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Abstract

We study portfolio allocation in the presence of speculative bubble dynamics using a mixed causal-
noncausal (MAR) framework with a-stable innovations. This approach captures forward-looking behav-
ior, heavy tails, and asymmetric return distributions. We derive closed-form expressions for the first four
conditional moments of returns and embed them into a portfolio optimization problem with endogenous
investment horizons. The resulting framework generates dynamic allocation rules, multiple locally optimal
strategies, and sparse rebalancing patterns. Both simulation and empirical results on commodity markets
show that the proposed portfolio strategies outperform standard benchmarks, particularly during bubble
periods. These gains are primarily driven by the ability of the allocation rule to adjust exposure as the
balance between bubble continuation and crash risk evolves. A sensitivity analysis further reveals that
skewness and kurtosis mainly improve the robustness, risk-adjusted performance and implementability of
portfolio strategies in speculative markets.
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1. Introduction

Financial markets frequently exhibit episodes of speculative excess during which asset prices
deviate markedly from fundamental values. These episodes, often referred to as bubbles, are
characterized by prolonged phases of rapid price appreciation followed by abrupt and sizable

corrections. Empirical evidence across a wide range of asset classes, particularly commodities,
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energy markets, and cryptocurrencies, documents such patterns, which give rise to return distri-
butions that are highly asymmetric, nonlinear, and heavy-tailed. These features pose a fundamen-
tal challenge for portfolio allocation, as standard asset pricing and portfolio selection frameworks
are ill-equipped to accommodate state-dependent risks associated with bubble dynamics.

Traditional portfolio choice models, rooted in mean—variance analysis [Markowitz, 1952] or
intertemporal expected utility maximization [Merton, 1969, 1971], are not designed to accommo-
date the asymmetric and rapidly changing risk profile associated with bubble episodes. Even
extensions that incorporate higher moments typically rely on static distributions or exogenous
regime changes, leaving little room for risks that emerge endogenously from the asset price dy-
namics themselves.

To address this issue, we develop a portfolio allocation framework that explicitly accounts for
the nonlinear and forward-looking nature of speculative bubbles. Our approach builds on mixed
causal-noncausal autoregressive (MAR) processes with a-stable innovations. The MAR specifi-
cation combines backward-looking and forward-looking dynamics and has proved particularly
well suited for describing speculative episodes. Combined with a-stable shocks, it generates
asymmetric and heavy-tailed return distributions whose properties vary with the current level of
the asset price.

Leveraging recent results on conditional moments of noncausal processes, we derive closed-
form expressions for the first four conditional moments of returns in a MAR(1,1) setting. These
moments are then incorporated into a portfolio optimization problem in which investors jointly
choose the portfolio weight allocated to the speculative asset and the horizon over which the po-
sition is held. The endogenous timing dimension is particularly relevant in bubble environments,
where expected gains and crash risk evolve rapidly. This feature distinguishes our approach from
standard portfolio frameworks, which typically rely on a fixed investment horizon.

The framework yields several implications. First, optimal allocations vary substantially across
market states. Investors increase exposure during intermediate stages of a bubble but reduce or
reverse their positions as crash risk rises. Second, the optimization problem is non-convex and
may generate multiple locally optimal strategies that differ in both exposure and timing. Higher-
order moments provide an additional refinement by improving the assessment of asymmetric
and tail risks.

We evaluate these mechanisms through Monte Carlo simulations and an empirical applica-



tion to commodity markets. The simulation analysis shows that parameter estimation uncer-
tainty has only a limited impact on the mapping from the state variable to optimal strategies.
Out-of-sample, the proposed bubble portfolio (BP) strategies outperform equally weighted and
mean-variance benchmarks, particularly during bubble episodes. A sensitivity analysis further
shows that most of these gains originate from the state-dependent allocation mechanism, while
higher-order moments mainly improve risk-adjusted performance and the stability of portfolio
decisions.

Our paper contributes to several strands of the literature. First, it complements the litera-
ture on bubble dynamics and explosive behavior in asset prices [Phillips et al., 2011, 2015] by
providing a structural link between price levels and conditional return distributions. Second, it
contributes to the literature on higher-moment portfolio choice [Jondeau and Rockinger, 2006,
2012] by showing how skewness and kurtosis arise naturally from speculative price dynamics
and affect portfolio decisions. Third, it extends recent work on forward-looking noncausal time
series models [Gourieroux and Zakoian, 2017, Fries and Zakoian, 2019] to the domain of portfolio
optimization.

The remainder of the paper is organized as follows. Section 2 presents the portfolio allocation
framework and characterizes the conditional moments of returns. Section 3 reports Monte Carlo
simulations and examines the impact of parameter estimation. Section 4 evaluates the economic
value of the proposed strategies. Section 5 provides an empirical application to commodity
markets. Section 6 concludes. Appendix A and Appendix B provide the theoretical proofs and
detail the utility specifications. A Web Appendix reports additional Monte Carlo and empirical

results.

2. Bubble-riding allocation problem

This section introduces the portfolio allocation framework in the presence of a speculative
asset exhibiting bubble dynamics. Our approach combines a structural model of bubble behavior
with a state-dependent portfolio choice problem based on higher-order conditional moments.
We first define the investor’s optimization problem and the associated wealth dynamics. We then
show how the allocation problem can be approximated using a Taylor expansion of expected

utility, which highlights the role of higher-order moments.



2.1. Optimal portfolio allocation

We consider an investor allocating his wealth between a speculative asset with price X; and
a bubble-free asset with price S;. The initial wealth is innocuous to the optimization problem
and arbitrarily set to one. Consistent with the discussion in the introduction, the key feature of
this framework is that the conditional distribution of returns depends on the current state of the
speculative asset, inducing state-dependent higher-order moments that drive portfolio allocation.

The investor has an investment horizon H: at time ¢, he chooses (i) the portfolio weight w
invested in the speculative asset and (ii) an intermediate horizon # < H at which the position in
the speculative asset is liquidated and reinvested into the safe asset until the terminal date ¢ + H.

Short selling is allowed. The resulting terminal wealth is given by

SiiH ( Xiyn St+h>
W = wWw—+(1—-w)—— |. 1
t+H St+h Xt ( ) St ( )

This formulation introduces an endogenous investment horizon h, which allows the investor
to optimally time exit from the speculative asset. This dimension is central in environments
characterized by bubble dynamics, where expected returns and downside risks vary sharply
with the current state of the asset.

The speculative asset is assumed to follow a MAR(1,1) process with a-stable innovations,
capturing locally explosive behavior, heavy tails, and asymmetric risk profiles. The safe asset
follows a geometric Brownian motion with drift v and volatility ¢. The two processes are assumed
independent, which provides a natural hedging benchmark.*

The investor maximizes the expected utility of terminal wealth:

max ]E[U(Wt+H) | Xt, St]
(w,h)

Therefore, the portfolio allocation problem can be interpreted as mapping the current state vari-

able into optimal decisions through its impact on conditional higher-order moments. We consider

“In this framework, the independence hypothesis does not appear as a strong assumption. As we focus on investment
during periods where an asset price exhibits a bubble behaviour, its dynamics cannot be correlated over this time-interval
with that of a safe(r) asset. In practice it is reasonable to think of the second asset as a well-diversified portfolio whose
constituents do not exhibit any bubble behaviour. This makes the second asset an attractive hedge against the risk of
bubble collapse in the first asset.



both CRRA and LIRA preferences. While CRRA utility is standard in portfolio choice, it may gen-
erate degenerate demands in the presence of infrequent extreme risks [Gourieroux and Monfort,
2004]. LIRA preferences address this limitation by ensuring bounded marginal utility for large
losses (see Appendix B).

Following Jondeau and Rockinger [2006, 2012], we approximate the expected utility using a

fourth-order Taylor expansion around
W = IE[W,}+H | Xt, St]

This yields
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The optimization problem therefore depends on the first four conditional moments of terminal
wealth. Denoting raw moments by

M, :=E[W/

t+H|Xt’St]’ p:].,...,4,

the corresponding central moments entering (2) can be obtained by standard transformations.
The Taylor expansion highlights that portfolio choice depends not only on mean and variance,
but also on conditional skewness and kurtosis. In particular, skewness enters positively while
kurtosis enters negatively, in line with standard preference ordering [Scott and Horvath, 1980].
In the present setting, these higher-order moments are driven by the nonlinear and noncausal
dynamics of X, which generate asymmetric return distributions and state-dependent crash risk.
Accurately characterizing these moments is therefore essential for determining optimal portfolio

strategies.

2.2. Conditional moments of MAR(1,1) a-stable processes

This subsection characterizes the conditional moments of the speculative asset price, which
are key inputs of the portfolio optimization problem described in Section 2.1. In our framework,
optimal allocation depends on the conditional distribution of future returns, and therefore on
the first four conditional moments of X;,,. To obtain them, we model the speculative asset

price (X;) as a mixed causal-noncausal autoregressive process with a-stable innovations. This



class of models has been shown to capture salient features of bubble dynamics, including locally
explosive behavior, heavy tails, and asymmetric risk profiles [Gourieroux and Zakoian, 2017,
Fries and Zakoian, 2019, Hecq and Voisin, 2021].

Let (X;) be the a-stable solution of the MAR(1,1) process

(1-¢°L7)(1-¢°L)X; =&y,
where ¢; L. S(a, B,0,u) withw € (0,2), a #1, B € [-1,1], and ¢ > 0, and L (resp. L~!) denotes
the lag (resp. lead) operator. The process is well defined and strictly stationary for [¢°| < 1 and
|¢*| < 1. It admits a two-sided MA(co) representation

Xi =Y axepig.
kez
Despite the fact that a-stable distributions may have infinite variance, conditional moments
of X;.j given X; can still exist under suitable conditions. Specifically, results from Fries [2022]
ensure the existence of moments up to order p provided that the coefficients (a;) satisfy ap-
propriate summability conditions. An important implication is that the more noncausal (i.e.,
forward-looking) the process, the stronger the existence results. In particular, when the MA coef-
ficients decay sufficiently fast, all conditional moments of order strictly below 2a + 1 exist, which

is crucial for implementing higher-moment portfolio allocation. When they exist, the conditional

P

moments E[X] ,

| X¢], for p < 4, admit closed-form expressions as functions of four quantities
(0F,B1,%p, Ap) and a family of functions H derived in Fries [2022]. The following proposition

provides their expressions in the MAR(1,1) case.

Proposition 1. For « # 1, the conditional moments ]E[Xf+h | Xt], p < 4, exist whenever the summability
condition of Fries [2022, Th. 2.1-2.2] holds. In the MAR(1,1) case, this condition is satisfied for « > 1/2
when p = 2, « > 1 when p = 3, and « > 3/2 when p = 4. When they exist, these moments can be
written as functions of (07, B1,xp,Ap) and H. Closed-form expressions for the corresponding constants

are reported in Appendix A.2.

This representation is particularly useful for the BP allocation, as it provides tractable expressions
for the conditional mean, variance, skewness, and kurtosis of returns.

The structure of the conditional moments becomes especially transparent in the tails of the



distribution. As shown by Fries [2022], for large values of |X;|, and provided |B1] # 1, the
conditional moments satisfy

szl:)\p

- p _
x p]E[Xt+h|Xt_x]x—>_i>oo 155,

highlighting the asymmetry between positive and negative bubble states. In fact, a key implica-
tion of the MAR specification is that the conditional distribution of returns becomes increasingly
asymmetric as the process enters a bubble regime. Notably, recent results by Gouriéroux et al.
[2025] show that, for large values of X;, the conditional distribution of the realized one-period
gross return ry4q := X;y1/X; converges to a two-point distribution, reflecting i) a continuation
regime, in which the bubble keeps expanding, and ii) a crash regime, characterized by abrupt
mean reversion. As x — oo and for p < a, the corresponding conditional moments can be

approximated as

e[(%) = xn =] =a- ey + @ (¢ 5 (1-2)) @

where (¢°)* can be interpreted as the probability of bubble continuation, while 1 — (¢°)% is
the probability of the bubble bursting or reverting to causal dynamics, and the term (1 — (PT')
represents the correction of the bubble trend based on the realized past return ratio ;. This
decomposition provides a direct economic interpretation of the role of higher-order moments in
portfolio allocation. In particular, conditional skewness and kurtosis reflect the coexistence of
large continuation gains and crash risk, and therefore vary endogenously with the state of the

system.

3. Monte Carlo experiments

Section 2 shows that optimal BP decisions depend on the conditional moments of returns,
which in turn are driven by the bubble asset prices. The purpose of this simulation analysis is
to assess how the mapping from the state variable to optimal strategy pairs (w*, h*), through the
conditional higher-order moments, is affected by parameter estimation.

We simulate M = 500 trajectories of N = {500,1000,5000} observations from the MAR(1,1)
process (1 —0.9F)(1 — 0.1B)X; = & where ¢ S 5(1.8,0.3,1.5,15). We then estimate the con-



ditional power moments by replacing the theoretical constants o}, Bi, kp, A, in Proposition
1 by their empirical counterparts computed by plugging-in the MAR(1,1) parameter estimates
obtained by Maximum Likelihood.’

Estimating mixed causal-noncausal processes remains challenging, and only a limited num-
ber of estimators are currently available. The main alternatives are the semi-parametric General-
ized Covariance (GCoV) estimator of Gourieroux and Jasiak [2023] and the (approximate) maxi-
mum likelihood (ML) estimator of Lanne and Saikkonen [2011]. We rely on the latter throughout
the paper. While GCoV has the advantage of not requiring a parametric specification for the in-
novation distribution, it is generally less statistically efficient than ML for estimating the autore-
gressive parameters (¢°, ¢*), owing to its semi-parametric nature. Since these parameters enter
all the quantities (07, B1,%p, Ap) appearing in Proposition 1, their estimation uncertainty directly
propagates to the conditional moments used in the portfolio allocation problem. We therefore fa-
vor ML estimation, as our approach requires the additional assumption that ¢; follows an a-stable
distribution. Standard errors are computed from the numerical (finite-difference) Hessian of the
log-likelihood evaluated at § and should be interpreted with caution. Although consistency of
the ML estimator has been established for a-stable autoregressive models [Andrews et al., 2009],
its asymptotic distribution is non-standard and its rate of convergence depends on the tail index
«. Consequently, the inverse Hessian only provides an approximate measure of estimation un-
certainty. Bootstrap-based inference has been proposed in the literature [Andrews et al., 2009,
Cavaliere et al., 2020], but existing procedures are developed for purely noncausal specifications
and are not directly applicable to the mixed MAR(1,1) framework considered here. Finally, as
shown by the Monte Carlo evidence reported below, the optimal allocation rules are relatively
insensitive to estimation uncertainty, suggesting that the economic conclusions are considerably
more robust than asymptotic inference on individual parameters.

The results are displayed in Figure 1 for prediction horizons & = 1,3,5,10 and conditioning
values that correspond to the 0.0005% and 99.9995% quantiles of the marginal distribution of
X;. These results take the form of a pointwise 5% - 95% interquantile interval of the conditional

moment estimators for each sample size N. Notice that the theoretical conditional moments,

5To facilitate the estimation, we initialize the parameters of the a stable distribution by relying on the approach of
McCulloch [1986]. Provided the ML estimator is consistent, which is the case for the one used here [see Andrews et al.,
2009], the plug-in estimators of the conditional moments will also be consistent.



based on the true values of the parameters and represented by a black line, always belong to
the empirical interquantile range. More precisely, the interquantile intervals are quite narrow
around most of the true conditional moments curves, even for small sample sizes. They are
larger for higher-order moments and large horizons when N = 500 but narrow down as the
sample size increases. Overall, the plug-in method appears to be a good way to estimate the
conditional moments even when the conditioning values X; = x are in the right tail of the
marginal distribution of the process, which is the case of interest here.

In the second step we hence investigate the impact of parameter estimation on the selected
portfolios. The simulated conditional moments of returns obtained from the MLE estimates of
the MAR(1,1) process are plugged in the CRRA portfolio optimization program to get the optimal
portfolio strategies in the form of couples (w*, h*), which define the part of the wealth to invest in
the bubble asset and the horizon of this investment given that the overall investment horizon is
fixed to H = 26 periods, i.e., six-months of weekly trading activity. To be more precise, we search
for optima (w*, h*) in the set [—1,1] x [0,26], thus allowing short strategies. As the optimization
program is likely non-convex, several strategies may lead to the same terminal wealth, and in this
case they are all labeled as optimal strategies. We round w”* to the closest percentage point and
report h* in weeks. Besides, by convention, if either w* = 0 or h* = 0, we report (w*,h*) = (0,0).
For the bubble-free asset, we set v and ¢ so that the annual return and volatility equal 2%.

Figures 2 and 3 display the optimal investment strategies under correct specification of the
DGP and the impact of parameter estimation for investors with CRRA (y = 5) and power-
three LIRA preferences. Results are generally robust to the preference specification, see the Web
appendix for the other four cases. For each initial value X; = x, defined by a quantile of its
marginal distribution, and each sample size N, we display the empirical distribution of optimal
strategies across simulations in the share-horizon space. Colored dots represent the frequency of
selected strategies, while black target symbols denote the true optima.®

While the starting value of S; is immaterial, the initial level of the speculative asset X; plays a
central role in shaping the investment landscape, giving rise to strongly state-dependent alloca-

tion patterns. We first discuss the theoretical optimal strategies and then turn to their simulation-

®We do not report the precise values as they vary across subplots due to the multiple equilibrium issue discussed
earlier and the plot would become too dense.



Figure 1: Conditional moments of return distribution
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Notes: First four conditional moments of returns when the price series follows a MAR(1,1) process (1 — 0.9F)(1 —
0.1B)X; = & with g iid. 5(1.8,0.3,1.5,15). The conditional moments are obtained for conditioning values X; = x €
(7,391), i.e. 99.999% of the probability mass of the marginal distribution of X; is supported on this interval. The black
line represents the theoretical moments, whereas the gray shaded areas correspond to the simulated conditional moments
based on 500 simulated trajectories of the MAR(1,1) process for the three sample sizes. In the latter case the MAR(1,1)
parameters are estimated by MLE and plugged in the formulae of Proposition 1. The results are displayed for four
horizons, h = 1,3,5,10 and three sample sizes, N = 500, 1000, 5000.
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based counterparts.

At low quantiles (left tail), optimal strategies consist of long positions with relatively large
horizons (around 12 to 20 periods), reflecting expectations of mean reversion and significant
upside potential. As the conditioning value moves toward the lower-middle part of the distri-
bution (approximately Qp2—-Qp3), both the optimal share and the investment horizon decrease,
indicating a more cautious stance as the persistence of favorable dynamics weakens.

A clear regime shift occurs around the center of the distribution. For quantiles at and above
the median, optimal strategies switch to short positions held over relatively long horizons, re-
flecting increasing overvaluation concerns. As the quantile rises further, short exposure intensi-
fies while the investment horizon shortens, consistent with a growing likelihood of a near-term
correction. In the upper tail, this pattern becomes non-monotonic: while strong short posi-
tions dominate intermediate high quantiles (e.g., Qo.7—Qo.95), exposure gradually declines as one
moves to the extreme right tail, with optimal shares reverting toward zero. This reflects a trade-
off between rising crash risk and the possibility of continued bubble expansion, which increases
uncertainty about timing.

Turning to the simulation-based strategies, estimated optima are asymptotically tightly clus-
tered around the theoretical ones, indicating that parameter uncertainty has a limited impact on
portfolio allocation. However, the empirical distribution exhibits some polarization, particularly
in the upper-middle of the distribution, with a non-negligible mass around corner or near-corner
allocations at zero and H. This reflects heterogeneous beliefs about bubble dynamics, leading to
either very short horizons or longer horizons combined with moderate exposures. Importantly,
dispersion is asymmetric across decision variables. While the investment share (w*) remains rel-
atively well identified, uncertainty primarily affects the horizon choice (h*), especially when the
state variable lies in the upper tail of the distribution. This reflects the difficulty of timing exit in
environments where continuation and crash regimes coexist.

As the sample size increases, dispersion shrinks and the mass concentrates around the true
optima, supporting the consistency of the plug-in approach. This contraction remains more
pronounced in the share dimension, while residual uncertainty persists in the horizon choice near
the bubble peak. Importantly, these results are robust across the utility specifications considered

and to alternative parameterizations of risk aversion, as well as to changes in the underlying
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data-generating process.” Overall, the evidence highlights the strongly state-dependent nature
of optimal strategies and the presence of sharp regime shifts in both exposure and investment

horizons, features that cannot be captured by standard allocation frameworks.

4. Economic Value

Sections 2-3 establish that the BP framework generates state-dependent portfolio strategies
through conditional higher-order moments. In this section, we evaluate the economic value of this
mechanism by comparing our BP strategies to standard benchmarks that rely on unconditional
moments and therefore do not adjust to changes in the distribution of returns.

To assess the performance gains from our approach, we generate 500 MAR(1,1) trajectories
of length N = 1000 in the same setup as in Section 3. For each trajectory, the first half of the
sample is used to estimate the conditional distribution of returns and to derive optimal strategies
(w*, h*) over a grid of quantiles of the state variable X;. These strategies are then retained and
used for the out-of-sample evaluation. For each out-of-sample observation, the realized value of
the state variable X; is mapped to the closest in-sample quantile below it, and the corresponding
optimal strategy is implemented. The portfolio is subsequently held for the prescribed horizon
h, implying at most one reallocation of wealth from the speculative asset to the safe asset before
the terminal date H. This procedure yields out-of-sample allocations that remain explicitly state-
dependent without implementing dynamic trading rules.

Both benchmark portfolios are implemented as buy-and-hold strategies over the H-period
investment horizon, with no interim rebalancing. The EW benchmark allocates a fixed 50%/50%
share to the speculative and safe assets, respectively, while the MV benchmark uses the portfolio
weight obtained in-sample by minimizing the variance of the non-overlapping H-period return.
This weight is estimated once and then applied unchanged to all out-of-sample investment dates.
This setup differs from the empirical application of Section 5.2, where all portfolios are rebalanced
weekly.

Tables 1 and 2 summarize the results for the same utility functions as in Section 3. Several im-

portant findings emerge. First, BP strategies dominate benchmark portfolios in terms of terminal

"The results are qualitatively similar when using a non-causal AR(1) DGP, although this specification imposes an
abrupt crash dynamic that is less flexible than the MAR(1,1) framework.
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Figure 2: Optimal portfolio strategies (CRRA y = 5 utility)
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Figure 3: Optimal portfolio strategies (LIRA Power 3 utility)
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Table 1: Relative performance of portfolio strategies — CRRA (y = 5)

Strategy
Sample Metric BP,eq BP,y BPsyyp EW MV
po L0/ 030 /e 1,0324/ 1,005  1.010
Wealth o 0008 0.008 0007 0003 0003
i 0.027 0.026 0.028
Full sample ~ OCvsEW = 449 0.010 0.009
u 0.024 0.023 0.025
OCvsMV O 0.008 0.008 0.008
po 1087/ Fex 087k 1,087/ ¥ 0962 1.005
Wealth o 0036 0.036 0036 0016 0011
. u 0.119 0.118 0.120
Bubble periods OC vs EW o 0.047 0.047 0.046
u 0.076 0.075 0.076
OCvs MV ().039 0.039 0.039

Notes: MAR(1,1)-based strategies are compared with equally weighted (EW) and mean-variance (MV) benchmarks.
Results are reported for the full sample and for bubble periods (X; > Qgs,). Terminal wealth and opportunity cost
(OC) are summarized by their mean (y) and standard deviation (c). Asterisks *#/xx/%% indicate rejection of one-sided
Wilcoxon tests (BP > benchmark) at the 90%, 95%, and 99% levels versus EW/MYV, respectively.

wealth across all specifications. In the full sample, the average terminal wealth of BP strategies
is between 1.017 and 1.035, compared to 1.01 for the benchmarks. While these differences may
appear moderate, they are highly statistically significant and economically meaningful given the
short investment horizon.

Second, the performance gains become substantially larger in bubble regimes. When con-
ditioning on the upper tail of the state distribution (X; > Qos9,), BP strategies achieve average
terminal wealth levels between 1.041 and 1.099, while the EW strategy performs poorly (below
1), reflecting its inability to adjust to looming crash risk. This highlights the importance of state-
dependent allocation when the return distribution becomes highly asymmetric.

Third, the opportunity cost results confirm these findings from a utility perspective. The
OC is positive in all cases, indicating that investors would be willing to pay to switch from
benchmark strategies to BP allocations. Moreover, the magnitude of the OC increases sharply
in bubble regimes (e.g., above 9% relative to EW), underscoring the substantial welfare gains
from incorporating conditional information. These results stem from the ability of BP strategies
to adapt to the changing balance between bubble continuation and crash risk. In contrast, MV

and EW portfolios rely on unconditional moments and cannot adjust to shifts in the conditional
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Table 2: Relative performance of portfolio strategies — LIRA Power 3 utility

Strategy
Sample Metric BP,eq BP,y BPsyyp EW MV
po L019*x/wee  Q17F /e 10234/ 1,005  1.010
Wealth o 0.005 0.005 0.005 0.003  0.003
u 0.018 0.015 0.021
Full sample ~ OCvsEW _ 500 0.006 0.006
u 0.014 0.012 0.018
OCvsMV O 0.008 0.009 0.008
po 1.049%x/ 10480k 1 0514/ ¥ 0962 1.005
Wealth o 0023 0.025 0023 0016 0011
. u 0.090 0.088 0.091
Bubble periods OC vs EW o 0.029 0031 0.029
u 0.047 0.045 0.048
OCvs MV 023 0.025 0.023

Notes: See note to Table 1.

distribution of returns.

Overall, the Monte Carlo evidence highlights the economic value of state-dependent portfolio
allocation in environments characterized by nonlinear and heavy-tailed dynamics. These findings
are robust across CRRA risk aversion levels and alternative LIRA parameterizations (see the Web

Appendix).

5. Empirical application

5.1. Data and in-sample analysis

We now assess whether the state-dependent allocation mechanism identified in the previous
sections is relevant in real data. We consider four commodity price series, Brent crude oil, rice,
soybean-oil, and soybeans, as candidates for the speculative asset. Commodity markets provide a
particularly suitable environment for studying bubble dynamics, as prior evidence documents the
presence of nonlinear, forward-looking, and noncausal features in their price behavior [Gourier-
oux et al.,, 2021, Cubadda et al., 2023, Hecq and Velasquez-Gaviria, 2025, Blasques et al., 2023].
As a benchmark bubble-free asset, we use the settlement price of the 30-year U.S. Treasury bond.
Weekly data covering January 2000 to March 2025 are obtained from Refinitiv Eikon. The sample
is split into an in-sample period (2000-2012) and an out-of-sample period (2012-2025).
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A central issue in empirical asset pricing is whether the apparent nonstationarity of price se-
ries reflects genuine unit-root behavior or instead arises from nonlinear dynamics associated with
speculative episodes. A large literature shows that bubble processes with periodically collapsing
dynamics can closely mimic unit-root behavior, making standard linear tests unreliable [Evans,
1991]. More recent approaches interpret financial time series as sequences of locally explosive
regimes embedded within persistent dynamics [Phillips et al., 2011, 2015]. In this context, failure
to reject a unit root does not provide evidence against bubble behavior, but rather reflects the low
power of linear tests in the presence of nonlinearities.

Given this ambiguity, we do not rely on unit-root testing to characterize the stochastic proper-
ties of commodity prices. Instead, we adopt a structural decomposition consistent with the MAR

framework introduced in Section 2.2. Specifically, we decompose observed prices as
Y =T(t) + Xy,

where T(t) captures low-frequency deterministic movements driven by fundamentals, and (X;)
is a stationary component governed by nonlinear and potentially noncausal dynamics. This de-
composition separates long-run trends from short-run speculative fluctuations, the latter being
the focus of the portfolio allocation problem. Importantly, it avoids confounding nonlinear dy-
namics with stochastic trends, which could arise when applying standard differencing or filtering
techniques.

As emphasized by Hencic and Gouriéroux [2015], using deterministic detrending methods is
preferable to filtering-based approaches, as the latter can induce spurious evidence of noncausal-
ity. We therefore estimate and remove a deterministic trend prior to modeling the stochastic
component. Among the available approaches, and by following Hecq and Voisin [2019], we
adopt a second-order polynomial specification, which strikes a balance between flexibility and
robustness in out-of-sample applications.® The resulting series exhibit pronounced nonlinear and
bubble-like features, consistent with the MAR representation (see Figure 4).

The detrended component (X;) is modeled using mixed causal-noncausal autoregressive spec-

ifications. More specifically, a MAR(1,1) structure is selected for all assets. This choice is primarily

8 A first-order polynomial is retained if the second-order coefficient is not statistically significant.
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motivated by tractability: it allows us to exploit the closed-form expressions for conditional mo-
ments derived in Section 2.2, while preserving the key features of bubble dynamics. Even if
possibly slightly misspecified for some time-series, this specification captures the essential non-
linearities and asymmetries that drive state-dependent portfolio decisions which is of utmost
importance in a forecasting exercise. Throughout the analysis, we consider a fixed investment
horizon of H = 26 weeks, corresponding to a six-month investment period. For each asset, the
estimated MAR model and the associated conditional moments serve as inputs to the portfolio
optimization problem, yielding state-dependent allocation strategies (w*, h*) that vary with the

level of the detrended price process.

Figure 4: Detrended price series for each asset
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Notes: The shaded area corresponds to the out-of-sample data.

Table 3 reports the estimated trend and MAR(1,1) parameters for the commodity series. The
polynomial trend coefficients are statistically significant, validating the detrending strategy. Im-
portantly, the noncausal component is always significant and dominates the causal part, reflecting
the asymmetric dynamics of periods of gradual price increases followed by abrupt corrections,

consistent with speculative bubble behavior. This suggests that price dynamics are largely driven
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by forward-looking expectations rather than backward-looking adjustments, which implies that
the current price level contains information about future returns beyond what is captured by
standard autoregressive models. Besides, in all cases, the estimated tail indices are significantly
below two, indicating substantial departures from Gaussianity and the presence of heavy-tailed
risks. In the case of Soybean-oil, w is slightly inferior to the 1.5 threshold of existence of the

conditional kurtosis, but we retain the series and treat it as a slightly misspecified case.

Table 3: Estimates of the polynomial trend and a-stable MAR(1,1) models

Trend w-stable MAR(1,1)
(Intercept) T T ¢° @° « B o
Brent
17.5%** 0.09842***  7.208¢ — 05***  0.01341***  0.9725*** 1.532%** 0.099*** 1.490%**

(1.79E+00) (1.26E-02)  (1.85B-05)  (8.70E-07) (1.45E-07) (7.0001E-07) (1.3002E-06) (1.4006E-06)

Rice
3.794*** 0.01956*** 0.1052*** 0.9742%** 1.510%** 0.010*** 0.183***
(1.64E-01)  (4.31E-04) (2.15E-07)  (4.35E-08)  (1.9002E-07) (2.4006E-07) (3.4008E-08)

Soybean oil

14.49°%  0.03057°**  5.40le — 05  0.09669*"*  0.9568°*  1.466"* —0.018%** 0.554%+*
(8.12E-01)  (5.69E-03)  (8.36E-06)  (2.58E-06) (2.73E-07) (9.2003E-07) (4.7009E-06) (8.4001E-07)

Soybeans

4614 03387 0.001705°*  0.09382°**  0.9424***  1571%* 0.159*** 15.930%**
(1L72E+01)  (1.21E-01)  (1.78E-04)  (1.99E-07) (1.57E-07) (2.9000E-06) (5.6001E-07) (1.9003E-05)

Notes: The table reports estimates of the polynomial trend and a-stable MAR(1,1) models. Standard errors are reported
in parentheses and computed from the numerical (finite-difference) Hessian of the log-likelihood at the estimated param-
eters. Asterisks *, ** and *** denote significance at the 10%, 5% and 1% levels.

Table 4: Moments of the US 30-year Treasury bond returns

14 g

Returns 0.0007 0.0145

Notes: The table reports the mean and the standard deviation of the US 30-year Treasury bond returns over the period
January 2000 to August 2012.

Table 4 reports the mean and standard deviation of the safe asset, modeled as a geomet-
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ric Brownian motion, in line with standard assumptions in the portfolio optimization literature.
Given its relatively low volatility and stable dynamics, the safe asset mainly acts as a hedging
instrument, portfolio performance being primarily driven by the interaction between bubble dy-

namics and the endogenous investment horizon.

Table 5: Optimal portfolio strategies (Brent)

40.500 q0.600 q0.700 40.800 40.900 40.950 40.990 q0.999 q0..9999
CRRA
¥=5 (0.390,26) (0.480,1) (0.470,1) (0.450,1) (0.410,1) (0.360,1)  (-0.120,26) (-0.080,26)  (-0.070,26)
(0.310,26) (-0.150,26)
¥=10 (0.480,1) (0.470,1) (0.460,1) (0.450,1) (0.420,1) (0.370,1) (0.210,1)  (-0.040,26)  (-0.030,26)
LIRA
LIRAGauss (1,26) (1,26) (1,26) (-1,26) (-1,26) (-1,26) (-1,8) (-1,5) (-1,4)
(0.480,1) (0.460,1)
0,0 (1,26)
(-1,26) 0,0
LIRADExp (0.320,26) (0.480,1) (0.470,1) (0.450,1) (0.420,1) (0.370,1) (0.210,1)  (-0.050,26)  (-0.040,26)
(0.480,1) (0,0) (0,0) (0,0) (-0.010,26) (-0.070,26) (-0.070,26)  (0.090,1) (0.060,1)
0,0) (0,0) 0,0) 0,0) (0,0) 0,0)
LIRAUnif  (0.430,26) (0.480,1) (0.470,1) (0.460,1) (0.430,1) (0.390,1)  (-0.100,26) (-1,26) (-1,26)
(0.340,26) (0.240,1)
LIRAPow3  (0.480,1) (0.470,1) (0.470,1) (0.460,1) (0.430,1) (0.380,1) (0.220,1) (-1,26) (-1,26)

Notes: Optimal portfolio strategies (w*, h*) conditional on the quantile of the detrended in-sample distribution in which
the bubble asset is at the time of the investment. w* is reported in percentages of the investment and #* in weeks.

Using the estimated MAR(1,1) parameters, we compute the conditional moments of the de-
trended price series and, subsequently, those of the observed returns by reintroducing the trend
dynamics at the time of investment. These conditional moments of returns serve as inputs to the
portfolio optimization programs, which deliver optimal strategies in terms of couples (w*, h*) for
each quantile of the detrended state variable. Multiple optimal strategies may arise, as all alloca-
tions within one percent of the maximal expected utility are considered equivalent and retained.
This reflects the non-convexity induced by higher-order moments and nonlinear dynamics. Eco-
nomically, this reflects the coexistence of heterogeneous beliefs regarding bubble continuation
versus collapse, leading to multiple locally optimal but qualitatively distinct allocation strategies.
The results are broadly consistent across assets.

For brevity, Table 5 reports the strategies for the Brent portfolio over the upper quantiles of the
state distribution, while the results for the other assets are reported in the Web Appendix. When
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the conditioning variable X; = x moves towards the upper quantiles, the conditional distribution
becomes increasingly skewed and heavy-tailed (and asymptotically bimodal), reflecting a rising
probability of abrupt corrections. This feature, which is absent from linear Gaussian models,
generates a sharp asymmetry between continuation gains and crash risk. As a result, optimal
portfolio strategies become inherently state-dependent: investors optimally “ride the bubble” at
intermediate quantiles (long positions), but reduce exposure or take short positions as the asset
approaches the upper tail of its distribution, where the likelihood of a regime shift increases
sharply. Such behavior cannot be replicated by standard allocation rules, such as mean-variance
or equally weighted portfolios, which rely on unconditional moments and ignore the current state
of the system. This feature will be illustrated in Section 5.4 through a decision-tree representation
of optimal investment paths. Note also that the results reported in the Web Appendix indicate
that these features of portfolio strategies are stable across assets.

Overall, these findings suggest that accounting for nonlinear and forward-looking dynamics
in the risky asset price materially affects optimal portfolio behavior, leading to state-dependent
strategies that dynamically balance exposure to bubble continuation against crash risk, a mecha-

nism absent from standard portfolio allocation frameworks.

5.2. Out-of-sample performance analysis

We now evaluate the real-time performance of the proposed portfolio strategies using out-
of-sample data. At each investment date, the polynomial trend is recursively re-estimated and
removed from prices, yielding a detrended state variable X1 ;. This value is mapped to the clos-
est lower empirical quantile of the in-sample distribution, which determines the corresponding
optimal allocation (w*, h*). This is a slightly conservative choice, which implies the investor gives
more weight to bubble crashes than to its continuation.

To ensure economic realism, portfolios are dynamically rebalanced. Because the optimal hold-
ing horizon h is state-dependent, rebalancing occurs at irregular intervals and depends on the
realized path of the state variable. At each rebalancing date, the strategy is updated based on the
newly observed state. Positions in the speculative asset are liquidated either when the implied
holding horizon exceeds the remaining investment period H, or when the optimal allocation
collapses to (w*,h*) = (0,0). Figure 5 illustrates this rebalancing mechanism.

Because the mapping from the state variable to optimal strategies may yield multiple solutions
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Xt = Q() XT+1+h'l = q()
(Wo, ho) (W, hy)
W; X141 W; Xre14h}
WT+1+H
T+1 T+1+h; T+1+h, T+1+H

Figure 5: Rebalancing mechanism

and because dynamic rebalancing introduces path dependence, performance is evaluated over

the distribution of investment outcomes. Our results are hence reported in terms of quantiles of

terminal wealth distribution across paths and out-of-sample period, denoted BPjge, for the worst

10%, BPsgo, for the median of the distribution, and BPye, for the best 10%. °

Table 6: Number of rebalancings and strategy paths — BP9,

LIRA CRRA

LIRAGauss LIRADExp LIRAUnif LIRAPow3 ¥y=5 v=10

Medgebal 0.000 3.000 0.000 17.000 0 3

Brent ORebal 1.535 3.444 4.785 5.659 4574 —

€ Medpaths 1 27 1 1 1 1
OPaths 4.900 12.100 4.360 9.330 6.242 0.000

Medgebal 0.000 4.000 0.000 2.250 0 0
Ri ORebal 0.000 4.499 5.311 4616 — 4542

ce Medp, s 1 27 1 1 1 1
OPaths 0.310 10.400 4.870 24.790 0.000 1.630

Medgebal 0.000 0.000 0.000 0.000 0 0

. ORebal 1.879 5.069 4.847 0.848 2.160 —

Soybean oil Meez daPaths P 1 1 1 1 1
Opaths 9.180 24.980 3.560 0.720 1.546 0.000

Medgebal 0.000 0.000 0.000 0.000 0 0
Sovh ORebal 2.729 2.563 3.249 4.070 2272 4145

oybeans Medp, s 1 2 1 1 1 1
Opaths 8.310 12.230 3.790 1.420 3.754 1.417

Notes: Median and standard deviation of the number of rebalancings and strategy paths for the BPsyq, strategies across out-of-sample periods. For the
equally-weighted and mean-variance portfolios, there is always one path with 26 rebalancings for each asset.

Table 6 reports summary statistics on rebalancing activity and the number of strategy paths.

Two robust patterns emerge. First, BP strategies involve markedly fewer rebalancings than bench-

9This notation differs from the BP,,.4, BP, 7, and BPsy), statistics of Section 4: The latter refer to different locally
optimal strategies for a given state, whereas BPjg,, BPspy,, and BPyg, denote quantiles of the out-of-sample terminal
wealth distribution across dates and paths.
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mark portfolios, despite their state-dependent nature. Indeed, both benchmark portfolios are
rebalanced weekly over the H = 26 periods in order to maintain fixed target allocations. The
EW benchmark is rebalanced to a constant 50%/50% allocation, while the MV benchmark is re-
balanced to the portfolio weight estimated once in-sample from the mean—variance optimization
problem. Although these target weights remain unchanged throughout the out-of-sample period,

portfolio positions are adjusted at every period to restore the target allocation.

Table 7: Out-of-sample terminal wealth and Sharpe ratios — BP5qq,

LIRA CRRA
LIRAGauss LIRADExp LIRAUnif LIRAPow3 vy=5 v=10 EW MV

Wealth o 0970/ xx 1.000 1.000 1.010%**/ # 1.000 1.0007**  1.000  1.000

€ o 0.160 0.050 0.060 0.080 0.060 0.070 0.110  0.050

Brent Sh po —0.030"/**  0.0107/* -0.000 0.040%/** -0.010 0.020  0.010  -0.000
arpe o 0.190 0.170 0.190 0.160 0.180 0.180 0200 0.170

Sh o —0.030"+/* 0.010/* -0.010 0.040%*/***  —0.010*/*  0.0207**  0.010  -0.000

moharpe 0.210 0.180 0.220 0.200 0.210 0.210 0.200  0.170

Wealth uo 0990/ 1.000%#*/ ** 1.000 1.000%*/ 1.000 1.000*/*  1.000  0.990

o 0.110 0.040 0.060 0.050 0.060 0.070 0.060  0.060

Rice Sharpe M —0.040"*/* 0,010*/** -0.010 0.010%/** -0.010 0.010  -0.000 -0.010
o 0.200 0.150 0.190 0.170 0.190 0.180 0.170  0.190

Sh o —0.040%/ *x 0.000"/* -0.020 0.000"/* -0.020 -0.020  -0.010 -0.020

moharpe 0.210 0.170 0.200 0.180 0.200 0.200 0.170  0.190

Wealth u 0.990"/* 1.000 1.000%/* 0.990 1.000*/ 1.000 1.000  0.990

o 0.070 0.080 0.060 0.070 0.070 0.080 0.080  0.060

. " -0.020 -0.000 0.010**/* -0.020 0.000 -0.010  -0.010 -0.010
Soybeanoil  Sharpe - 0.180 0.200 0.190 0.200 0.200 0200 0210 0.190
Sh " -0.030 -0.000 0.010%/* -0.020 0.000 -0.010  -0.020 -0.010

moharpe 0.200 0.210 0.210 0.210 0.210 0.200 0.200  0.190

Wealth  H 0.990 1.00044*/4%% - 1,000%/ % 1.000%**/**  1.000"*/** 1,000/ 0.990  0.990

ca o 0.070 0.050 0.060 0.060 0.060 0.060 0.070  0.060

u -0.010 0.010%*/**  0.010%*/*=*  0.010**/**  (.010**/*** -0.000  -0.010 -0.020

Soybeans  Sharpe [ 0.190 0.170 0.190 0.180 0.180 0190 0190 0.180
Sh " -0.010 0.010%*/**  0.010**/***  —0.000*/* 0.010%*/#* -0.010  -0.010 -0.020

moharpe 0.210 0.180 0.210 0.190 0.200 0.200 0.180  0.190

Notes: Out-of-sample average (ji) and standard deviation (¢) of terminal wealth, Sharpe ratio, and modified Sharpe ratio (mSharpe) for the BPsy, strategies. EW:
equal-weight benchmark; MV: mean-variance benchmark. For ;i rows, superscripts denote significance of Wilcoxon tests vs. EW/MV: (-/ « / x %/ # xx) at the 90%,
95%, and 99% levels; a dot (-) indicates non-significance.

By contrast, BP strategies trade only when dictated by the state-dependent allocation rule.
Second, the number of distinct BP investment paths is typically close to one, indicating that
optimal strategies are stable for a given state. However, substantial heterogeneity arises for
some assets, most notably Soybean-oil, especially under LIRA preferences, where the number
and dispersion of paths are large. These results point to the presence of multiple local optima
induced by nonlinear risk-return trade-offs. This stands in contrast with benchmark portfolios,
which rebalance mechanically at each period and admit a unique allocation driven solely by

unconditional moments.
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We next evaluate the economic performance using terminal wealth, Sharpe ratios, modified
Sharpe ratios, and opportunity costs. Terminal wealth Wr, p is obtained by applying the se-
quence of optimal allocations to realized (non-detrended) returns.

Table 7 shows that BP strategies perform on par with, and sometimes outperform, the bench-
mark portfolios for all assets and specifications. While average gains in terminal wealth are
moderate, they are statistically significant and economically meaningful. Risk-adjusted perfor-
mance confirms these findings. Sharpe and modified Sharpe ratios are slightly higher for BP
strategies, indicating that gains are not driven by excessive risk-taking but by improved timing

and state-contingent allocation.

Table 8: Opportunity cost — BP5y9,

LIRA CRRA
LIRAGauss LIRADExp LIRAUnif LIRAPow3 =5 v =10

EWvs -0.030 -0.010 -0.010 0.010 -0.010  0.000

Brent o 0.170 0.110 0.120 0.090 0120  0.110
¢ MV ve K -0.030 0.000 0.000 0.010 -0.000  0.010

S 0.150 0.050 0.050 0.080 0050  0.070

EWvs M -0.000 0.000 0.000 0.010 -0.000  0.010

Rice o 0.090 0.050 0.060 0.050 0060  0.070
MV u 0.000 0.010 0.000 0.010 0.000  0.010

Vs 0.090 0.040 0.030 0.030 0030  0.050

EWvs -0.010 0.000 0.000 -0.010 0.000  -0.000

Sovbean ol o 0.070 0.090 0.070 0.100 0.090  0.100
oybean o MV n -0.010 0.010 0.010 -0.000 0.010  0.000
A 0.070 0.060 0.040 0.030 0.040  0.040

EW s M -0.000 0.010 0.010 0.010 0010  0.010

Sovb v 0.070 0.060 0.070 0.060 0070  0.060
oybeans MVvs H -0.000 0.010 0.010 0.010 0.010  0.010
v 0.050 0.040 0.030 0.040 0.040  0.040

Notes: Opportunity cost (as a fraction of initial wealth) for the BPsq, strategies vs. EW and MV benchmarks. Out-of-sample
average () and standard deviation (). A dash indicates that both the median and standard deviation of strategy paths equal
Z€ro.

A key feature of the BP approach is its heterogeneous performance across the distribution of
outcomes. Results in the Web Appendix show that the lower tail (BPjge,) is broadly comparable
to, or slightly worse than, the benchmark strategies in terms of terminal wealth and risk-adjusted
performance. However, performance improves markedly as one moves up the distribution. In
particular, the upper quantile (BPy9,) exhibits substantial gains in both terminal wealth and

Sharpe ratios, with improvements reaching up to three percentage points relative to the median
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strategy and significantly outperforming both benchmarks.

From a utility perspective, Table 8 and the additional results reported in the Web Appendix
provide further support for the economic value of the proposed approach. Opportunity costs
are generally positive for BPsy, and increase significantly for BPyy, strategies, indicating that
investors would require compensation to switch to benchmark portfolios. In contrast, oppor-
tunity costs for BPjg, strategies are often small or negative, reflecting weaker performance in
unfavorable scenarios. This pattern is consistent with the distributional results discussed above
and reinforces the interpretation of BP strategies as providing asymmetric payoff profiles.

We next focus on periods where the detrended state variable lies in the upper tail of its distri-
bution, corresponding to bubble dynamics, i.e. above the 75% threshold. This threshold, rather
than a higher one, is chosen to retain a sufficiently large number of out-of-sample observations
to validate our strategy. The results are reported in the Web Appendix. The BP approach ex-
hibits a larger number of rebalancings and strategy paths, reflecting a more complex conditional
dependence structure. At the same time, the relative performance of BP strategies becomes more
pronounced in these regimes. While downside performance (BPjgy) remains close to that of
benchmark portfolios, the upper quantiles deliver substantial gains with controlled risk expo-
sure. It is important to note, however, that in this setting the number of out-of-sample observa-
tions is limited. As a result, we rely on the median as a robust measure of central tendency, and
the associated Wilcoxon tests are expected to exhibit lower statistical power than in the baseline
analysis.

Overall, these findings indicate that the proposed state-dependent allocation mechanism ef-
fectively captures the time-varying risk-return trade-offs associated with speculative episodes.
By conditioning on the current state of the bubble asset and incorporating higher-order moments
of returns, BP strategies deliver economically meaningful improvements over standard bench-
mark approaches, particularly in environments characterized by nonlinear and asymmetric price

dynamics.

5.3. Sensitivity analysis

We assess the sensitivity of our results by isolating the role of higher-order conditional mo-
ments in the portfolio optimization problem. In particular, we examine whether the performance

gains documented in the previous section are driven by the inclusion of skewness and kurtosis,
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or whether they primarily reflect the state-dependent nature of the allocation rule.

To this end, we consider a restricted version of the BP framework in which the speculative
asset continues to follow a MAR(1,1) process, but the portfolio optimization program relies ex-
clusively on the first two conditional moments of terminal wealth. In this setup, both CRRA
and LIRA utility functions are approximated using a second-order Taylor expansion, effectively
reducing the allocation problem to a mean-variance framework. The resulting strategies remain
state-dependent through the MAR dynamics, but abstract from higher-order risks.

This exercise directly assesses the incremental contribution of higher-order moments beyond
the state-dependent allocation mechanism. The corresponding results, reported in Section 3 of
the Web Appendix, indicate that the mean-variance BP strategies deliver performance levels that
are qualitatively similar to those obtained under the full four-moment specification in terms of
terminal wealth and opportunity costs, both over the full distribution and when focusing on
investments initiated during bubble periods. Moreover, the overall patterns of optimal allocation
across states remain broadly unchanged.

However, several important differences emerge. First, the two-moment specification exhibits
a larger number of strategy paths and greater dispersion across paths, reflecting a less parsi-
monious mapping from market states to optimal strategies, and leading to less stable allocation
patterns across states. In contrast, incorporating higher-order moments tends to simplify the
structure of optimal strategies, resulting in fewer distinct paths and more stable rebalancing
behavior, thereby reducing turnover and improving the implementability of the strategy in the
presence of transaction costs.

Second, while average performance levels are broadly comparable, the inclusion of higher-
order moments improves risk-adjusted outcomes in several cases, as reflected in higher Sharpe
and modified Sharpe ratios. This highlights the role of skewness and kurtosis in capturing
the asymmetric trade-off between continuation gains and crash risk, which is only partially ac-
counted for in a mean—variance framework.

Overall, these findings emphasize that the primary driver of performance in our framework
is the state-dependent allocation mechanism induced by the MAR dynamics. Accounting for
higher-order moments provides an additional refinement by improving risk management and
stabilizing allocation decisions, but it does not, by itself, fully explain the performance gains.

In other words, state dependence is the primary source of economic value, while skewness and
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kurtosis improve the efficiency, robustness, and implementability of the resulting allocation rules.

5.4. Tree path analysis

To illustrate the economic mechanism underlying our framework, we represent the set of
optimal strategies for Brent as a decision tree for the investment date 20 May 2022. This date
lies in the out-of-sample period and corresponds to a state in which the detrended price falls in
the 99.9% quantile of its in-sample distribution, i.e., an extreme right-tail realization associated
with elevated crash risk. The tree provides a compact visualization of the mapping from the
state variable to optimal allocation rules and highlights how state-dependent moments translate
into discrete allocation regimes. Each node represents a rebalancing date, and strategies are
summarized in the form “sign(w) x h.w,” where the sign indicates the position (long/short), w
the portfolio weight, and /1 the investment horizon in weeks. The root node (“0”) corresponds to
the initial decision, and “26” denotes the terminal horizon H.

Figure 6 reports the resulting strategy trees for both CRRA and LIRA preferences. A striking
feature is that, at such extreme states, most specifications lead to a nearly degenerate solution
characterized by a single dominant trajectory: a small short position held over the entire horizon.
This reflects the predominance of downside risk when the asset price lies deep in the upper tail
of its distribution.

Differences across preferences arise primarily in the timing dimension. Under Gaussian LIRA
preferences, the strategy involves infrequent monitoring, with re-optimization occurring every
five to eight periods. By contrast, the double-exponential LIRA specification produces a se-
quential decision structure in which the investor repeatedly trades off continuation and crash
scenarios: at each date, the optimal policy alternates between a short-term long position (21%
over one period) if the continuation regime is deemed more likely, and a small short position
held to maturity otherwise.

Overall, the tree representation provides a transparent visualization of the decision-making
process generated by the BP framework. Rather than prescribing a single portfolio allocation,
the optimization problem delivers a set of feasible state-contingent strategies that differ jointly
in exposure and investment horizon. The resulting paths highlight the importance of timing
decisions in speculative environments and illustrate how small changes in the perceived balance

between continuation and crash risk can lead to distinct, yet locally optimal, allocation rules.
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More generally, the tree representation makes clear that the economic value of the BP approach
arises from its ability to adapt portfolio decisions to evolving market conditions rather than from

a static buy-and-hold allocation.

CRRA (gamma = 5) — 2022-05-20 CRRA (gamma = 10) - 2022-05-20
(a) CRRA
LIRAPow3 - 2022-05-20 LIRAUnIf - 2022-05-20

[ 0 ]—[ -26.99 ]—[ 26 ] [ 0 ]—[ -26.99 H 26 ]
LIRAGauss - 2022-05-20

(b) LIRA

Figure 6: Decision-making trees
Reading key: sign(w) * h.w, with w the investment share in the bubble asset and / the horizon of this investment.

6. Conclusion

This paper studies portfolio allocation under speculative dynamics using a mixed causal-noncausal
(MAR) framework with a-stable innovations. By linking the conditional distribution of returns to
the level of the detrended price,the model generates allocation rules that adapt to the changing
balance between bubble continuation and crash risk.

Both simulation and empirical results show that the proposed bubble portfolio strategies
outperform standard benchmarks, particularly during bubble episodes. These gains primarily
arise from the dynamic mapping between market states and portfolio decisions, which allows

investors to adjust both exposure and timing as market conditions evolve.
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The sensitivity analysis further shows that this state dependence is the main driver of eco-
nomic value. While a mean—variance restriction preserves the broad allocation patterns and de-
livers comparable performance in terms of terminal wealth and opportunity costs, incorporating
higher-order moments improves risk-adjusted outcomes and yields more stable and parsimo-
nious strategies, with reduced dispersion in allocation paths and rebalancing activity.

Overall, the results highlight the importance of accounting for state-dependent dynamics
when allocating capital in speculative markets. Higher-order moments refine portfolio deci-
sions, but the primary source of performance gains lies in exploiting the state-dependent nature

of speculative dynamics.
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Appendix A. Proofs

Appendix A.1. Conditional moments of terminal wealth

This subsection derives the conditional moments of terminal wealth used in the portfolio
optimization problem described in Section 2.1. Note that in the empirical implementation in
Section 5.1 returns are computed from the observed price and not the detrended component (as
in Section 2.1), which leads to the adjusted expressions derived below.

Following Section 5.1, the observed price of the speculative asset is decomposed as
Yy =T(t) + Xy,

where T(t) is a deterministic trend and (X;) is a stationary MAR(1,1) process. The safe asset (S;)
follows a geometric Brownian motion with drift v and volatility ¢.

The portfolio optimization hence requires computing

E[U(Wirn) | Y1, S,
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which depends on the conditional raw moments
My :=E[Wl ;| Y., S], p=1234

Given the independence of (Y;) and (S;), conditional expectations factorize with respect to X;
and S;.
Decomposition of terminal wealth. Recall from Section 2.1 that terminal wealth can be

written as

Y,
Wi gt = St+H (w b (1~ ) 5t+h> '
+

Let

St+H Yin St+n
A= , C:=—", B:= ,
Stin Y; S;

where C denotes the gross return of the speculative asset and A, B those of the safe asset over

non-overlapping intervals. Then
Wisn = A(wC + (1 — w)B).

Theorem 1. Suppose that the processes (Y;) and (S¢) are independent, and that (S;) follows a geometric
Brownian motion with independent increments. Then, the p-th conditional raw moment of terminal wealth
is

M, = fo (i’) W/ (1—w)PTE[AF | S{|E[B* 7 | S{|E[C] | Yi]. (A1)
=

Proof. Expanding W/ Ly gives

p . o
Wi =AY (’;) w/ (1 —w)P~ICIBPI.

Taking conditional expectations given (Y}, S¢) yields

p . . . .
My =Y (?) W(1 - @) TE[APCIBY T | Vi, 5]
j=0

Since A = Si1pg/Si1y and B = S, /S depend on non-overlapping increments of the ge-

ometric Brownian motion over (¢t + h,t + H| and (t,t + h], respectively, they are conditionally
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independent given S;. Moreover, the independence of (Y;) and (S¢) implies that C is indepen-

dent of (A, B) conditional on (Y}, S;). Hence

E [A”CfBF”f ] Yt,st} = E[A? | S| E[B"T | S| E[CT | Y.

Substituting into the previous expression gives (A.1).

O

This decomposition highlights that higher-order moments of terminal wealth arise from the
interaction between nonlinear return dynamics of the speculative asset and the log-normal struc-
ture of the safe asset.

Moments of the speculative asset. Since T(t) is deterministic, conditioning on Y; = y is
equivalent to conditioning on X; = x with y = T(¢) + x. Under independence, conditioning on

S; does not affect C and is omitted.

Lemma 1. Forp > 1,

ElcP 1 S (P b d
c |Xt—x]—wg<],>T(t+h) E[X], | X =1], (A2)
=

where the conditional moments IE[X% +n | Xe = x] are provided in closed form by Proposition 1.
Proof. Follows from Y;,j, = T(t +h) + X;;j and the binomial expansion. O

This expression shows that the deterministic trend affects not only the mean but also higher-
order moments of returns, thereby influencing optimal portfolio decisions through both expected

returns and higher-order risk.

Corollary 1. If T = 0, then

E[X} , | X¢ = x]

E[CP | X; = ] = >

Moments of the safe asset. Using standard properties of the geometric Brownian motion and
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the definitions A = Sy /Sy, and B = S, 1,/ S, we obtain

E[A?] = exp(pv(H — h) + 1p(p — 1) (H — h)),

E [Bp} = exp (pvh + %p(p — 1)g2h) )

These expressions, together with (A.1) and (A.2), yield closed-form formulas for the first four
conditional moments of terminal wealth used in the portfolio optimization problem in Section

2.1.

Appendix A.2. Derivation of the constants o7, B1, kp, and Ap

This appendix derives the constants (o7, B1,%,,A,) entering the conditional moment repre-
sentation in Proposition 1. These quantities are obtained by specializing the general expressions
for two-sided a-stable MA(co) processes derived in Fries [2022] to the MAR(1,1) case.

Following Fries [2022], consider the stationary component X; represented as

X = Z AkE4ks
keZ
where ¢ ~ S(a,B,0, 1) is an i.i.d. a-stable sequence with 0 < a < 2 and a # 1. Without loss
of generality we set 4 = 0. The location parameter only induces deterministic shifts in X; and
Xi+p, and therefore does not affect the dependence structure driving the conditional moments.
Its effect on raw conditional moments can be recovered from the y = 0 case via the binomial
transformation E[X} , | X; = x] = Zf:o (?)‘uzpfj E[X]., | Xt = x — 1], where X; := X; — pi1 and
U1, 42 denote the location shifts induced by y on X; and X;j respectively (see Section 2 in Fries

[2022]). Then, for p < 4, the constants entering the conditional moments stated in Proposition 1
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are defined as

1—[g°9°[*
O_IX :0.0t ,
! (1— @) (1 — [p°]4)(1 — [p*]%)
B :ﬁl —@°=" =" (1—9°|")(1—[¢°]")
1 _ |(po|a‘q)o‘tx (1 _ (Po<t¥>)(1 _ 4).<o<>>
. :qv'h”(l —9°|*) + (¢°"Pl@° ") (1 — |@*|%)
14 1— |(P0(Po|zx
(@*"719°|* (9*9°) 7 — 9P |@°|*") (1 — |@°|*) (1 — |@*|*)
+ [e} e, ,0\— O n® 7
(1= g°[*(@*@°)~P)(1 — |p°p*|*)

1— q)o<tx>(po<lx>

Ay =Br x <¢-hp<1 19757 + (97 et (1 — g

+

(1 _ q)o<tx>)(1 _ (Po<0¢>) (qoohp(Po<a>(q)o(Po)fp _ (Po—hp(po<0¢>h)
1_q)o<lx>(q)oq)o)—p 1_¢o<lx>¢o<tx> 4

where, following Fries [2022], y{*) = sign(y)|y|* for any y € R, and ¢* # 0.1 ¢; and f; denote
the scale and asymmetry parameters of the marginal a-stable distribution of X;, whereas the
constants x, and Ay, p > 2, generalize standard dependence measures invoked in the literature
to powers of X; and X;,, in the asymmetric case. At the same time, H contains functions related
to the marginal density of the stable random variable X; and for n € IN, 8 = (01,6,) € R% x € R

is defined as

400

H(n,0;x) = /

e~ o1ut yn(a=1) (61 cos(ux —apyofu”) + 6y sin(ux —aprofu®))du, a = tan(ﬂ) '
JO

2
The quantities ¢} and B respectively characterize the effective scale and skewness of the process,
while x, and A, capture the propagation of shocks across leads and lags and govern higher-order
dependence and asymmetry.
Substituting the closed-form coefficients of the two-sided MA(oo) representation of MAR(1,1)
process
o\k o\ —k
ﬂkzi((PZ., k>0, akzi((P)o o k<0,
1=9¢°¢ 1=9¢°%¢

into the general expressions given in Fries [2022], and evaluating the resulting sums using stan-

19The case ¢* = 0 corresponds to a purely noncausal AR(1) process and must be treated separately.
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dard geometric series arguments, yields the closed-form expressions reported above. Note that

(1 — ¢°¢®)" is well defined for non-integer « since ¢°¢* € (—1,1) implies 1 — ¢°¢® > 0.

Appendix B. Utility Functions

This subsection describes the utility functions used in the portfolio optimization problem.
We begin with the standard Constant Relative Risk Aversion (CRRA) specification, and then
introduce the class of LIRA (Left Integrable Risk Aversion) utility functions.

In the CRRA case, preferences are represented by

W=

uw) = 1—

¥>0, v+1,

where < denotes the coefficient of relative risk aversion. While this specification is widely used
in portfolio choice, it may generate degenerate optimal demands when the return distribution
exhibits infrequent but extreme losses.

To address this limitation, we consider the class of LIRA utility functions introduced by
Gourieroux and Monfort [2004]. These preferences provide a flexible framework to incorporate
higher-order risk considerations while preserving tractability, and are particularly well suited to
environments with asymmetric and heavy-tailed risks, such as those generated by MAR dynam-
ics.

Definition. A utility function U is said to be LIRA if it is increasing, concave, and satisfies

lim U (W) < +co.

W——c0

This condition ensures that marginal utility remains bounded for large losses, thereby avoiding
the degeneracy of optimal portfolio choices under CRRA preferences. Any LIRA utility function

admits the representation
w
U(W)qu—i—b/ S(x)dx+c, a>0,b>0, (B.1)

where S is a non-increasing function taking values in [0, 1], interpreted as the survivor function
of a probability distribution. This representation decomposes utility into a linear component and

a downside-risk component related to a put-option payoff.
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LIRA preferences yield finite and non-degenerate optimal demands for assets exhibiting rare
and severe losses. The ratio a/b controls the relative importance of the linear (risk-neutral) and
nonlinear (risk-averse) components, while the shape of S determines sensitivity to downside risk.

Parametric specifications. We consider four parametric specifications corresponding to dif-

ferent choices of S:

* Gaussian LIRA (LIRA-G): S is based on the Gaussian distribution, yielding a smooth utility

with decreasing absolute risk aversion.

* Double-exponential LIRA (LIRA-DE): S is based on a Laplace distribution, allowing for asym-

metric sensitivity to gains and losses.

e Uniform LIRA (LIRA-U): S corresponds to a uniform distribution on [u;, uy,], with u; < uy,
leading to a piecewise quadratic utility locally depending only on mean and variance, and

which is affine outside this interval.

 Power-weighted LIRA (LIRA-P): S is defined on [u;, uy] as

1, W < uy,
Mh—W

Ks
> , U <KW <y,

0, W > uy,

where a; > 0 controls the curvature. This specification generalizes the uniform case (ob-

tained when a; = 1) and allows for flexible modeling of downside sensitivity.

For both CRRA and LIRA preferences, expected utility is approximated using a fourth-order
Taylor expansion around W = E[W;, g | X;, S;]. The resulting objective depends on the condi-

tional moments of terminal wealth derived in Appendix A.l.
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