rotation. Writing w := arctan, so that

Yeosd+sing = /14 ? sin(¢ + w), and substituting ¢’ = ¢ + w,
27 a2 27
/ cos? ¢ [t cos ¢ +sinp|* 2 dp = (1 +1?) = / cos? (¢ — w) |sin ¢’ |*~2dg’. (A.9)
0 0

The singularities now sit at the fixed points ¢’ € {0,7}; the prefactor and cos?(¢’ — w) are jointly continuous and
bounded in (¢, @) on [¢,9] x [a,a]; and |sing/|*"2 < [sing/|272 € L'[0,27], since [sin¢/| < 1 and o — 2 > —1,
is a dominating function free of both ¢ and «. Ordinary dominated convergence therefore gives joint continuity in
(¢, @), whence [ g, w — [ gw. (Equivalently, in Cartesian coordinates, the substitution v" = ¢u+v moves the whole

1-dependence into the smooth Gaussian weight.)

The Hessian step of Knight and Yu (2002) under the integrated domination. We now check, that the integrated
condition just verified is enough for the step of the proof of Theorem 2.1 of Knight and Yu (2002) in which their
pointwise condition (A6) is used. Let (6,) be any (possibly random) sequence in © with 6,, — 6y almost surely, and
set 7, 1= @ — (-3 60,), so that ||, |lec < 2 and, almost surely, 1, — 0 at every (u,v). The ergodic theorem gives, for
each fixed (u,v), a null set depending on (u,v); a single null set is obtained by applying it on a countable dense subset
of R? and invoking the almost-sure equicontinuity of {¢,} on compacts, which holds because E|X;| < oo for o > 1.
Only convergence for w du dv-almost every (u,v) is used below. Evaluating (2.20) at 6,,, the Hessian splits into two
integrals.

For the first integral, [[ Re[dge(-; én)m] w — X(0y) almost surely, because 6 — Jyo(-;6) is continuous in
L2 (R?): each first-order envelope G, constructed in the proof of Lemma 2.1 is square-integrable against w (the most
singular case being |u|?|¢ru + v|2(*~1) | whose angular exponent 2(a — 1) > —1), so dominated convergence applies.

For the second integral, inserting + 835, ¢(-; 6p),

’//Re T 029 0(+ 5 ' < 2/ 1050/ 2(- 5 0n) — ggrp(-360)|| w + ‘//Re Tn O (-1 60) | w ‘
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The first term tends to zero by (A.8), applied along 6, — 6o; note that the multiplier has already been eliminated
at this stage by |n,| < 2, so what is used is exactly the L!(w)-continuity of Assumption 7 and nothing stronger (in
particular no uniformity in 7,,, which is fortunate since 7, is random). The second tends to zero by ordinary dominated
convergence: 7, — 0 pointwise, |1,,| < 2, and [|03,,¢(-;00)| € L*(w du dv) by the finiteness clause of Assumption 7.
Consequently V2D (6,,) — 2%(6) almost surely, which is condition (b) of the proof of Theorem 2.1 in Knight
and Yu (2002). Two features of this argument are worth isolating. First, what is needed is convergence along the
consistent sequence, not uniform convergence over ©: the latter is stronger than the integrated condition delivers,
and is not used anywhere in Knight and Yu (2002). Second, the pointwise dominance of (A6) is never invoked; it is
replaced by the L!(w)-continuity of the Hessian map alone, and this is the whole content of the adaptation of Knight
and Yu (2002) to the a-stable case. The integrability and continuity conditions of Assumption 7 are thus verified,

and suffice.

On the nonsingularity of £(0y). The matrix ¥(6y) is the Gram matrix of the score functions in the weighted Hilbert
space L2 (R?) equipped with the inner product

(fs9)w = /R2 flu,v)g(u, v) w(u, v) dudv.

Explicitly, [2(00)]i; = (¢, 9;j)w where g; = Op(u,v;00)/00; = ¢(u,v;6y)0logp(u,v;60y)/08;. Since |¢]
eRelog¢ 0 everywhere, the linear independence in L2 (R?) of the family {g;} is equivalent to that of the log-
scores {0log ¢/00;}, whose expressions are displayed below. Since a Gram matrix is nonsingular if and only if the
generating vectors are linearly independent, nonsingularity amounts to the linear independence of the score functions
{Grs- - s9css Guns -+ Gibys Jar o} in L2 (R?). We work with the reparametrized vector 6 = (c1,...,55,v1,...,%,a,B)
where ¢; = om;, consistently with Assumption 1. The log-characteristic function of the aggregate takes the form

log o(u,v;6) Zgj (WA]'(U,U) + |u°‘B(u)) , (A.10)

J
where A;(u,v) =1 —ifsign(yju + v) tan(ma/2) and B(u) = 1 — ifsign(u) tan(ra/2).
The score functions are computed by differentiating (A.10). For each k € {1,...,J}:

oy (0) = —asg = (1O ) 4 o Bw) )
1— |l
a [e%
o) = <t g | L ). (A1)

For the global parameters:

. N O
=D (Inls) @5+ 52 ) (A.12)
i=1

J .
_ . Tor o [ 1¥ju+v|*sign(yju+v) o
gp(u,v) =itan <?) Zlgj ( 1= Juy " + |u|*sign(u) |, (A.13)
]:
where ¢;(u,v) = I;W‘LJI"L Aj(u,v) — |u|*B(u) denotes the unit-scale log-characteristic function of component j.

Suppose there exist constants {c, }{_;, {cy, }71—1, Ca» and cg such that

J J

Z Cor G, (s V) + Z Copi G, (u,v) + cagalu,v) + €s9p (u,v) =0 ae. (A.14)
k=1 k=1

We now show that (A.14) forces all the coefficients to vanish, so that 3(6p) is in fact nonsingular for every admissible
0o in this specification. The mechanism is a separation of singularities, but it must be applied to the derivatives of the
scores: for o € (1,2) the scores themselves are continuous across the null lines, and it is their transverse derivatives
that blow up there.
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(1) Preliminaries: differentiating the null relation. Let
Ly = {(u,v) € R? : Ypu+v = 0}, Ty = PYru + v,

and let C be any connected component of R?\ ({u =0} ULy U---ULy). By Definition 2.1 the parameters 91, ...,
are pairwise distinct, so the lines L4, ..., L are pairwise distinct and these components are nonempty open cones. On
C every x; keeps a constant sign and none vanishes, so each score g; is real-analytic there; since (A.14) holds almost
everywhere and the g; are continuous on C, the relation holds identically on C and may be differentiated in (u,v) any
number of times. The coefficients ¢, are the same on every component. The coefficients are complex: X(6y) being
the Gram matrix of the g; in L2 (R?), one has ¢*S(6p)c = [[ |, ¢ig:i|*wdudv, so that singularity is equivalent to
the vanishing of a nontrivial complex combination. (One could instead take ¢ € RP: ¥(fy) is real by Remark 2.1,
and a real singular matrix has a real null vector. The argument below does not need this and is written for complex
coefficients.) It is the transverse derivatives of the scores, not the scores themselves, that separate the parameters.
Indeed, for « € (1,2) the exponent « — 1 is strictly positive, so every score is continuous across each £ and vanishes
there: by (A.4),

o |t lzr|*" (sign(ae) —iftan 5) oy sign(yy) 2| A

= —¢ 0.
G = 0 1= [gnl® (1= [¢x]®)2 -

Since O,x; = 1 for every j, we differentiate (A.14) with respect to v on C and let z; — 0 from within C. (1) ¢y, =0

for all k. Differentiating once,

ala—1u _ a—
g = =5 T 2 Al ) + Ofnl* ) (A15)

which diverges as || 2, the exponent being negative. All the remaining transverse derivatives stay bounded near

Eki
8vg<j = O(|xj‘a71)v avgﬁ = O(|xj|a71)a avga = O(|xj|a71 In |$j|),

and 0,9y, for £ # k is bounded near Ly, because |z¢| — (¢ — ¥ )u| # 0 there. Since u # 0 on C, ¢, > 0 and |Ax| > 1,
the coefficient in (A.15) is nonzero, and multiplying the differentiated relation by |xj|>~* before letting x5, — 0 gives

¢y, = 0. This holds for each k € {1,...,J}. (1) ¢ =0. With ¢y, =0, (A.14) reduces to

J

S oG (,0) + Caga(,0) + c5g5(u,0) =0 on C. (A.16)
k=1

Differentiate twice in v. Using 02, [|z|*A(z)] = a(a — 1)|z|* 2 A(z) and 92, [|z|*In|z| A(z)] = |z|* 2 A(z)[a(a —
1) In|z| + (2« — 1)], the term of g, coming from J,@r > —|zk|* In |xk| Ak /(1 — |¢k|*) contributes

« Oé(Oé— 1)

_ N 7 04—21 9] a—2
T o lze|* " In fz| Ax + O(lzi|*7?),

and it is the only term in (A.16) carrying a factor In x| at the order |2x|*~2: 02, g, and 02,95 are O(|zx|*~?) without
a logarithm. Dividing by |zx|*~2In|z)| and letting z; — 0, the surviving coefficient is —c, & a(a—1) Ag /(1 — |[¢x]®).

Since |Ag| > 1, ¢ > 0 and a(a — 1) > 0, it vanishes only if ¢, = 0. () ¢, = cg = 0. With ¢y, = ¢ = 0, only the

scale and asymmetry scores remain. Retaining in 92, (A.16) the coefficient of al(a — 1)|w1]|*72 /(1 — |%|*) and writing

e :=sign(xy) € {—1,+1},
—cgkagz‘*l(l—iﬁtan%s) + cgitan T gl e = 0. (A.17)
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Both values of € are admissible, since Ly is approached from both sides, each side lying in a component on which
(A.16) holds with the same constants. Adding the two equations (A.17) eliminates cg and leaves —2c, asp ' = 0,
whence ¢, = 0; substituting back gives cgitan(re/2) sy = 0, and since tan(ma/2) # 0 for @ € (1,2) and ¢, > 0,

cs = 0. All the coefficients in (A.14) vanish, so the score family is linearly independent in L2 (R?), the scores belonging

to that space by Lemma 2.1, and 3(fy) is nonsingular. The argument uses a € (1,2) twice, and essentially: once for
a — 2 < 0, which produces the divergence that separates ¢ from the rest, and once for tan(mwa/2) # 0, which separates
B from <. It requires no symmetry restriction, and covers Sy # 0.

The nonsingularity clause of Assumption 7 is therefore not an additional restriction in Cases 1 and 2: it is a
consequence of Definition 2.1 together with o € (1,2) and ¢; > 0. We nonetheless retain it as an assumption in
the statement of Assumption 7, because in Case 4 the analogous separation is not available. There the score carries
one singular line per lag, £, = {ud;, +vd;r—1 = 0} with k € Z, of slope —d;i/d;jr—1; and these slopes are
not separated. Indeed djx/djr—1 — (j1 as k — 400 and d;,/djr—1 — 1/X\j1 as k — —oo, ;1 and ;1 denoting
the roots of maximal modulus on each side, so that the lines accumulate at the two directions of slope —(; 1 and
—1/Xj1. Near either of them infinitely many £;; pile up, and no single line can be approached with every other
score bounded, which is what steps (u.t)—(:v) above require. There the nonsingularity remains primitive, as in the
empirical-characteristic-function and minimum-distance literature, including applications of Knight and Yu (2002).

O

A.1.4. Validation of Assumption 8

Assumption 8 requires that the sequence {K;} exhibits sufficient temporal dependence decay to apply a central
limit theorem for dependent processes. We establish this by showing that the aggregated process (X;) satisfies a strong
mixing condition with explicit geometric decay rates, invoking Theorem 4.4.1 in Rosenblatt (2000).

Each latent process (Xj;), whether purely anticipative AR(1) or mixed MAR(1,1), admits a two-sided infinite

moving average representation

+oo
Xjo= Y xSk, (A.18)

k=—oc0

where (¢;+)1ez are ii.d. a-stable innovations with a € (1, 2), and the coefficients a; i satisfy geometric decay: there exist
constants D; > 0 and A; € (0,1) such that |a; x| < Dj)\ljk‘ for all k € Z. For the MAR(1,1) case, \; = max(|¢;|, [¢;]).

We now verify that the conditions of Theorem 4.4.1 in Rosenblatt (2000) are satisfied. Let ¢ € (1, ) be a fixed
moment exponent. The moment condition (4.4.2) holds since a-stable innovations with a € (1,2) have finite moments
of all orders less than «, i.e., Ele; |2 < 0o, and zero mean since o > 1. The coefficient summability condition (4.4.3)
follows from the geometric decay, as >, ., |aj x| < D;(1+ A;)/(1 = A;j) < oo. For the invertibility condition (4.4.4),
we define a;(e™®) = Y, ., a; e, which is continuous on [, 7] since the coefficients are absolutely summable.
Note that no spectral density is available here: a-stable processes with o < 2 have infinite variance, and the relevant
object is the transfer function itself. Since the roots are bounded away from the unit circle, |¢;], ;] < 1 —¢" < 1,
the transfer function a;(z) = ((1 — ¢;2)(1 — wjz_l))_l satisfies a;(z) # 0,00 on |z| = 1; its inverse a;l(z) =
(1—¢;2)(1 —1;z71) is a Laurent polynomial, hence trivially a bounded operator, and condition (4.4.4) holds without
invoking Wiener’s theorem. Finally, the density regularity condition (4.4.5) requires the density p of the innovations
to satisfy [, [p(¢ +2) — p(€)[d€ < c|x| for some constant ¢ > 0. For a-stable distributions with « € (1,2), the density
p is infinitely differentiable with p’ € L'(R) (by Fourier inversion: the characteristic function of the innovations has

~It" which decays faster than any polynomial, so p(™(z) = 2= [, (—it)™e ™ j(t) dt exists and is continuous

modulus e
for every m > 0; moreover p’ is integrable since it is continuous and p’(z) = O(Jz|~*~2) as |z| — o). By the mean
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value theorem, [p(§ + =) — p(§)| < [x|sup,ep 1) [P'(€ + tx)], and integrating over ¢ yields

/ Ip(E + ) — p(6)] d€ < |a] / 1P(©)|dé = |||+ < oo,
R R

which establishes condition (4.4.5) with ¢ = ||p/|| 1.
Applying Theorem 4.4.1 in Rosenblatt (2000), each component process (X ;) is strongly mixing?® with coefficient
satisfying, for k sufficiently large,

ax, (2k) < ;W;(k, o), (A.19)

where s¢; > 0 is a constant and W;(k, 0) = {Xpv_, d2\ 7O} vV {00 L(djim2)} with djmy = 35, lagi|* and
L(u) = \/u[l V[Inul]. Given the geometric decay |a; | < Dj)\ljk‘, we have dj ., = O(N{™), which yields ax, (h) <
Cj)\]h for constants C'; > 0 and v > 0 depending on p.

Since the latent processes (Xi¢),...,(Xy) are mutually independent, the o-algebra generated by the aggregate
Xy=o0 ijl m; X+ is contained in the product o-algebra generated by the components. For independent processes,
the strong mixing coefficient of the joint process satisfies a(x, .. x,)(h) < Jmaxi<;j<sax,(h) (see Doukhan , 1994,
Lemma 1.2.1). Since measurable functions of mixing processes inherit the mixing property, we obtain

ax(h) <J- max ax,(h) < O\, (A.20)

1<5<J
where C' = Jmaxi<j<; Cj and A = max;<j<y A} € (0,1).

The score term K; defined in (2.17) is a measurable function of the finite segment (X, X;11). Since o(K; : s <
t)Co(Xs:s<t+1)whileo(Ks:s>t+h)Co(Xs:s>t+h), the two o-fields are separated by h — 1 time units,
so that ax (k) < ax(h—1) < (C/A) A\*: a measurable function of a block of length two inherits the mixing rate up to
the block length.

It remains to verify the two conditions of Assumption 8, stated at 6y so that E[Ky] = 0. The geometric mixing
rate ensures that E[Ky|F_,,] converges to E[Ky] = 0 in L? as m — oo. For the summability condition, the projection
differences vy = E[Ko|K_¢, K__1,...] —E[Ko|K_s—1, K_s_o,...] satisty E[vjv]'/? = O(\*/?). Indeed, writing G_, :=
o(K_¢4,K_4_1,...) and using E[K;y] = 0 together with the boundedness of K established for Assumption 6, the

covariance inequality for bounded random variables gives
2
[E(Ko | G0, = E[KoE(Ko | G-0)] < 4ax(0) | K],

whence [|vg]la < [|E(Ko|G_r)ll2 + IE(Ko|G_r—1)ll2 = O(ax(£)'/?) = O(X/?). This is the only place where the
boundedness of the score is used quantitatively. Since A € (0,1), the series >, E[Vél/z]l/ 2 converges, and Assumption

8 is satisfied. O

A.2. Proofs for Case 4: MAR(r,s) Aggregates

A.2.1. Proof of Lemma 2.2
If d}’k(ﬁ) = 0, both sides of (2.35) vanish and the identity holds trivially; assume henceforth d}’k(ﬁ) # 0. We

introduce the angle vy, € [0, 27) satisfying (cos vy, sinvg) = d;k/||d;k|| and consider the rotation

. dj7ku+dj7k_1v . —dj,k_1u+dj7kv
- 1 - 1
Idjell ld;xl

200 (-) with an argument always denotes a mixing coefficient.
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This transformation corresponds to a rotation by —wvy, hence has unit Jacobian determinant. The Euclidean norm is

preserved, s? + % = u? + v?, and the linear form simplifies to A, = ||dJ1,€||s Consequently,

L P08t Ze e auan = [ PQlalls) Ze e asae
R2

Specializing to F(xz) = x® and factoring the resulting product of one-dimensional integrals yields (2.35). The constant

Cly,q is finite provided o > —1, which is satisfied since « € (1,2). O

A.2.2. Proof of Lemma 2.3

Throughout this proof, we apply the rotation from Lemma 2.2 to each index k € Z with d ( ) # 0.

Preliminary bounds on delkH By the definition djl-’k = (djk,djk—1) and the decay bound (2.27), we have

5 ull = /5 + 3 -y < V2max(ldjp], |djn-1]) < V2Copl* ™t = V2 Copl*. (A.21)

The corresponding lower bound
I} Il > co M, kez, (A.22)

is provided by Assumption 9; as noted there, distinct roots alone guarantee only that the partial-fraction coefficients
A1, Bj; are nonzero, which does not by itself yield a pointwise-in-k geometric lower bound when the dominant moduli

on the two sides differ or when complex-conjugate root pairs occur.

Bounds on the derivatives of the partial-fraction weights. We now justify the constants C7,Cs in (2.30). Write
Aj1 = (-1)""N/D with N = C;fl and D the product of the r; + s; — 1 factors making up its denominator. Every
such factor is bounded by 2 in modulus, since [(;; — (jm| < 2p and |A; (0 — 1| < 14 p?, and by 2 again for its
first two derivatives, with equality only when the coordinate being differentiated is the imaginary part of a conjugate
pair, the one case where a single coordinate displaces both roots at once. A given coordinate enters at most n — 1
of the rj + s; — 1 factors, so differentiating D term by term gives |0D| < n2"~! and |92D| < n?2"~!; together with
the elementary bounds |ON| < g, |0*N| < g2 on the numerator, the quotient rule A = ON/D — NOD/D?, and its
second-order counterpart, turns into |0A4;,;| < A; and [|0?A4;,| < Az. The rest of (2.30) comes from differentiating
the power Cj’f ; rather than the weight. A real coordinate moves one root if it parametrizes a real root, two if it is the
real or imaginary part of a conjugate pair; hence the factors 2 and 4, combined with |k|p/*I=1 < p=1(1 4 |k|)p!*! and

|k(k — 1)|plF1=2 < 2p=2(1 + k?)pl*|. The bounds on B;; are the mirror image, causal and noncausal sides swapped.

Derivatives with respect to the full parameter vector. The formulas displayed in parts (c)—(tet) below treat the
coordinates of # acting through the MA coefficients d; 1 (6;), that is, the roots collected in ;. The full parameter
vector also contains the tail index « and the scaled weights ¢;; both are quantified here, the former first. By (2.32)

and Assumption 9, cvpllkl < ||djlk|| < V2Cop*!; so that
|In ||d;7k||| < Ao + Aq]E], Ag = max{|ln(\f2@0)’, |Inc,|}, Ay :=1n(1/p1), (A.23)
where p; < p has been used. Write

= E//|s|°"1n|s||e_"(s2"rt2)dsdt, Qu, //|s|" (In| s| —(* ) g dt,
77

both finite for a € (1,2), with the explicit bounds Ly o < e (Cuw,a+1 + Cuw,a—1) and Qu.a < 86 %(Cuw.at+1 + Cuwa—1)
obtained from |Inz| < (eg)~!(2° + 27°) with ¢ = 1 and ¢ = 1/2 respectively. Since the rotation of Lemma 2.2 gives
A k] = HdJIkH |s|, the first-order term O |A; 1|* = |Aj k| In|A; 1| satisfies

/ |00l Aj 4| wdudv < CP (1 + &) po*,  Cf = (V2C5) " max{AoCu.a + Lu.ar AMiCual, (A.24)
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and the second-order term 92, |A; x|* = |A;k|*(In|A; x])? satisfies, expanding (In ||djlk|| + In|s|)? and using (Ao +
A1]k])? < 2max(Ag, A1)?(1 + k?) together with Ag + Aq|k| < 2(Ag + Aq)(1 + k?),

/ 02,18 k]| wdudv < C3* (1 + E2) poI¥, (A.25)

CéA = (\/iéo)a |:2 HlaX(A(), A1)2Cu,7a + 4(A0 + Al)Lw,a —+ Qw,a:| .

For the mixed derivative 9p0a|A; k|* = |A; k| sign(Aj k) 02k (aIn|Aj x|+ 1) we work in the rotated polar frame,
where |A; x| = ||d§,€|| 7| cos x| and hence |In|A; ;|| < |In ||d;,€||| + |In7| + |In|cosx||. The total radial power is ro+1
and the angular exponent is a — 1 > 0, so that, with Rz := £ [ rBle=rr dp. Ay = fozw |cos ¢|7d¢ and their

logarithmic counterparts R log Alog

/ |9900] A k|| w dudv < CFA (1 + |k|)? poIH, (A.26)

52RA =20, (\/ié'o)a_l [(a max(Ag, A1) + l)R Ag_1+ R A, 1 + aR, Alog }

with R < e '(Rqy1 + Ra_1) and Ag’%l < e YA, + I(a)). Tt is essential to keep the logarithm inside the
polar decomposition rather than bound it by a power of |A;x|: the estimate |A|*7!|In|Al| < e 1(JA|* + |A]*72)
would reintroduce the singular exponent o — 2 and degrade the geometric rate from p®*l to pl¥l piaiQW{‘, which
need not be summable under Assumption 9. The scale parameters, in contrast, require no new estimate. Since
Aj k(su,6v) = ;A k(u,v), the scaled log-characteristic function factorises as

log px; (Sju, 505 05) = — 5" Sj(u, v; 0;), (u,v;6,) Z|A3k u,v;0;) | (A.27)

kez

so that logpx, is positively homogeneous of degree a in ¢;. Differentiating (A.27) with respect to ¢; therefore
multiplies the tail of S; by agj‘."_l and creates no new dependence on (u,v): the gj-derivatives reproduce the order-
zero envelope, and the mixed ¢;—root and ¢;—a derivatives reproduce the order-one envelope. Quantitatively, writing
V., := suppee max;¢; and L := supge max; [Ing;|, both finite on the compact © by Assumption 1, the bounds
(2.36)—(2.38) carry over to the scaled arguments upon multiplication by V,, at order zero, by aV,_1 + Vo (1 + £,)
at order one, and by a(a — 1)Va_a + 2aV,_1(1 + £.) + Vo (1 + £.)? at order two. Summing over the J components
multiplies each of these by J, which is where the dependence of the aggregate constants on J enters. The bounds
below therefore apply to the full gradient and Hessian.
(¢) Order 0, proof of (2.36). Combining (2.35) with the upper bound (A.21) gives

/ |A]7k|awdu dv = Cwaa ||d;,k>||a S Cw,a(\/ico)oé pa|k|7

where the last step uses delkH < V2Cop!*l from (2.32), the constant Cy of (2.31) already accounting for the index
shift in d;,k = (dj, djr—1). Summing over the tail [k[ > M and using the exact geometric sum 3 -/ plkl =
2 (1= ),

2Pa Cw « (\/iéO)a

/ |log<pxj — 1og@%)| wdudv < ¢op™M, € = 1’_ o , (A.28)

which establishes (2.36).

() Order 1, proof of (2.37). Throughout parts (.)—(ctt), the identification of dp[log ¢ x; —log cpg?f)] with the termwise-
differentiated series — ;5 2 90| k|* (and likewise at second order) is justified once and for all: the differentiated
series converges locally uniformly in 6, by the very envelopes (1 + |k|)p®*l and (1 4 k2)p!*! established below, which

are summable over k. For d}’k # 0, the function ||dJ1 x||¢ is twice continuously differentiable in 6 with gradient

80||d},k||a =a Hd;,k‘|a72(d;,k : aGd;,k)'
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The integrand |A;x|* is absolutely continuous in 6 with derivative bounded by an integrable envelope in (u,v), so

dominated convergence justifies differentiation under the integral:
// 99| k| wdudv = Cy o Dpl|d] 1|
For the absolute value, a direct computation yields
10018 1%| < @Ak (JullOod k| + [v]|Dodj k-11)-
Since a — 1 € (0, 1), the map x + 2~ is subadditive on R, giving
127" < (lulldsn )™ + (olldje—1 )"
Applying (2.32) to both factors,
10618, | < @G CL(L+ [K))p™M (Jul*H + [0]*1) (Jul + [v]).

Expanding the product generates four terms. The two diagonal ones are |u|* and |v|%; the two cross terms are
controlled by Young’s inequality |u|*~*|v] < 2=L|u|* + L|v|*, applied once in each direction, and contribute at most

|u|® + |v|® in total. Hence
|96 8501%] < OF (L4 ) p™ M (Ju]® + [0]*),  CfF:= 2G5 C, (A.29)

the constant 2 being sharp, as the two sides of the inequality agree in the limit |u| = |v|. Since [[(Ju|*+ |v|*)w dudv =
2C .« integration gives 20w7a5§(1 + |k|)p!*! for the root-derivatives, while the derivative with respect to o obeys

the same rate with the constant Cf* of (A.24). Setting

B = maX{QC’w,aéf, 5{4}
and using the two-sided geometric bound 3_ ;- 5, (1+ |E[)g!®! < 4(1 + M)gM+1 /(1 — q)? with ¢ = p®, we obtain (2.37)
with

4p* =,
= A.
C1 (1 — pa)2 ( 30)

(eee) Order 2, proof of (2.38). Away from the singular set {A; = 0}, the second derivative reads

@ = a(a — 1)|Aj,k|“‘2(u89dj,k + Uagdj’kfl)(uag/dj’k + Uagldj’kfl)

539/ \Aj,k

+ a|A]-$k|a_1sign(Aj’k)(u839,djyk + vagg,djﬁk,l).
We bound |83,/ |A;x|%| by Ttk (u,v) + To k(u, v), where

Ty = aa = 1)]A; 4] ([ullOd;r| + [v]100d; k—11)([ullOp dx

+ [v]|99 dj k—11),

Do 1= ol Akl (|| 0Fg: di k| + 011059 i k—11)-

Bound on [[ T wdudv. Applying the subadditivity argument from part (c¢) to |Aj’k|o‘_1 together with Young’s
inequality yields

Ty e (u,v) < CE(ul® + [v]*)(1 + E2)pe*l CF = 20 C8710y, (A.31)

by the chain of (A.29) with Ca(1+k?) in place of Cy (14k|). Integrating against w gives [[ Ts ; w dudv < 2C.oCR(1+
k2)pa|k|_
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Bound on [[T) ;wdudv. This term involves the |Aj,k|""2 singularity. We perform the rotation of Lemma 2.2
and pass to polar coordinates (u,v) = r(cos¢,sin¢) in the rotated frame, so that A;; = ||dJ1k||r cos(¢p — o) for a

suitable angle ¢i-. This gives
|8kl = 72 dj ]2  cos(¢ — )| 2.
Each of the two bracketed factors in T3 j, satisfies
|ul[Ogdj k| + [0]|00d; k-1 < 7(100d; k] + [Dodjk—1]) <27 C1(1+ |K])p!*],
since |u, |[v| < r in the rotated polar frame, together with (2.32). Combining these estimates and integrating,
[ Tswdudo < tata - G+ k)R )

K > a+l —rr? o Lyja—2
X — r e dr - | cos(¢p — oy )] do.
0 0

™
The radial factor is the normalised integral I,(a,x) of (A.5), namely I,(a,x) = I'(%2)/(2mk*/2) < oo. The
angular integral I,(«) := 027r |cos|*~2dy = 2¢/m(251)/T'(%) is finite because a — 2 > —1 (equivalently, v > 1)

ensures integrability near the zeros of the cosine. Importantly, I,(«) depends neither on k, j, nor 6. Thus,

// Typwdudo < da(a —1)C? I(a, k) I (@) (1 + |k[)?p*F] delkHo‘_2

—2)|k . .
a=2)| ‘, where the inequality reverses because

2

)

By the lower bound (A.22) of Assumption 9, ||d}),€||("_2 < cfj_ng

a — 2 < 0. Substituting, and recalling pga_2)|k| < pgg_Q)lkl together with the definition p = p?p{*
// Ty wdudo < Cy(1+ k]2 p* M < 81+ k)2 5 1M,
with
Cy:=4a(a —1)C? I (v, k) In(0) 22 (A.32)

It remains to collect the four second-order contributions: the singular root term (A.32), the regular root term
(A.31), the pure a term (A.25) and the mixed term (A.26). Using (1 + |k[)? < 2(1 + k?) for the first and last of these,
and p®l*l < pI*l for the second and third (recall p > p®), the per-lag bound is Z5(1 + k2)p !*! with

2y 1= 201 + 20, o CF + C4 + 2CFA.

Summing over |k| > M with the two-sided geometric bound ;. 5, (1+ E?)g*l < 24(1 4+ M)?¢M+1 /(1 — ¢)3, applied

with ¢ = p < 1 by the rate condition of Assumption 9, yields (2.38) with

2455,
€y = 7(1 — 5)3 . (A33)

A.2.3. Proof of Lemma 2.4

(¢) The truncated log-characteristic function (2.33) is a finite sum of 2M +1 terms, each of the form |ud;  +vd; x—1]*.
The coefficients d;; are C* rational functions of § in a neighbourhood of © by the partial-fraction decomposition
(2.26). For each k and 6, the singular locus {ud;, + vd;jr—1 = 0} is a line through the origin in the (u,v)-plane, and
the polar-coordinate reduction employed in the proof of Lemma 2.1 applies term by term. This yields w-integrable
dominating functions for the first derivatives, uniform over 6 on a neighbourhood, so that DE(M) € C1(©) by dominated
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convergence. At second order no such locally uniform envelope exists: the singular line {ud; ; + vd; -1 = 0} moves
with 6, so supgey |A)k]*"2 = 400 on a cone of positive measure, and the finiteness of the sum does not help. We
invoke instead Lemma A.1: Lemma A.1-(:) holds term by term as in the proof of Lemma 2.1; Lemma A.1-(z:) is the C!
step; and Lemma A.1-(cct) holds because each of the 2M + 1 terms satisfies (A.8), by the argument of Appendix A.1.3
applied to |udjj + vd;jx—1]|* in place of |¢,u + v|%, and a finite sum of L' (w)-continuous maps is L' (w)-continuous.
Hence Dch) € C?(0), establishing Assumption 3 for the truncated criterion.

Assumption 6 follows from the same considerations: boundedness of the score is inherited from |<pEYM)| <1 and
the integrable envelopes (1 + |k|)p®*l and (1 + k2)p!*l of Lemma 2.3. Assumption 8, being a projection condition
on the sequence {K;} rather than a bound on the score, follows instead from the mixing argument of the validation

of Assumption 8, which extends to MAR(r;, s;) components: the transfer function a;(z) = (®;(2)¥ -(2_1))_1 has

J
inverse aj_l(z) = ®,;(2)¥;(271), again a Laurent polynomial with no zero on |z| = 1, so condition (4.4.4) of Rosenblatt
(2000) holds, while the geometric decay of the moving-average coeflicients required by (4.4.3) is (2.27), which gives
laj k| < Cop'¥!, i.e. a decay rate equal to p for every component. As for the integrability and continuity clauses
of Assumption 7, the continuity of the integrated Hessian follows from the argument of Appendix A.1.3 applied
to the finite sum. For the non-singularity of (™) (fy), we use a perturbation argument: by part (c2¢) below, the
truncated scores converge to the full scores in L2 (R?) as M — oo, so that (M) (fy) — X(p) entrywise. Since the
determinant is a continuous function of the entries and X (6p) is nonsingular by assumption, there exists My > 1 such
that det X(M)(8) # 0 for all M > M.

(1) Write @, = px, (sju,sjv;0;) and ¢§-M) = go()?j[) (sju,55v;85). Since |@n|, |ox], |g0(XM)| < 1, the elementary inequality

|a? = b?| < |a = b|(la| + [b]) gives

DLV(6) = Dx(®)] <4 [ [ o o w dude,
A telescoping argument on the product structure of ¢y, combined with |e® — €| < |a — b| for Re(a), Re(b) < 0, yields

J
M M
o — o301 <D log iy — log o]
j=1
Integrating and invoking (2.36) with the constant ¢y produces the order-0 estimate.
For the gradient, observe that ¢§") = exp(L()) with L) := >, log <p;M), so 00" = Q9D The

difference decomposes as
(%@&,M) — aa(px = <p(XM)(89£(M) — 89£) + ((,DEYM) - </7x)a9£.

The first term on the right is controlled by (2.37) with constant ¢;. For the second, we use the pointwise bound
0oL < C(1+ [ul® + [v]*)(1 + In(1 + |u| + [v])), which follows from (A.29) for the root coordinates and from
O | A k|™ = |Aj k|*In|Aj i| for the tail index, summed over k, together with |<p(XM) — x| < O (Jul* + |v|*)p*M for a
finite constant C’ depending on J and c¢g. Since this envelope is square-, and indeed fourth-power-, integrable against
the Gaussian weight w, we obtain supyeg ||G™M)(0) — G(0)| = O((1 + M)p™M).

The Hessian satisfies
02908 = U1 (825 L) 4 9y LD 9, LM,

The difference age,gogém — 82, ¢ splits into contributions involving 92, £LM) —02,, £ (controlled by (2.38) with constant
K>, at rate (14+M)?p™) and products of terms already bounded (at rates dominated by p since p® < p). Assembling
these estimates yields supyeg ||[HM) (0) — H(9)|| = O((1 + M)?p™M).
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wr) The same decomposition, squared and integrated rather than inserted into VD, gives the L2 statement. Sum-
w

ming (A.29) over the discarded lags yields the pointwise bound
|89£(M) _89£| CI/(1+M) a]\/[(|u|a_~_‘v|a),

with C” finite and independent of 6, so the first term of the decomposition contributes O((1 + M)?p?**M) after
squaring and integrating, because [[(|u|® + |v|*)?*wdudv < oo and |g0(XM)| < 1. The second term is bounded by
|gpg(M) — ox||0eL] < C'C(Jul™ + |v]|*)2p*M, whose square is w-integrable since [[(u|® + [v|*)*wdudv < oo, and
contributes O(p?*M). Adding the two gives (10).

(1v) Regularity of the untruncated criterion. By (1) each DG is of class C2(©), with VD) = G and v2DM) =
HM) "and by (1) we have D;M) — Dy pointwise while GM) — G and HM) — H uniformly on ©. Applying twice
the classical theorem on the differentiation of uniform limits (on each open ball contained in ©, which is convex)
yields Dy € C%(0) with VDy = G and V2Dy = H. Assumption 3 therefore holds for the untruncated criterion, and
Lemma A.1 is not needed for it: it was needed for each fixed M, in (¢), and the passage to the limit is now a matter

of uniform convergence. Assumption 7. Decomposing
2000 =Ry ox = (07 =) (835 LMD 405 LD 30 L) o 20 (825 LM — 039, L)+ (g L) 0gs LD~ £ 8y L),

the middle term is bounded in L'(w) by (2.38); the third is bounded by [9gL™M) — 9gL] (|0p LM)] + |0 L]) and
controlled by the pointwise bounds of (:t), the Gaussian weight integrating the resulting product of two polynomial-

times-logarithmic factors; and the first is bounded, using |<pg(M) — x| < C'(Jul® + [v]|*)p*M | by
C'pM //(|u|°‘ + Jv]) (||8§9/£<M) | + |96 LD |0 L) ])wdu dv,

an integral finite uniformly in M and 6: the polar estimates of the proof of Lemma 2.3 give radial exponent 2« + 1

and angular exponent o — 2 > —1 for the singular part, and the summation over k converges by (2.38). Hence
sup // 1020057 (-50) — 82p o2 (-3 0)|| wdudv = O((1 + M)?p™M) — 0. (A.34)

For each M the map 6 — 839/905?4)(-;9) is continuous into L'(w du dv) with finite norm (this is Lemma A.1-(et),
verified term by term for the 2M + 1 summands in part (¢)) and a uniform limit of continuous functions being
continuous, (A.34) transfers both properties to px. Also, for each M the map 6 — ﬁgcpgéw)(- ;0) is continuous into
L2 (R?), being a finite sum of terms dominated by the f-uniform, w-square-integrable envelope (A.29); by (w.t) the
convergence 89(,0 X ) Ogpx holds in L2 uniformly in 6, and a uniform limit of continuous maps is continuous. This is
the property used by the first integral of the Hessian step of Appendix A.1.3, hence by Proposition 2.2 through (2.22).
The integrability and continuity clauses of Assumption 7 therefore hold for the untruncated characteristic function.
For Assumption 6, summing the pointwise envelope (A.29) over all lags gives
|00108 02 (e 050) | < T CE(SO(1+ BN (jul® + o]) = C(jul® + o),
kez

uniformly in 0, whence ||Oppx || < x| C(u]* +|v|*) € L' (w) and, by (2.17), sup,, 4 || K (2;0)[| <2 [[ |0spx | w < oo.
Assumption 8 holds by the mixing argument of the validation of Assumption 8, extended to MAR(r;, s;) components

as indicated there. O

A.2.4. Proof of Proposition 2.2

Consistency. By Lemma 2.4(it), supyeg |D(M")( 0) — Dx(0)| = O(p*M») = o(1), so DEYM") converges uniformly to Dy
on © (a deterministic approximation). Moreover, by the ergodic theorem (Assumption 4), ¢, (u,v) = wx(u,v) almost
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surely for each (u,v), and the consistency part of Theorem 2.1 of Knight and Yu (2002), which holds under their
conditions (A1)—(A4) and (AS), verified here, delivers the uniform convergence in probability of Dx to the population
objective Dy over ©. Combining the two uniform convergences with identifiability (Assumption 5) implies 0 ) 6o

in probability.

Asymptotic normality. The choice (2.39) gives pMr < n=¢+108(1/7) and
(14 M,)*pM = O((logn)*n=° 105(1/5)) = o(n~V/?),

since ¢, log(1/p) > 1/2; because p® < p, the same choice also yields (1 + M,,)p*M» = o(n='/?). A first-order Taylor

Mn)(e(M ))

expansion of the gradient condition VD! = 0 around 0y gives

0= VDY (6) + V2D (6,,) (BM) — 6y),

where the intermediate points éfli), i=1,...,p, one per coordinate of the gradient, lie on the segment joining 6y and
éﬁlM” (the mean value theorem applying row by row for a vector-valued map); each converges to 6y, so the limit 2% ()

below is obtained for every row. Lemma 2.4(wt) yields

VD™ (60) = VD (6o) + RY,  [RV] = O((1+ M,)p™™n) = o(n~1/?),

v2D{"(8,) = V2D (6,) + R?, sup|R2>|— O((1 + M,)?p ™M) = o(1).

Consistency and continuity ensure V2Dx(6,) — 2%(6y) in probability, by (2.22) of Remark 2.1 applied along the

sequence 6,, — 6. Substituting into the Taylor expansion and rearranging,

VR(OM) —0y) = 1 5(0) "'V VDx(0o) + 0p(1) = 2(0) " 'Vn K, +op(l),

the last equality by the score identity (2.21). Since v/n K, 4N (0,£2(6p)) by the central limit theorem of Theorem
2.1 of Knight and Yu (2002), whose Assumptions (A5)—(A7) hold here by Assumptions 6-8, the conclusion follows.
O

A.8. Proof of Lemma 3.1

Denote X ; = (Xjt—m, - Xjt, Xjt+1,- -, Xjt4+n) the paths of the moving averages (X;¢), for j =1,...,J. The
X ;+’s are independent a-stable random vectors with spectral representations (I';, N?)- We consider only the more
delicate case a = 1 and §8; € [-1,1] for j = 1,...,J. Because of the independence between X1 4,...,X s, we have

with a = 2/7
J
EleitwX0] — g el‘(%UZj:lﬂij,ﬁ — TT g [eitomuX .0
]l L] sl
J
_ Hexp{ 7/ <|<cr7rju,s>|+ia<a7rju,s> In|{omju, s>|) i(ds) + i{omju, >}
j=1 Sm+h41
:exp{—/ (|<u s)| + ia({u, s)In|(u, s )ZJO‘WQF (ds)
Sm4h+1

i ( w,0m;15%) — aom; In(om;) /S ”'L+}L+1<u,s>1"j(ds)> }

Focusing on the shift vector, we have

i (<u, omip;’) — aom; ln(mrj)/s (u, s)T; ) Z om; () — aln(om;) ),

m4h+1
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with fi; = (@) and fi;, = fs i s'j(ds), £ = —m,...,0,1,...,h. Using the form of I,

21965'1 ZkGZ

e va;, v Ve get
[dj e

fje = / silj(ds) = >
Sm4ht1

VeS| keZ

9d
]k+é ﬂjzd]k-‘r[? :_mv"'7h'
Isix e

Hence, fi; = 8 Y 1.cz djk, and using the form of N? as given in (3.5),

Zmr] Y aln( (omj)fr;) = ZU@(—aﬁjZdﬂg In||d; ke —aln(aﬂj)ﬁjZdﬁk)

ke ez
- _azzaﬂjﬁjdj,k In[[om;d; k|l
Jj=1keZ
= .
Therefore,
; J
E{ei<u7Xt>} - exp{ _/ (\(u s)| +iafu,s)In|(u,s )Za“ﬂaf (ds) +i(u, p >}
Sm+h+1 i=1

and the random vector X is 1-stable with spectral measure

Za"‘ﬂ'af‘ =g® Z ZZU}WW I klle 5{ 9d, 1 }a

19eS1 keZ
mhes 1;kle

and shift vector as announced in the lemma.

A.4. Proof of Lemma 3.2

With the usual notations, let the X ; ;’s be the paths of the moving averages (X;,;)’sandlet I';, j =1,...

i.e., Fj

spectral measures on the Euclidean unit sphere. Let I' be the spectral measure of X;. By Lemma 3.1, we have:

J
.« afm |
I'=¢ E 7erJ.
=1

,J, their

Thus, by Proposition 1 of DFT, in the cases where either o # 1 or X is symmetric, the vector X is representable

on

mahe1 if and only if

Ky =0 (Kl =0

HMN

— Fj(K“‘“) =0, Vj=1,...,J,

where the last equivalence follows from the fact that ¢® > 0 and 7§ > 0 for all j = 1,...,J. Given that the I';’s

are the spectral measures of paths of non-aggregated moving averages, we can apply the arguments from the proof of

Theorem 1 in DFT. Specifically, for each j, the condition I'; (K H'“) = 0 is equivalent to the representability condition

(3.4) holding for the sequence (d; )i with parameter m. Therefore, X, is representable on cll

, if and only if

(3.4) holds with m for all sequences (d; )k, j =1,...,J. For the case a = 1 and X, asymmetric, we need to consider

the additional condition involving the shift vector u°. From Lemma 3.1, we have:

pn’ =—lja= 1} ZZWJBJ dj i In|lom;d;klle-

j=1kez

By Proposition 1 of DFT, when o =1 and X, is asymmetric, representability on C’JL‘_L}L n
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1. T(K!I'l) = 0, which as shown above is equivalent to (3.4) holding for all sequences (d; x)x;
2. The additional condition (3.6) must hold.

To verify condition (3.6), we need to show:

> ldele

keZ

< +00.

In (|1l )

However, in the context of stable aggregates, this condition must be interpreted in terms of the aggregated coefficients.
Since X; = o ijl 7; X j +, the effective coefficients are combinations of the individual sequences (d; ). The condition

(3.6) in the aggregated case becomes:

> ldelle

keZ

In (/1. )

< 400,

where dj now refers to the k-th vector in the aggregated representation. Given the linearity of the aggregation and
the fact that the condition must hold for each component individually (as each X ;; must satisfy the representability
conditions), the condition (3.6) for the aggregate is satisfied if and only if it holds for all sequences (d; x)x, 7 =1,...,J,

with the same parameters m and h.

A.5. Proof of Proposition 3.1

If a # 1, we have by Theorem 1 and the proof of Proposition 3 of DFT,

(X;) past-representable <= I m >0, (3.4) holds with m for all sequences (d; )
— Vi=1,...,J, mo,; < +00

< Vj=1,...,J, (Xj:) past-representable.

For a given series (dj )k, (3.4) holds with m > mg ; and does not hold with m < my_;. Regarding the last statement,

we know that for (X;) (m, h)-past-representable, (3.4) holds with the same m for all the sequences (d;x)x, j=1,...,J.

This holds if m > maxmg ; and cannot hold if m < maxmyg ;. In the case where o = 1, again by Theorem 1 of DFT
J J

and denoting generically by X; a vector (X;—p, ..., X, Xpt1, ..., Xean) of size m + h + 1,

X; past-representable
X 8§18 and (3.4) holds with m for all sequences (d; 1)
<~ dm>0,h>1, { or

X, asymmetric and (3.4)-(3.6) hold with m, h for all sequences (d; i)k

X, S1S
or
= Vji=1,...,J, my; <+oc,anddm >0,h >1,
X, asymmetric and (3.6) hold

with m, h for all sequences (d; 1)k

We conclude again by noting that the necessary condition (3.4) holds for m > maxmy ; and is violated for m <
J
max my ;. Now, for part (c), let ||-|| be a semi-norm satisfying (3.3) and assume that X; is (m, h)-past-representable for
J
some m > 0, h > 1. We need to establish the spectral representation of the vector X¢ = (Xi—pm, - -, Xp, Xew1y oo, Xewn)

on C’lll"_!_h 41 From Lemma 3.1, we know that the spectral representation (T, u%) of X; on the Euclidean unit sphere
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Sm+ht1 is given by:

L=y > Z“’j,ﬁﬂfﬂdj,kﬂﬁ{ 9d; 1 } (A.35)

j=19€S k
JTIUES R 1 klle

0, ifa#1

J .
— Ny YkermiBidj i n[lomid ke, if a =1

To obtain the spectral representation on C’llr;‘_!_h 41, we apply the transformation established in DFT for changing
from Euclidean to semi-norm representations. By Lemma 3.2, since X; is (m, h)-past-representable, the vector X
is representable on C’T‘L'LL 4+1- The transformation from the Euclidean representation to the semi-norm representation
proceeds as follows. Let KI'l := {s € S,, n11 : ||s|| = 0} be the kernel of the semi-norm on the Euclidean unit sphere.

Since X is representable on Cﬂlhﬂ, we have T'(K!I'll) = 0. Define the projection mapping Tt Smthtt \ Kl —

Crl‘rﬂthrl by:
Ti(s) = (A.36)
Il ]l .
By Proposition 2 of DFT, the spectral measure on the semi-norm unit cylinder is given by:
o) = [ sloors) (4.37)
1
I-

for any Borel set A C Cﬂlhﬂ'

form {9d; /||d; x|}, and since ||9d; i /||d;k|lc|le = 1, the transformation yields:

J
. o « —Q ﬁdv
D) = 3 30 S wamor e 170 1 () (A3
7>

j=19€S, keZ

Since the original spectral measure I' from (A.35) is concentrated on atoms of the

where we use the fact that [[9d; 1 /||d; k||l = 1 and Tj. (9d; i/ |djkle) = Vdj i/ d;x
to (A.35), we obtain:

|. Applying this transformation

J

j=19€S1 k€Z
! ' 1.kl

For the shift vector in the case a = 1, the transformation yields:

J
20
I - E :E miBidj I |lom;d; k|| (A.40)

j=1kez

This completes the proof that the spectral representation (Tl gl'l) of X, on thﬂ is given by (3.5) with the
Euclidean norm || - || replaced by the semi-norm || - ||, and with the scale parameter o explicitly included in all relevant

terms.

A.6. Proof of Corollary 3.1

The equivalence between (t¢) and (cee) follows from Corollary 2 of DFT. From the proof of the Corollary in DFT,
we also know that, for any j, if mg; < 400, then (3.6) holds for the sequence (d;)r for any m > myg ;. For the
aggregated process X; = Uijl m; X with o > 0, the effective moving average coeflicients for each component j
become om;d; rather than d; . However, the past-representability conditions depend only on the pattern of zeros

and non-zeros in the coefficient sequences, not on their scaling. Specifically, for condition (3.4), we require:
Vk € Z, (O'Wjdj,k+m;~”70'77jdj,k):0 — V@gk—L UWjdjy[ZO .
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Since o > 0 and 7; > 0 for all j, this is equivalent to:
Vk € Z, [(dj,ﬂm,...,dj,k) =0 = VI<k-1, dj, = o]_

Thus, the past-representability condition for the aggregated process is unchanged by the scaling factor o. For the

additional condition (3.6) when o = 1 and the process is asymmetric, we need:

> llomsd;klle

kEZ

< +00.

n (Jlomdyell/lom;diill. )

Since ||om;d; k|le = o7;||d; k|l and the norm scales homogeneously, this becomes:

> omlld

keZ

< +00.

le

I (11 ell /1l el

Since om; > 0 is a finite constant, this condition is equivalent to:

> ldiklle

kEZ

tn (1l ell/ 1

< +00,

which is precisely condition (3.6) for the unscaled sequences. Therefore:
supmg ; < +00 == (3.6) holds for any sequence (d; 1) for any m > myg ;
J

= (3.6) holds for any sequence (om;d; ) for any m > maxmyg ;.
J

Thus, (cee) implies (¢). The reciprocal is clear. Regarding the last statement, notice that if X} is (m,h)-past-

representable for some m < maxmy ;, there would then exist some j such that m < mg ;. Hence, (3.4) would not
J

hold with m for the particular sequence (o7;d; i)k, which is impossible by Lemma 3.2, since the past-representability

depends only on the zero pattern, not the scaling.

A.7. Proof of Proposition 3.2
By Proposition 2 of DFT, the asymptotic conditional tail property states that for any Borel sets A, B C Cmrh 41
with Tl (8(A n B)) =Tl(0B) =0, and TI'(B) > 0,
(AN B
Pll(x, AB) — L_A0B)
Setting B = B(V) =V x R", we have

riHl(An B(V))
pl (X A‘B 1% ) = )
2\ X ABV)) 220 rI(B(V))
From Proposition 3.1 (), the spectral representation (L'l pll'l) of the vector Xy = (Xi—p, ..., Xe, Xig1, ..., Xign)
on C’T‘L‘_!_h 41 is given by equation (3.5) with the Euclidean norm || - ||. replaced by the semi-norm | - ||. From Lemma

3.1, the spectral measure can be written as:

J
THi=o> 0> 0 > wionflldisll®d ( ga,, \ -
j=10€8; keZ d
x|
where d; i = (dj ktms - - Dy dj k=1, - - - dj =), Wio = (1+95;)/2, and if d; , = 0, the term vanishes by convention
from the sums.
Now, we compute the numerator and denominator separately, we start by the numerator: TI'l(4A N B(V)) Since

B(V)=V xR = {s echl, | fls)e V}, we have:

ANB(V)={secA: f(s)eV}.
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19dj7k
.k

The spectral measure Tll'll charges only the points of the form for (9, j,k) € S1 x {1,...,J} x Z. Therefore:

J
rHAnBWV) =0*> > ij,M?de,kH“f;{ 9d; }(Aﬁ B(V))

j=19€S1 k€EZ
! ' lldjxll

Il
Q

“ > wj,975 (| dj k]|
. (9,4,k):
—”dj{;f” €ANB(V)

=" > w;,om?||dy x|
(9,3,k):

Of(dj k)
(€A and g

Od;k
lIdj kI

ev

This can be written as:

rllAn B(v)) =l ({ Vi o p. 90dik) v})

lld;kll Ikl

For the denominator T'!I'll(B(V)), we proceed as follows:

rBw) =0 S wjondldxl®
ﬂd(ﬁ,j,k):
ﬁeB(V)

=0" > wiendlld;k]*
(9,5,k):
19f(d£k) v
e kel

This can be written as:

: 1 () od;, : 0 f(d;x) }
I _ ok (T i
rllBv) =T ({ [ € chl i © v )

Note that the factor o® appears in both the numerator and denominator, and therefore cancels out in the ratio:

DY (0,,k): wj 97| dj k]|
od ; 9 f(d,;
FH-H(A NB(V)) B \;d;}fu €A and LS5k l{;jfkj’f‘) ev
rli(B(V)) o @ik Wiems ldikll*
1@
Ta; kT ©

9d, 9f(d; )
ri { ik ¢y J'GV}
< ;.1 ;. |
Ide 9 (djk) '
T { ik ol i)
< el — T dy el

This establishes the desired result. The conclusion follows by considering the points of B(V) and AN B(V) that

are charged by the spectral measure I'll'll given in equation (3.12). The presence of the scale parameter o® does not

affect the asymptotic conditional probabilities as it appears multiplicatively in both the numerator and denominator

of the ratio, thus canceling out in the final expression.

A.8. Proof of Lemma 3.3

By Proposition 3.1 and setting general scale parameter ¢ > 0, we have

J
rhh=3%"%" ij,ﬂaaﬂgo'é||dj,k||a5{“m}’

j=19€S: k€Z gkl
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with d; , = (¢§+m]l{k+m,20}, e 7¢f7h]l{k_h20}) forany j=1,...,J and k € Z. Thus, for any j € {1,...,J}

0, if E<-m-—1,
djp =1 (5™, 4;,1,0,...,0), if —m<k<h,
PE"d it k> h.

Therefore,

j=19€S; k=—m s 51l k=h

J h—1 +oo
rhh=>> wj,ﬂaaw?‘[ > s NEBe 2 %P‘””'dj’h”aa{ bt }]

il ’lHdJ nl
Moreover,
J “+o0
2 Z w00 w5 > 051" a7 Lt
J=19€8, k=h { n(y;)* ||d, hu}
J 1 +oo +oo
= Z > o mflldinl*g [Z ;17 + 0B Z(wfa>>k_h]5 vay
j=19€5, k=h k=h { de }LH }
J
= —[ldjnll“ W00 ( a , -
z:: zs: W’ | {\def;;’u}
Finally, noticing that for k = —m and any j € {1,...,J}, d; = (1,0,...,0),
J r h—1 Bis
L= 2> o lwio Y Idiwll®d ( ga,, \ + 71, 7w ldinll 0 [ g,

i=19€S k=—m 1= [4] d:h

e ) - (I &l ldj.nll
r h—1 B

=2 D o | wi <5{w,o ,,,, oyt > dikl*d yay, > e CEL R T ]
j=19€5; L k=—m+1 {d} J { d. ; }
.kl ld;.nl

J h—1 _
« (e} « w719 «
= [ww{(ﬁ,o ,,,,, 0y + Yoo (ww > ld;, { 9d; 1 } + dw”dj,h” 5{ 9d;, })1
veS,

=1 k=—m+1
! " djkll dj.nll

. J
where we have used the definition wy =} 7_; 07 w; 9.

A.9. Proof of Proposition 3.3

Lemma A.2. Let TI'l be the spectral measure given in Lemma 3.3 with ¢ > 0 and assume that the V;’s are all

positive. Letting (O, jo, ko) € Z, consider

ﬁ/d i k! ﬂ’f(d/ k/) ’lgof(d k ) .
I = { i Lol = 10202 for (W', 5, K') €T .
ldj w ldj x| o, ko

Form > 1, and 0 < kg < h, then
Iy = {ﬁodﬂ'“’“’ C0<k < h}
demk'”

Form > 1, and —m < kg < —1, then

{ftoss i o-m 1<k < -
||d]0,ko||

Iy

Pod ;
{ 2 07k0}:{(190707"'70)}7 Zf kO:_
1o,k |

For m =0, then

d-/ /
10:{190 gk : (]’,k’)e{l,,J}X{l,,h}U{(0,0)}}
lldjr el
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Proof. The key observation is that the parameter o > 0 appears as a multiplicative factor in the spectral measure
Tl but does not affect the normalized directions ¥'d;s j//||d;/ x| or their projections ' f(d;: 4)/||d;s 1||. This is
because o only scales the overall magnitude of the spectral measure but does not change the geometric structure of

the charged points on the unit cylinder. More precisely, from Lemma 3.3, the spectral measure takes the form:

J h—1 7
. a @ « Li. “
Y l“’%,o,...,omEZw (10 3 Wsalog g,y + 72t o, ﬂ
= =—m Ta ! ’
9ES: i=1 k=—m+1 {|dj,k|} {||dj,h||}

The factor 0@ multiplies the entire spectral measure uniformly, but the support of T'll'l (i.e., the set of points where

Il assigns positive mass) consists exactly of the normalized directions:

Vd;
supp(I'lhy = {(19,0,...,0), ||d-]:|| e S,je{l,....Jhke{-m+ 17...7h}}
75

Since the condition defining I involves only the equality of normalized projections:

Vfdj ) Dof(djo ko)
1 e o o

and since these normalized directions are independent of o, the analysis proceeds exactly as in the case o = 1.

Case m > 1 and ko € {0,...,h}

If ¥ € {—m,...,—1}, the (m+1)-th component of f(d;: ) is zero, whereas the (m+1)-th component of f(d;, x,)
is zﬁfoo # 0. This geometric relationship is unaffected by o.

Necessatily, o' f(dyr ) /Iy | # 9o (djo ko) oo || and

/ ! ! / ! ’ y
- {MJ o Vi) _ Dol @inko) o (i gy e (<1,41) x {1, T} x {0,...,h}}.
1w | i | 1o ko

Now, with k' € {0,...,h}, we have that

f(dj/,k’) = (w;.c/l-‘rm’ . e ,'I,Z);-C//Jrl, 'l/};?/l),
f(djmko) = (¢f§+m’ s ’q/jngrl’q/};?)’

and by (3.3) we also have that

h
/ , , ——
el = 115", 05,0, O,
k ko+1 K
oo ll = 115, e ™, 4050, 0,.. ., O)]].
h

The key observation is that these norms and the resulting normalized directions are independent of o. Thus,

V' f(djr)  Dof(dj ko)

ldjwll Nl
V'Y f (dyro) ﬁowfff(djo,o)
[ (Kl djr ol [bjo %0 (o 0l
Y4 l
Yy = ?90%0, £=0,....,m
dj ol ldjo.0ll
Y4
d. .
— ﬁ’ﬁowz <¢;o> , £=0,...,m
;" ol Yy

— ’(/)j/ = wjo and 19,190 =1

S j/:jo and 19/:190,

because the 1);’s are assumed to be non-zero and distinct.
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Case m > 1 and kg € {—m,...,—1}
By comparing the place of the first zero component, it is easy to see that

ﬁlf(dj’,k’) _ ﬁof(djo,ko)

= =54 k/ = k().
1w | 1o, ko

m+1
f(dj/7kl) = (w;f’/_‘—mv s 7¢j’7 13 07 BEEE) O)’
f(djg,ko) = (1/};?;)'5'771’ e ad}j[)? 1707 cee 7O)a

m—+1

and we also have that

m+1
gl = 115 ™, by, 150,000, 0) |,

||dj07ko|| = ||(¢§:(§]+ma'"7¢j071a0a"-a0a05'"’O)H'

m—+1 h

As k' = ky < —1, the condition becomes:

ﬁlf(dj’7k') _ ﬁof(djoyko)

il Nl

', Yot
I = 0o ¢=0,....m+ky and k' =k

||dj/7k0|| ||djo7ko||

¢
d. A
— 19'190” kol = (w”> , £=0,...,m+ ko, and k' = ko.

[dj7 ko | Yy

Now if —m+1<ky<—1,

4

d_ .

7-9/190H jo,koH = (wjo) R 6:0,17...7m+k07 and k/:ko
Nl ol Yy

— ¥ =9 and j' =jo and k' = ko.

If kg = —m, given that (o, jo, ko) € Z = Sy X ({17 o dbx{=m, ..., —1,0,1,..., h}U{(0, —m)}), then necessarily
Jjo = 0. Furthermore, as k' = kg = —m, we similarly have that j* = jo = 0 and thus d; », = dj, k, = do,—m =
(1,0,...,0).
Hence
99 oo = <wj°)€, =0, and ¥ =ky=—-m and j = j, =0,
dj kol - \ ¥y

<~ 19’27.9() and k/:k():—m and jI:j(]:O

Case m =0
If ko € {1,...,h} then f(djyk,) = ¥ and by (3.3), [|djo.k, | = [¢jo*. Thus, Yo f(djo o)/l djo kol = Vo
If k‘o = —m = 0, then jo =0 and f(djo.,ko) =1 and ﬁof(djmko)/lldjo,kou = 190.
The same holds for (¢, 7', k') € T and we obtain that
Vf(dj ) Dof(djor)
[l x| 1o,k |

Proof. By Proposition 3.2,

= ¥ =1,.

ﬁld" ’ 19/ d:r 1.0
i { IR e gy TSR Vo}
. ldjr x| lldj x|l
]P)! Il (Xt,Aﬁ’j,k‘B(VO)) :1:;}0 ; - .
Tl {W colt P fdre) Vo}
[djo o] A [djr x|
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Focusing on the denominator, we have by (3.15)

, Vd g I f(dj ) . Vdj g V' f(dyx)  Vof(djo ko)
Ll { ol ) N O RN ) S N N jk) _ josko
djpe]] — R x|l 0 ldjpe]] — A [ x| o kol

We will now distinguish the cases arising from the application of Lemma A.2. Recall that we assume for this

proposition that the 1/,’s are positive. Thus, sign(¢;) = 1 and 3; = ﬁj = Lz/i]l> B; and w; 9 = w, e in (3.14) for

all j’s and 9 € {—1,+1}.

Casem >1and 0 < kg < h

By Lemma A.2,
rl {W coll . Vdiw) _ 19of(dj0,ko)}
el — T e o kol
_ {190‘%k' L 0<k < h}
o, |
) a
=0 leo,ﬁo Z ”d]o k/H j‘(;/; 0|a ||dj0,h|| ]

Jo

v (3.3), for k' € {0,1,... R}

o o[l = 1G5 T 0,0, 0)
h

= [ ¥ PGl R0, 0))
——

/_
=[5, [F M| djo nl-

Thus,

Tl {ﬁ’dj',k’ coll . Vdiw) _ 19of(djo,ko)}
[l Tl | o kol
h—1 , 1
= O—aﬂﬁ)wjo,ﬂo”djo,hHa [ Z |¢jo\°‘(k O ]

k’'=0 1 - |w30|a

|/¢)j0|7ah
1- |¢jo|a

Similarly for the numerator in (A.41), by (3.16),

_ Vdir V' f(djx)
Tl { IOE e Ag g eV
Il 0 gl

Dodi w
_ ({m €Agu: 0<K < h})
'Jo,
Tl {W} Cf j=jo and ¥ =dy,
— ljokl

i), if j#jo or 0¥ #4,

= O—aﬂﬁ)wjoaﬂo ”djo,hHa

o—aﬂj@gw]‘oyﬂo||djo-,h||a|wjo|a(kih)5{19o}(ﬁ)é{jo}(j)v it 0<k<h-1,
1 . .

0T, Wio o 1B |1 * 71— 0190y (D)5 (7), i k= h.
W}]o|

The 0® terms cancel out in the ratio.
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Casem >1and —m < kg < —1
We have by Lemma A.2

Tl {ﬁldj’»k’ coll ﬁ’f(djuk/)_ﬁof(djo,ko)} _ {ﬂodoko} '
Iyl — T | 1o,k | 1o,k |

If—m—|—1§k0§—

190d‘ k
Tl {JOO} — 0w o lldi |
||dj07k0|| jo Yo, 0” Jo>» o” )

and

i S Py 9'f(dyr )
Ll {J’keA L Vi)
Iyl 70 el °
Dod;
_ i A, -m{ 0 mo}
7 ”djo»koll
ﬁod]o,ko

Hd]mkoH
rl-l(@), if j#jo or 0# g or k# ko,

I‘H | ) if ] :jO and ¥ = 1907 and k= k’o,

= 075 Wio 00 | djo ko | 07003 (90450} () gioy (K)-

If kg = —m, then dj, &, = do,—m = (1,0,...,0), and

s

Yod;
-l ({M}) =l ({190(1,0, . '70)}) = 0%wy,,
Jo;R0

F”” {ﬂd/k,eAﬂjk 19f( ’k/) ‘/0}
1 e P ldyll

_ I‘H'H Aﬂj e {ﬂodjo,ko }
. deo,k?oH

FHH (Aﬂ,j,k: N {190(1’0) .. ’0)}>, if J= 1907 and k= k?() =—-m, and ] = jO =0
Tl (@), if 9#39 or k#ko, or j#jo

= 0" W9, 0190} (9)0101 (3) ko (K)-

Again, the 0 terms cancel out in the ratio.
Case m =0

By Lemma A.2, as the v;’s are positive

rl {de'»k’ coll . Vi) _ z9of(dj0,k0)}
el — T dy | 1o o |

=l <{ﬂ°dj”’“’ echl, o GLK) e L., T} x{0,...,h}U {(o,o>}})

I el

59



Given that wg, = 327, Thw; g, and [|dj || = [ihje|¥', for any 1 < 5/ < J, 1 <K < h,

J
, Vdir g . Vf(djy ) Dof(djo k)
Tl {J’kec" : jr) _ Dof (djo.kg
g~ ld | 1ejo ko
o ldjnll”
= 0wy, +0° Zw/wg«ﬂo S gl + -
= 1 — |bj]
=o“ Zﬂ'/wj/ﬂu

1 ak’ |wj/|a
+ Z ey g
o= — |y
; e 224 N o

_ L« a, . J J
=0 Z W57 9, [ 1= |¢j’|“ + T |1/1j'|a

1
=0 Zﬂ—’wﬂ’ﬁol w |a

Similarly, by (3.16),

9 dji & f(djr )
Ll {““eA Vi)
Iyl ~ 70 gl °

=l (Aﬁ,jyk N {ﬁodj’*’“’ echl, o GLK)e{l,....J}x{0,....h} U {(0,0)}})

;|
Pod; i
FH | { . } ) if 19:190)
= ”dyk”
FH~H(@)7 i 9 £ Dy,
O'Oé Zj’:l 7Tjo»t/w]‘/71905{190}(19)’ lf k — 0’
= O—aﬂjo'éwjﬂ90|w]|ak5{ﬂo}(19)v i 1<k<h—1,
o 7T wj 1901| JL[} |o<§{190}(7‘9)7 if k=h.

The conclusion follows.
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