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Abstract

We develop a new forecasting theory based on a novel spectral representation of a-stable random vectors
on unit cylinders defined by seminorms. We prove necessary and sufficient conditions for such repre-
sentations to exist. For two-sided a-stable moving averages X; = ZkeZ dieitk, we characterize when
trajectory vectors of the form X; = (X¢_p,..., X¢1n) are representable on {s € R+ . ||| = 1}
for || - || an appropriate seminorm. The key finding is that purely causal processes are inherently non-
representable and that anticipativeness is required. For such noncausal and mixed causal processes, the
tail behavior of normalized future paths has an explicit limit characterized by discrete spectral mea-
sures, thereby revealing that X /|| X || is necessarily collinear to some specific MA(oo) coefficients. For
anticipative AR(p > 2) and fractionally integrated processes, we further show that the tail conditional
distribution is {0, 1}-valued, so that the conditional law of the future path degenerates to a single point in
the large-deviation limit. We develop new procedures to forecast crash dates and reversal probabilities,
and demonstrate through Monte Carlo simulations their finite-sample performances. As an empirical

illustration, we estimate the reversal dates of El Nifio and La Nifa occurrences.
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1 Introduction

Stochastic processes that depend on future values of an independent and identically distributed
(i.i.d.) sequence, called anticipative processes, have recently attracted considerable attention in
statistics and econometrics (Fries and Zakoian, 2019; Gouriéroux and Zakoian, 2017; Hecq et al.,
2017a; Cavaliere et al., 2020; Gouriéroux and Jasiak, 2017; Bec et al., 2020; Fries, 2022; Hecq
and Voisin, 2021; Blasques et al., 2025; Hecq and Velasquez-Gaviria, 2025; Giancaterini et al.,
2025). These processes are particularly useful for modeling financial bubbles, climate extremes
and more generally nonlinear dynamics that are exhibiting heavy-tailed marginals and condi-
tional heteroskedasticity, while preserving the simplicity of strictly stationary linear models."
Interestingly, they arise as solutions to rational expectations models with infinite variance inno-
vations (Gourieroux et al., 2020), with applications in macroeconomics (Lanne and Saikkonen,
2013; Chen et al., 2017; Gouriéroux et al., 2019; Chahrour and Jurado, 2021) and climate model-
ing (Giancaterini et al., 2022). While estimation methods are well-developed for both univariate
and multivariate settings (Andrews et al., 2009; Lanne and Saikkonen, 2011, 2013; Hecq et al.,
2016; Fries and Zakoian, 2019; Hecq et al., 2017b; Cavaliere et al., 2020; Velasco and Lobato,
2018; Hecq et al., 2020; Gouriéroux and Jasiak, 2016, 2017; Gourieroux and Jasiak, 2023; Hecq
and Velasquez-Gaviria, 2025; Jasiak and Manafi Neyazi, 2026), the conditional distribution of
future paths given past observations remains poorly understood. Closed-form formulas are un-
available, leading researchers to propose numerical approaches (Lanne et al., 2012; Gouriéroux
and Jasiak, 2016; Gourieroux et al., 2021; Dumitrescu et al., 2026). Recently, Gourieroux
and Jasiak (2026) derived closed-form one-step-ahead predictive densities and developed Sam-
pling Importance Resampling (SIR) methods for multi-step forecasting and nonlinear impulse
response functions.” However, these algorithms often lack theoretical guarantees and are com-
putationally expensive for long horizons and they fail to capture dynamics during explosive
episodes accurately (Hecq and Voisin, 2021).

An exception is the anticipative a-stable AR(1) process, for which partial results were ob-
tained in Gouriéroux and Zakoian (2017) and later completed in Fries (2022). Even in the
simplest case within the family of anticipative processes, future realizations exhibit a complex
dependence on the observed past. This is reflected in the functional forms of the conditional
moments, which are generally nonlinear (see Fries, 2022). Interestingly, the dynamics of the

IMOMH (2019) shows that despite the i.i.d. nature of the error term, the conditional distribution
in direct time is lighter-tailed than the error distribution, revealing ARCH effects in causal representations.

2
Gourieroux and Jasiak (2026) extends Gouriéroux and Jasiak (2016)’s forecasting approach to multivariate

mixed-causal (S)VAR, but their kernel-based conditioning methods remain computationally demanding.



anticipative stable AR(1) process simplify during extreme events, appearing to follow an explo-
sive exponential path with a determined killing probability (see Gouriéroux and Zakoian, 2017;
Fries, 2022; Gouriéroux et al., 2025). This naturally raises the question of whether, and in what
form, such behavior might occur in more general stable processes. For X; a two-sided moving

average, defined by

Xt = Z dk5t+k (1)
keZ

where (g;) is an i.i.d. a-stable sequence and (dj) is a sequence of non-random coefficients,
this paper examines the conditional distribution of future paths, specifically, (X;y1, ..., Xiip)
given the observed trajectory (X;—m, ..., X;) with m >0 and h > 1 , when the process hugely
deviates from its central values. Only mild summability conditions are assumed on the sequence
(di), and in particular, we do not make any assumptions upfront about the anticipativeness or
non-anticipativeness of (X;). Under this general framework, any vector of the form X; =
(Xt—my .-, X¢qp) is multivariate a-stable and its distribution is characterised by a unique finite
measure I' on the Euclidean unit sphere S, .1 = {s € R™*+L . |s||. = 1}, where || - ||
denotes the Euclidean norm (Theorem 2.3.1 in Samorodnitsky and Taqqu (1994)). The measure
I' completely describes the conditional distribution of the normalized paths X;/|| X¢||e, which
represents the “shape” of the trajectory, when Xj is large according to the Euclidean norm. A
straightforward application of Theorem 4.4.8 by Samorodnitsky and Taqqu (1994) indeed shows
that

I'NANn B
P(Xo/IXilk € A | 1Xdle > 2 X/l Xille € B) =, “pp @)

for any appropriately chosen Borel sets A, B C S;,+p+1. As such, however, (2) is of limited value
for prediction purposes, where only X;_,,, ..., X; are assumed to be observed. This is because,
through the Euclidean norm of X, the conditioning also depends on the future realizations
X1, .-, Xign- To overcome this critical issue, we investigate the conditional tail properties of

X, when the Euclidean norm is replaced by a seminorm || - || satisfying

H(w—mr"7x07x1a---7wh)|| = H(x—mr"7'1.0707"'70)”7 (3)

3 . . .
for any (x_,,,...,x;) € R™TH1" More precisely, we seek the asymptotic behavior as x — oo

of equation (2) using a seminorm instead of a norm, namely

Xy Xy
IP(GA‘HXtH>x,eB(V) . B(V)=V xR (@)
[ X [ X
3A seminorm on R? satisfies the same axioms as a norm (non-negativity, absolute homogeneity, and triangle
inequality) except for the definiteness axiom. Specifically, for a seminorm || - ||, we may have ||z|| = 0 for some
x #0. Theset KI'l := {z € R?: ||z|| = 0} is called the kernel of the seminorm. When K!I'l = {0}, the seminorm

is actually a norm.



where || X¢|| = [(Xt=m,-.-, X+, 0,...,0)|, V describes a pattern in the past trajectory and A
describes the future path region of interest. In this context, we explore a new representation
of stable random vectors on the “unit cylinder” T”rﬂrhﬂ = {s € R . ||s|| = 1}, where
|| - || is such a seminorm. Contrary to representations involving norms (see Theorem 2.3.8 in
Samorodnitsky and Taqqu (1994)), not every stable random vector can be characterized on
such a unit cylinder: we show that X; admits a representation by a measure T'l'l on CMrh 1
if and only if (X;) is “anticipative enough”. The equation (2) is then shown to hold with an
adequate seminorm and with T" (resp. Sy, 4n+1) replaced by Tl (resp. Cﬂﬂrh +1)- The problem
finally comes down to choosing the appropriate Borel sets B in (2) reflecting that only the past
“shape” (Xi—m, ..., Xt)/|| X¢|| is observed.

The forecasting theory developed herein is linked to the conditional extreme value (CEV)
literature (Davis and Hsing, 1995; Konstantinides and Mikosch, 2005; Meinguet and Segers,
2010; Buraczewski et al., 2013; Janflen and Segers, 2014; Basrak et al., 2016; Dombry et al.,
2017; JanBen, 2019; Planini¢ and Soulier, 2017; Dombry et al., 2018, 2022) and, in particular,
the concept of the spectral tail process, (0;), introduced for time series by Basrak and Segers
(2009).4 When || X || is large, the limit distribution of the normalized vector X/|| X || can
often be characterized by Y ®, where the radial part Y represents the magnitude (following a
Pareto(a) distribution) and the angular part (or spectral tail process) @ = (0;) captures the
shape. Crucially, these limiting components Y and ® are independent. For strictly stationary
univariate linear processes defined in (1), and as a consequence of the Single Big Jump (SBJ)
heuristic (see e.g. Kulik and Soulier, 2020), the spectral tail process ©; can be represented using
two independent random components: ©; = ©.dy_;|ds|~! (see e.g. Mikosch and Wintenberger,
2024). Here, O, reflects the sign of the extreme event, and its distribution is linked to the ex-
tremal skewness of the innovation ;. J is the random index (or stochastic drift) measuring the
time lag to the location of the SBJ, whose distribution crucially depends on the (dj) coefficients
and the tail parameter a. Gouriéroux et al. (2025) bring this regularly varying, spectral tail
process machinery to bear on mixed causal-noncausal autoregressive (MAR) processes, deriving
CEV-type limits for their extreme trajectories. Our a-stable, seminorm-based approach differs
from this line of work, and more broadly from the two standard CEV routes to conditional ex-
tremes, multivariate regular variation of the path vector, and the spectral tail process anchored
at the single coordinate {|X;| > x}, in three connected respects. First, whereas the general regu-

# Another strand of this vast literature relates to the extremogram introduced by Davis and Mikosch (2009),
defined as pg(h) = limuy o0 P(Xi4n > u | X¢ > u) for b > 1. However, this approach is arguably more suited for

causal processes where extremes arise unpredictably from past innovations, whereas anticipative processes often

exhibit extremes emerging through predictable trajectory patterns, enabling turning point forecasts.



larly varying framework only guarantees the existence of the limit tail measure and, for practical
use, requires estimating its tail index and extremal skewness, the a-stable assumption yields
an exact and finite expression of the spectral measure Tl a discrete weighted sum of Dirac
masses located at the normalized MA (co) coefficient vectors (Section 4). Second, the spectral
tail process and Gouriéroux et al. (2025) anchor extremal conditioning on a single coordinate,
the large-magnitude event {|X;| > z}, and update forecasts online as new observations arrive.
Our seminorm framework instead conditions directly on the observed shape of the entire past
window (Xy—m, ..., X¢), which is the information actually available for prediction. Third, this
shape conditioning yields a sharper limit: for sufficiently anticipative processes (anticipative
AR(p > 2) or fractionally integrated), the conditional distribution of the future path degener-
ates to a single Dirac mass (Proposition 6), an asymptotically deterministic forecast of the path
shape under the assumed model. Section 4.4, together with Appendix A of the Supplementary
Material, positions the seminorm representation relative to these two routes. Single-coordinate
anchoring on {|X;| > 2} amounts to a degenerate seminorm that retains only the present co-
ordinate X; of X3 and discards the rest of the past window. For purely anticipative processes
observed over a window of length at least two, the path vector X; is representable on every
past-window seminorm cylinder we use, but not on this coordinate cylinder, and the missing
spectral mass is computed in closed form (Proposition 7 in the Supplementary Material). It is
carried by an explicit family of post-peak patterns, in which an extreme has already occurred in
the recent past while the present coordinate has reverted toward central values, and it is exactly
the asymptotic fraction of the extremes of Xy that fail to trigger {|X;| > ex} however small
€ > 0. Conditioning on the observed past window captures these patterns. This past-window
conditioning can also be reached within the tail-measure calculus of Kulik and Soulier (2020):
Proposition 8 in the Supplementary Material re-derives our conditional limit from the tail mea-
sure of (X;), for any norm on the past block and any two-sided stable moving average with o # 1
or (e, ) = (1,0), and shows that the two routes coincide. The seminorm representation is thus
not a competitor to the tail-process framework but an exact, stable-specific route to the same
limits, which delivers them in closed form and makes explicit the link between anticipativeness,
past-representability and the predictability of extremes.

Section 2 characterizes the representation of general a-stable vectors on seminorm unit cylin-
ders and shows that (2) can be restated under this new representation. Focusing on a-stable

processes defined by (1), Section 3 studies under which condition the vector (Xi—m, ..., Xiin)

admits a representation on the unit cylinder C’JJ,; Yhil

The anticipativeness of (X;) interestingly

emerges as a necessary condition for such a representation to exist. Section 4 leverages (2) to



analyze the tail conditional distribution of specific processes: the anticipative AR(1), AR(2),
and the anticipative fractionally integrated process. For the last two processes, the conditional
distribution of the future path degenerates asymptotically to a single pattern, so that, under the
assumed model and provided the current pattern is correctly identified, the peak and reversal
dates are pinned down in the limit. The same section closes with a dedicated subsection (Section
4.4) that positions our approach relative to the multivariate regular variation and spectral tail
process frameworks, establishing that it coincides with them on the past-window conditioning
event and quantifying what the single-coordinate anchoring misses. Section 5 demonstrates the
empirical relevance of our theoretical results through a climate forecasting exercise. Specifically,
we predict the occurrences of El Nino and La Nifia, as well as their reversal dates, using the
Southern Oscillation Index (SOI) data.” Section 6 concludes the paper. Proofs, the formal
comparison with the regular variation and spectral tail process frameworks, additional Monte
Carlo simulations and complementary empirical results are provided in the Supplementary Ma-
terial (de Truchis et al., 2026). All results can be reproduced with a replication package in
Python and R and with a web application (https://marforecast.streamlit.app/), which

also applies our methods to other time series.

2 Representation of stable random vectors on unit cylinders

We start with a review of the characterization of stable random vectors on the Euclidean unit
sphere. First, we recall that a random vector X = (X7,..., Xy) is defined to be a stable random
vector in R? if and only if, for any positive numbers A and B there is a positive number C' and

a deterministic vector D € R? such that
AXW 1 Bx® L ox 1 p,

where XM and X® are independent copies of X. Furthermore, if X is stable, then there
exists a real number « € (0,2] such that the above relation holds with C' = (A* + B*)/* and
X is referred to as a-stable. The Gaussian case (o = 2) is henceforth excluded. For, X an
a-stable random vector with 0 < a < 2, one can define a unique pair (I', u°), where I is a finite

measure on Sy and pu® a non-random vector in R?, such that,

B[] = exp{ = Vw17 (1= isien( () (o, (o ) ) () 4 u°>}, Vu € RY,
(5)
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Data and methodology are available at: https://www.ncei.noaa.gov/access/monitoring/enso/soi


https://marforecast.streamlit.app/
https://www.ncei.noaa.gov/access/monitoring/enso/soi

where (-,-) denotes the canonical scalar product, w(a,s) = tg (%), if a # 1, and w(l,s) =
—% In |s| otherwise, for s € R. The pair (', u°) is called the spectral representation of the stable
vector X, I is its spectral measure and p its shift vector. In particular, X is symmetric if and
only if u° = 0 and I'(A) = I'(—A) for any Borel set A in Sy (Theorem 2.4.3 in Samorodnitsky
and Taqqu (1994)), and in that case

E[e“uv?@] = exp{ —/S |<u,s>|OT(ds)}, Vu € R% (6)

The representations (5) and (6) of a stable random vector involves integration over all directions
of Rd,G parameterized here by the unit sphere with respect to the Euclidean norm. Proposition
2.3.8 in Samorodnitsky and Taqqu (1994) shows that the unit sphere with respect to any norm
can be used instead, provided a change of spectral measure and shift vector. We explore
alternative representations where integration is carried out over a unit cylinder relative to a
seminorm. However, for a given seminorm, not all stable vectors admit such a representation,

motivating the following definition.

Definition 1 Let || - || be a seminorm on RY, CE'H = {s € R?: ||s|| =1} be the corresponding

unit cylinder, and let X = (X1,...,Xq) be an a-stable random vector.

(t) Asymmetric case:
In the case where X s not symmetric, we say that X is representable on C’C'll'” if there
exrists a non-random vector “|(|)~H € R? and a Borel measure TI'l on C’w satisfying for all

u € R?

Ly 8T ds) <+, (7)

ifa#1, and ifa =1,

J:

oy )| 1n |, )] [P (ds) < +oo, (8)
d
such that the joint characteristic function of X can be written as in (5) with (Sy, T, u°)

replaced by (CE’H,F”'”,uﬁ,”).

(tt) Symmetric case:
In the case where X is symmetric a-stable (SaS), 0 < a < 2, we say that X is repre-
sentable on Cc‘l‘.” if there exists a symmetric Borel measure Tl on Cc‘l‘.” satisfying (7) such
that the joint characteristic function of X can be written as in (6) with (Sq,T') replaced
by (I, T,

6
By “direction” of R?, we mean the equivalence classes of the relation “=” defined by: u = v if and only if

there exists A > 0 such that u = Av, for u,v € R%.



The integrability conditions (7)-(8) ensure the validity of the above definition. When Kl :=
{z € R : ||z|| = 0} satisfies KII'l £ {0}, i.e. || - || is an appropriate seminorm, unit cylinders
are unbounded sets, which necessitates these integrability conditions.” If Kl = {0}, i.e.
|| - || comes down to a norm, the unit cylinder C’C|1|'H coincides with the classical unit sphere,
which is bounded, and conditions (7)-(8) are automatically satisfied for any finite measure
Il and the theory presented here reduces to standard representations of stable vectors on
unit spheres (see Proposition 2.3.8 in Samorodnitsky and Taqqu (1994)). The genuine interest
of seminorm representations arises when Kl {0}, as they allow for representations that
encode information about only a subset of all possible directions in R¢. This is precisely the
framework needed for studying conditional extremes of time series, where we condition on
observed past values (which determine a direction in a subspace) and wish to make inferences
about future values. In this setting, the unit cylinder C(g'” captures all directions consistent
with a given “shape” of the past trajectory, while remaining agnostic about the magnitude
or direction of future components. For instance, in the example discussed in Remark 1, the
cylinder Cg'H = {(s1,52) € R? : |s1] = 1} spans all directions in R? except those where s; = 0,
reflecting that we condition on the first coordinate being extreme while the second coordinate

is unrestricted.

Proposition 1 Let | - || be a seminorm on R% and C(Q'H be the corresponding unit cylinder.
Denote KI'l = {2 € Sy : ||z| = 0}. Let also X be an a-stable random vector on R with
spectral representation (T, u®) on the Buclidean unit sphere (with pu° = 0 if X is SaS). If a # 1
or if X is S1S, then

X is representable on C(g'” — I‘(KH'”) =0.
If o =1 and X is not symmetric, then

X is representable on C’llH‘ —= /
Sa

In ||s]| \r(ds) < +o0.

Moreover, if X is representable on C”'”, its spectral representation is then given by (F”'H, ,uﬁ.”)
where

T (ds) = [T o 7 (ds)
with Tj.| : Sa \ Kl — Clll'H defined by Tj.|(s) = s/l|s|, and

0 1, if a#1l or if X is S1S,
Bl =
pl+ i, if a=1 and X is not symmetric,

"To see that C(g'” is unbounded when KI'll £ {0}, observe that for any = € C’(!'” and any v € KI'll\ {0}, we
have ||z + Av|| = ||z|| = 1 for all A € R, so that z + Av € CE'H for all A € R.



2

p=i)  ad == o S lslT@S), =1,
d

It can be noticed from Proposition 1 that the representability condition in the case
a = 1 and X is not symmetric, is slightly stronger than that in the other cases. Indeed,
Jen | lsl[0(ds) < [,
‘ln ||S”‘ = +oo for s € KII'll,

ln||s||‘f‘(d.s) < o0 necessarily implies that T(KI'l) = 0 since

Remark 1 The case d = 2 is particularly insightful. In light of (2), the spectral measure of
the a-stable vector (X7, X2) characterizes its likelihood of being in any particular direction of
R? when it is large in norm. Since unit spheres relative to norms encompass all directions in
R?, spectral measures on such spheres can capture any potential tail dependence of (X7, Xa).
However, unit cylinders do not span all directions in R? and therefore, spectral measures on such
cylinders encode less information. Consider for instance the unit cylinder Cél'” = {(s1,82) €
R? : |s;| = 1} associated to the seminorm such that ||(z1,22)|| = |z1| for all (z1,z2) € R
It is straightforward to observe that Cél'” spans all directions of R? except for those of (0, —1)
and (0,41). A stable vector (X, X2) will admit a representation on Cg'” if these directions
are irrelevant for characterizing its distribution, that is, if T’ ({(0, —1), (0, —|—1)}) = 0. In terms
of tail dependence, the latter condition intuitively implies that realizations (X1, X2) where Xy
is extreme and X; is not, almost never occur (i.e., they occur with probability zero). The
conditions T'({(0,-1),(0,+1)}) = 0 and [g [In|s|[|T(ds) < 400 can also be related to the
stronger condition ensuring the existence of conditional moments of Xy given X7 as discussed
in Cioczek-Georges and Taqqu (1994, 1998) - see also Theorem 5.1.3 in Samorodnitsky and
Taqqu (1994). This stronger condition requires that I' is not too concentrated around the points
(0,£1). Specifically, assuming [g |s1|7"I'(ds) < +oo for some v > 0, then E[|X2|7|X;] < +o00
for v < min(a+ v, 2ac+ 1), even though E[|X2|*] = 4o00. If this condition holds for some v > 0,

then both of the aforementioned conditions must necessarily be satisfied.

Provided that the appropriate representation exists, (2) holds with seminorms instead of norms.
This forms the foundation for studying the tail conditional distribution of stable processes and

leads to the following proposition:

Proposition 2 Let X = (X1,...,Xy4) be an a-stable random vector and let || -|| be a seminorm
on R, If X is representable on C(Q'H, then for every Borel sets A, B C Cc‘l"” with T (8(A N
B)) =TI(9B) = 0, and TI(B) > 0,

rll(an B)

PL'”.H(X’A|B)J;—>—+ZO rii(B)

9)



where OB (resp. O(AN B)) denotes the boundary of B (resp. AN B), and

X X
Pl(X, A|B) := IP( € A’HXH >, € B).
11 11

3 Unit cylinder representation for the paths of stable linear

processes

Given a seminorm, Proposition 2 is only applicable to stable vectors that are representable on
the corresponding unit cylinder. This section investigates under which condition on an stable
moving average (X;) vectors of the form (Xy_,,,..., Xy, Xyt1, ..., X¢rn) admit such represen-
tations. A characterization is proposed and extended to linear combinations of stable moving
averages. Any seminorm satisfying (3) could be relevant for the prediction framework men-
tioned in the introduction. However, to simplify the discussion and avoid considering numerous

cases for all possible kernels, we restrict attention to seminorms such that
l(z—m,. .. @0, 21,...,24)]| =0 <= 2y =... =20 =0, (10)

for any (z_p, ..., x;) € R™PH1 which in particular satisfy (3). As an example, seminorms on

R™*/+1 satisfying (10) can be naturally derived from norms on the m 4+ 1 first components of

vectors. For any p € [1, 4+00], one can, for instance, consider seminorms of the form || - || defined
by
0 1/p
||(.’L'_m,...,CC(),CCh...,IL'h)”: ( Z "Tz‘p> )
i=—m
for any (z_p, ..., 20,21, ..., 7s) € R™P+1 with by convention (0., |xi]p)1/p = sup |z

—m<i<
for p = 4+00. Now, assuming any seminorm satisfying (3) and (10), we consider (X;) the a-stable

moving average defined by

Xt = deEt—‘rka €t ZZ\' S<a7ﬂ707 0) (11)
keZ

with (di) a real deterministic sequence such that

if a#1 or (a,B8)=(1,0), 0< Z |di|® < 400, for some s € (0,a)N|0,1], (12)

k€EZ
and
if a=1 and B#£0, > ldil < 400 and 0.< Y |dyl|Infdy] | < +oo.  (13)
keZ keZ
Letting for m >0, h > 1,
Xt - (Xt—’rTLv'"7Xt7Xt+17"'7Xt+h)a (14)

10



it follows from Proposition 13.3.1 in Brockwell and Davis (1991) that the infinite series converge
almost surely and both (X;) and X are well-defined and the random vector X; is multivariate
a-stable. Denoting di, := (dgtm,---,dk,dg—1,-...,dx_p) for k € Z, the spectral representation

of X; on the Euclidean sphere is given by (I', u°) with

F=o")" Zwﬁ||dk||?5{ N }a (15)

veS kEZ HdkHe
pn’ = —]l{azl}gﬁa > diln||dge,
T ez

where wy = (1 +98)/2, S1 = {—1,+1}, J is the Dirac mass and by convention, if for some
k € Z, d, = 0, ie. |dg|le = 0, then the kth term vanishes from the sums. Equation (15)
reveals that the spectral measure I' is a weighted sum of Dirac masses concentrated on the
points {9dy/||dk||e : k € Z,9 € S1,dy # 0}. This specific discrete structure, where the spectral
measure is intrinsically linked to the MA coefficients, distinguishes stable moving averages and
is new in the heavy-tailed time series literature (Mikosch and Wintenberger, 2024). It has
important implications for extreme event prediction, as extreme trajectories concentrate on a
countable (often finite) collection of deterministic patterns rather than a continuum of possible
directions, which allows for inference of these deterministic paths. Notice in particular that for
B =0, it holds that w_; = w,1 = 1/2, u° = 0, and both the measure I" and the random vector
X are symmetric. The following representation theorem characterizes the representability of

X on a unit cylinder for fixed m and h.

Theorem 1 Let X satisfy (11)-(14) and let || - || be a seminorm on R™T+L satisfying (10).

Fora# 1 or (a, ) = (1,0), the vector X, is representable on C’H'LLH if and only if

Wk €L, [(drym-di) =0 = VO<k-1, d;=0). (16)

For a =1 and 8 # 0, the vector X; is representable on Cﬁﬂrhﬂ if and only if in addition to

(16), it holds that

< +o00. (17)

> ldlle

kEZ

i (| dill/ il )

In the cases, a # 1 and («, 5) = (1,0), Theorem 1 shows that the representability of X; on a
CJLM_ n41 depends on the number of observation m+-1 but not on the prediction horizon h.® This
is particularly important for the applicability of Proposition 2 when studying the conditional
dynamics of a given stable moving average. Indeed, this proposition relies on seminorms instead

®The case a = 1, B # 0 is more intricate, as the roles of m and A in the validity of the additional requirement

(17) are not as clear-cut.

11



of norms, meaning that we use only a portion of size m + 1 of an observed path. This leads to

the notion of past-representability, stated by the following definition:

Definition 2 Let (X;) be an a-stable moving average satisfying (11)-(13). We say that the
stable process (X;) is past-representable if there exists at least one pair (m,h), m > 0, h > 1,
such that Xy = (Xy—m, ..., X4, Xyt1, ..., X¢yp) is representable on Clﬂrhﬂ for any seminorm
satisfying (10). For any such pair (m, h), we will say that (X;) is (m, h)-past-representable.

Definition 2, holds for any seminorm satisfying (10) because it ensures that all these seminorms
have the same kernel. Moreover, it is straightforward to observe that this definition holds
for any m’ > m, because if (16) is true for some m > 0, it is true for any m’ > m. Thus,
the notion of past-representability can be defined independently of the particular choice of a
seminorm but relies on the existence of at least one m, for which the considered process is

(m, h)—past—represemtable.9 The following proposition provides this characterization.

Proposition 3 Let (X;) be an a-stable moving average satisfying (11)-(13).
(t) With the set M={m >1: 3k €Z, dyrm=...=drr1 =0, di # 0}, define

o — sup M, if M#D, (18)
0, if M=40.

(a) For ao# 1 or (a, ) = (1,0), the process (Xi) is past-representable if and only if
mo < +00. (19)

Moreover, letting m > 0, h > 1, the process (X) is (m, h)-past-representable if and only
if (19) holds and m > my.

(b) For ao =1 and 8 # 0, the process (X;) is past-representable if and only if in addition
o (19), there exist an m > mqo and an h > 1 such that (17) holds. If such a pair (m,h)

exists, (X¢) is then (m, h)-past-representable.

(e) Let || - || a seminorm satisfying (10) and assume that (Xy) is (m, h)-past-representable
for some m > 0, h > 1. The spectral representation (FH'”,;L”'H) of the vector X; =
(X ey Xy Xogts -

Xiip) on CT”r;!th is then given by (15) with the Euclidean norm || - || replaced by the

seminorm || - ||.

9
This will not be true in general under the weaker assumption (3) and different notions of representability of

a process could emerge depending on the kernels of the seminorms.
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It can be noted, that my = 0 if and only if for some kg € Z U {—o0}, di # 0 for all
k > ko and dp = 0 for all k < kg. Proposition 3 shows that for an a-stable moving average
to be past-representable, sequences of consecutive zero values in the coefficients (dj) must be
either of finite length or infinite to the right. This surprisingly makes the anticipativeness of a
stable moving average a necessary condition, and sufficient for « # 1 and («, 8) = (1,0), for
its past-representability. The less anticipative a moving average is (i.e., the larger the gaps of
zeros on its forward-looking side), the higher m must be chosen to ensure the representability
of (X¢—my.--, Xt, Xt41,...,X¢4n) on the appropriate unit cylinder. Purely non-anticipative
moving averages are, in particular, immediately ruled out. This property is demonstrated in

the following corollary.

Corollary 1 Let (X;) an a-stable moving average satisfying (11)-(13). If (X}) is purely non-

anticipative, i.e., dy = 0 for all k£ > 1, then (X}) is not past-representable.

Corollary 1, sheds light on the predictability of extreme events in linear processes. For illustra-
tion, we consider the following two a-stable AR(1) processes, defined as the stationary solutions

of:

Xt = pXey1 + &, Vi€ Z, (20)

Yy =pYi1 +m, Vt € Z, (21)

where 0 < |p| < 1, and (&), (n:) are independent i.i.d. stable sequences. While (X;) generates
bubble-like trajectories, explosive exponential paths eventually followed by sharp returns to
central values, the trajectories of (Y;) feature sudden jumps followed by exponential decays. In
both processes, an extreme event results from a large realisation of an underlying error €, or
-, at some time 7. On the one hand, for the non-anticipative AR(1) process (21), a jump does
not manifest any early visible signs before its date of occurrence, as it is independent of the
past trajectory. Jumps in the trajectory of (Y;) are unpredictable, and one only has information
about their unconditional likelihood of occurrence. On the other hand, for the anticipative
AR(1) process (20), extremes do manifest early visible signs and are gradually reached as their
occurrence dates approach. The past trajectory is informative about future extreme events,
and, in particular, it is more informative than their plain unconditional likelihood of occurrence.
Building on the “information encoding” interpretation of spectral measures given in Remark 1,
the fact that (X;) (resp. (Y;)) is past-representable (resp. not past-representable) can be seen
as a consequence of the dependence (resp. independence) of future extreme events on past ones.

The following Corollary 2 states the condition for past-representability for ARMA.
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Corollary 2 Let (X;) be the strictly stationary solution of

U(F)®(B)X, = ©(F)H(B)e, e "% S(a, B,0,0),
where ¥, & O, H are polynomials of arbitrary finite degrees with roots located outside the
unit disk and F' (resp. B) is the forward (resp. backward) operator: FX; := X;41 (resp.
BX; := X;_1). We suppose furthermore that ¥ and © (resp. ® and H) have no common roots.
Then, for any « € (0,2) and § € [—1, 1], the following statements are equivalent:
(¢) (Xy) is past-representable,
(1) deg(®) > 1,
(eee) mo < 400,
with mg as in (18). Moreover, letting m > 0, h > 1, the process (X}) is (m, h)-past-representable

if and only if m > mg with mg < +oc.

Corollary 2 reveals that for ARMA processes, the past-representability condition simplifies
and is equivalent to the autoregressive polynomial having at least one root inside the unit circle.
Also, only the roots of the AR polynomial matter for past-representability, with the MA part
playing no role. Numerical illustrations of the representation theorem for ARMA processes
and the contrasting angular concentration patterns between causal and anticipative processes
in extreme regimes are provided in Appendices C.5 and C.6 of the Supplementary Material,
respectively. In the noncausal literature, when © = H = 1, this is called a mixed-causal
MAR(p,q) model, first introduced by Lanne and Saikkonen (2011), where p corresponds to
deg(®) and ¢ corresponds to deg(V).

4 Tail conditional distribution of stable anticipative processes

In this section, we will derive the tail conditional distribution of linear stable processes for
which Proposition 2 will be applicable. The case of a general past-representable stable pro-
cess is considered, along with particular examples. To be relevant for the prediction frame-
work, the Borel set B appearing in Proposition 2 must be chosen such that the conditioning

event {|| X¢|| > =} N{X¢/|| X¢| € B} is independent of the future realizations X¢i1,..., Xyip.

For || - || a seminorm on R™*"*1 satisfying (10), denote ST‘LL = {(s—m,-.-,80) € R :
10 .
l(s—my---,80,0,...,0)]| = 1}. Then, for any Borel set V' C Sﬂnﬂrl, define the Borel set
1 .
0The set STHHL corresponds to the unit sphere of R™"! relative to the restriction of || - || to the first m + 1
dimensions.
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BWv)ccll, | as
B(V)=V xR".

Notice in particular that for V = SLIQLL, we have B(V) = CT”nHrl = Slmrl. In the following, we
will use Borel sets of the above form to condition the distribution of the entire vector X; /|| X¢||
on the observed “shape” of the past trajectory. The latter information is contained in the Borel
set V', which we will typically assume to be a small neighborhood on Sﬂrﬂ_l. It will be useful in

the following to note that
Vth:{ Can!th f(s)eV},
where f is the function defined by

]Rm-i-h-i—l SN Rm—H
f: : (22)

(Tomy ey @0y, X1y vy xp) > (T, .., X0)
4.1 Stable past-representable processes: general case

Let (X;) an a-stable process satisfying Definition 2. This states that (X;) is (m,h)-past-
representable, for some m > 0, h > 1 and let X; as in (14). Denoting Il the spectral measure

of X; on the unit cylinder C I

m-hg1 for some seminorm satisfying (10), we know by Proposition

3 (u), that Tl'l is of the form

DI = 0% 32 3 wyd* (o) (23)

veS keZ ”dkH
leading to the following proposition:

Proposition 4 Under the above assumptions, we have

. vd . ﬁf(d)
F”({udfrr“‘ Al EV})

Pl (X, AlB(V)) — , (24)
‘ T—+00 - { Jdy, c ol : I f(dy) c V}
lail| ~ R di
vd : df(d
for any Borel sets A C cl |-|i-h+17 VC Sﬂn!rl such that {Hd k” L'Ahﬂ : {ék’k) € V} #0,

(oA B(V))) = TH@B(V)) =0, where B(V) =V x R" and f is as in (22).
From Proposition 4 and by setting V' = S,MH, and A an arbitrarily small closed neighbor-
hood of all the points (9dj/||dk||)9 k, we can see that EIE P(Xt/HXtH € A‘HXtH > a:) =1

In other words, when far from central values, the trajectory of the process (X;) necessarily fea-

tures patterns of the same shape as some 9dy/||dg||, which is a finite piece of a moving average’s
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coefficient sequence. The index k indicates to which piece (dktm, ..., dk, dk—1,...,dg_p) of this
moving average it corresponds to, and, ¥ € {—1,+1} indicates whether the pattern is flipped
upside down (in case the extreme event is driven by a negative value of an error e;). The
likelihood of a pattern ddy/||dg| can be evaluated by setting A to be a small neighborhood of
that point. From this viewpoint, the observed path, (Xi—m, ..., Xi—1, Xy)/|| X¢| will a fortiori
be of the same shape as some ¥(dgim,---,dkr1,dx)/||dr|| when an extreme event approaches
in time. Observing the initial part of the pattern can provide information about the remaining
unobserved part: the conditional likelihood of the latter can be assessed by setting V to be a

small neighborhood of the observed pattern.

Remark 2 The tail conditional distribution given in (24) highlights three types of uncertainty
for prediction. We deal with two of them in the rest of the paper and leave the third for future

11
research.

(¢) In practice, events of the type

{(Xeos s Xt X1 K] = Ot i1 di) /Il i}

have probability zero of occurring, and only noisy observations such as (Xi—m, ..., X1,
Xo) /1 Xt = Idktms - - - digt+1,di) /|| di|| are available on a realized trajectory. The choice
of an adequate conditioning neighborhood V in (24) given a piece of the trajectory, will thus
need to rely on a statistical approach. One could envision hypothesis tests to determine
whether a piece of the realized (noisy) trajectory “is more similar” to a certain pattern 1

or to another pattern 2.

(et) Even if the observed path can be confidently identified with a particular pattern, uncer-
tainty regarding the future trajectory may remain. It could indeed be that several patterns
ddy/||dg|| coincide on their first m + 1 components, but differ in the last h components.
The stable anticipative AR(1) process is a typical ezample of this phenomenon, which will
be studied in the next section. Interestingly, the stable anticipative AR(2) process, and

more generally persistent enough processes, avoid this issue, as discussed hereafter.

(eer) The tail conditional distribution (24) represents an asymptotic behavior as the (semi-)
norm of Xy grows infinitely large. It is, therefore, only an approximation of the true dy-

namics during extreme events. It would be interesting to obtain a more refined asymptotic

The considerations developed in this remark focus solely on the probabilistic uncertainty of the prediction,
assuming that the process (X;) is entirely known; that is, no parameter nor any sequence (d; ) needs to be

inferred from the data. We leave for future research issues related to statistical uncertainty.
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development in x of the above convergence in order to gauge the approrimation error of
the true conditional distribution. We partially investigate this issue by means of Monte
Carlo simulation (in the Supplementary Material). In particular, we numerically quantify
how far from, the predicted patterns the future path can be, depending on the quantile of

the observed realizations.

4.2 The anticipative AR(1)

We now consider (X;) the stable anticipative AR(1) process defined by
X =pXer1+e, 0<|p| <1, (25)

where (g¢)iez “id S(a, 8,1,0). The moving average coefficient is of the form (pk]l{kzo})k, and
thus, mg = 0 as stated in (18). By Corollary 2, we know that for any m > 0, h > 1, (X}) is
(m, h)-past-representable. The spectral measures of paths X; simplify and charge finitely many

points. Their forms are given in the following lemma.

Lemma 1 Let (X;) be an a-stable anticipative AR(1) processes as in (25). Letting Xt as in

ne1 for a seminorm satisfying (10) is given

(14) for m >0, h > 1, its spectral measure on C’Lﬂ

by
h-1 .
. « Wy ey
T =37 |wodgoo.op Two D0 Ndkll®d ggy y + 1= ol ldnl%0 ¢ 9 a ]’ (26)
VIS k=-m+1 { HdkH } g { Hth }

where for all ¥ € S1 and —-m+ 1<k <h,

di = (0" Loy - P Loy 7 sty - 0 M sny),
wy = (1+95)/2,

_ 1— p<a>

=072
1—{pl
and if h =1 and m = 0, the sum ZZ;I_m_H vanishes by convention.

The next proposition provides the tail conditional distribution of future paths in the case where

p is positive. Let us first introduce useful neighborhoods of the distinct charged points of Tl
m-+ht1

—
Denote do_m = (1,0,...,0) so that the charged points of Tl are all of the form ¥dy/||dy||
with indexes (9, k) in the set 7 := Sy x ({=m+1,....h} U{(0,~m)}). With f as in (22),
define for any (9, ko) € Z, the set Vj as any closed neighborhood of 9 f(dk,)/||dk,|| such that

V' f(d) V' f(dy)  Dof(dy,)

———2cV = ;
[y || ([ || [ ||

V(ﬁ/, k/) € S1 X Z with dy # 0, (27)
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In other terms, Vp x R% is a subset of ol

mahi1 Where the only points charged by LIl have

their first (m + 1)"* components coinciding with 9o f(dy,)/||dk, |- Define Ay for any (9, k) as
any closed neighborhood of ¥dy,/||d|| that does not contain any other charged point of Tl

meaning;:

V(’ﬁ/, k/) € 51 X Z with dy 7é 0, — € Ay = (ﬂl, k,) = (19, k) (28)

Conditions (27) and (28) are stated for all indices (¢, k") € S; x Z, and not only for the finitely
many indices Z charged by the spectral measure of the anticipative AR(1). They therefore
apply without change to any past-representable moving average whose spectral measure charges
infinitely many points, such as the anticipative AR(2) and FWN of Proposition 6, and to
the general moving averages of Appendix A of the Supplementary Material. Such isolating
neighborhoods exist for all the targets considered in Propositions 5 and 6: for the AR(1), the
charged past shapes take finitely many distinct values; for the FWN and for the anticipative
AR(2) with real characteristic roots, the charged past shapes are pairwise distinct and can only
accumulate at the direction associated with the dominant root, which differs from every target
shape with finite index kg (see the proof of Proposition 6 in Appendix E of the Supplementary
Material). For complex conjugate roots A; = Ay = re® in (29), by contrast, the normalized
past shapes with & > 0 depend on k only through the phase (k + 1)¢ mod 27: when ¢ € 7Q
they recur exactly along an arithmetic progression of indices, so that neighborhoods satisfying
(27) exist but select a whole recurrence class rather than a single index; when ¢ ¢ 7Q they
are dense on a closed curve of R™*!, precluding the existence of such neighborhoods at targets
ko > —1. In both regimes the 0-1 conclusion of Proposition 6 fails at targets kg > —1, which is

why the proposition is stated for real characteristic roots.

Proposition 5 Let (X;) be an a-stable anticipative AR(1) processes as in (25) with p € (0,1).
Let X4, the di’s and the spectral measure of X¢ be as given in Lemma 1, for any m > 0,
h > 1. Let Vi be any small closed neighborhood of 9o f(dy,)/||dk, || in the sense of (27) for some
(90, ko) € T and let B(Vy) = Vo x R". Then, with Ay i an arbitrarily small neighborhood of
some 9dy/||dg| as in (28), the following hold.

(t) Case m > 1.

(a) If 0 < kg < h:

p1°F(1 = [p[*)d5,(9), 0 <k <h—1,
PUI (X, A9 [B(V)) —

|0*" 85, (9), k=h.
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(b) If =m < kg < —1:
Pl (Xt, Aﬂ,k‘B(VOD 2 090 (0) 9k (F)-

(1) Case m = 0.

Wy,
5o (9), k=0
o, {90} (?)

PU (X0, Aok BOO)) =24 [plo*(1 = [ol)oga,) (9), 1<k <h—1,

T—00

|0 901 (9), k=h,
with py, = wy, /(1 — |p|).

For m > 1, meaning the observed path is assumed to be of length at least 2, there is a
significant distinction depending on whether ko € {0,...,h} or kg € {—m,...,—1}. In the
latter case, this means that the shock is already observed. This implies that, given the observed
path, the shape of the future trajectory is completely determined, as the asymptotic probability
of the entire path X;/||X¢|| being in an arbitrarily small neighborhood of ¥dy/||dk|| is 1 when
¥ = 9y, k = kg. For the former case, this probability is strictly positive if and only if ¥ = 9,
but the observed pattern is compatible with several distinct future trajectories. This can be
understood by examining the form of the sequences dy/||dg| and their restrictions to the first
m + 1 components f(dy)/||dk||. On the one hand (omitting ),
m+1 h

(PR o p,1,0,...,0)
|(pFtm, . pk ph=1 . p,1,0,...,0)|

for ke {0,...,h},
dy,

[l
Il (P, ... p,1,0,...,0,0,...,0)

||(pk+m7'"’p71707"'70707""O)H
——
m+1 h

, for ke{-m,...,—1}.

We can observe that all the above sequences are segments of explosive exponential functions,
each truncated at a certain coordinate. For k € {0,...,h}, the first zero component, repre-
senting the “crash of the bubble”, is located at or after the (m + 2)* component, whereas for

k€ {—m,...,—1}, it is located at or before the (m + 1)*® component. Using the homogeneity
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of the seminorm and (3), we have on the other hand that

m+1
(pm7"'?p7]‘)
, f ke{0,...,h},
H(pm7"‘?10?1107"'70707"'70)” Or { }
+1 h
fldg) _ "
||| gl
ktm o 5.1,0,....0
T (P00 1,0,..,0) , for ke{-m,...,—1}.
(p"t™, ..., p,1,0,...,0,0,...,0)|
——
m+1 h

Thus, conditioning the trajectory on the event {f(Xz:)/||X¢|| =~ f(di,)/||dk,||} for some ko €
{—m,...,—1} amounts to conditioning on the burst of a bubble being observed in the past
trajectory, with no new bubble forming yet. This allows for the exact identification of the
position of the pattern within the moving average’s coefficient sequence. When conditioning
with kg € {0,...,h} however, the crash date is not observed and can occur either within the
next h — 1 periods or after h. The shape of the observed path, though, corresponds to a

I regardless of how much time remains before

segment of exponential growth with a rate of p~
the burst. This leaves several potential future paths. The likelihood of each possible scenario
can be quantified as follows: the quantity |p|**(1 — [p|®) represents the probability that the
bubble will peak in exactly k periods (0 < k < h), while |p|*" represents the probability that
the bubble will last at least A more periods. This confirms the interpretation of the conditional
moments proposed in Fries (2022). Additionally, it extends this interpretation by considering
entire paths rather than just point predictions. For m = 0, meaning only the present value is
observed, no pattern can be identified, only the sign of the shock. Hence, the growth rate p~!
of the ongoing event becomes unidentifiable. This is reflected in the fact that the asymptotic
probabilities of paths with growth rates p~—*

5).

, are positive (as shown in case (t¢) of Proposition

4.3 The anticipative AR(2) and fractionally integrated white noise

We focus here on two processes that both share the interesting property of having a 0-1 tail
conditional distribution whenever the observed path has length at least 2 (i.e., m > 1): the
anticipative AR(2) and the anticipative fractionally integrated white noise (FWN). With an
appropriate choice of parameters, the former can generate bubble-like trajectories with accel-
erating or decelerating growth rates, while the latter can accommodate hyperbolic bubbles.
In contrast with the anticipative AR(1), these bubbles do not display an exponential profile,

but they still exhibit an inflation-peak-collapse behavior. Any extension of these two minimal
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specifications should preserve the following properties.
Anticipative AR(2)

The anticipative AR(2) is the strictly stationary solution of

1=MF)1- 0P X =z, &% S(,8,0,0), (29)
where \; € C and 0 < |\;| < 1 for i=1,2. In case \; € C\ R, i = 1,2, we impose that A\; = g
to ensure (X;) is real-valued. We further assume that A; + A2 # 0, to exclude the cases where
(Xot) and (Xo.41) are independent anticipative AR(1) processes. The solution of (29) admits
the moving average representation X; = > ;.7 dpes1p with

)\k+1 _ )\k+1 .
L2 ey, i A # A

dy = A1 — A2 (30)
(k‘ + I)Ak ]l{kZO}a if AM=X=A\
Anticipative fractionally integrated white noise
The anticipative FWN process can be defined as the stationary solution of
(1 - F)dXt = &, &t Z'l\“d S(OZ, Ba g, 0)7 (31)

with d ¢ Z and min(a,1)(1 —d) > 1,ie.d<1—1/aifa <1and d<0if a > 1, so that (12)
holds. The solution of (31) admits the moving average representation X; = ZZ:OB dpetry with

do =1 and

Ttk +d)
= 1 f 2

where I'¢(- ) denotes the Gamma function. It can be shown that both processes are necessarily
(m, h)-past-representable for m > 1 and h > 1. The 0-1 tail conditional distribution property,

when the observed path has length at least 2, is demonstrated in the next proposition:

Proposition 6 Let (X;) be the a-stable anticipative AR(2) with real characteristic roots, or
the anticipative fractionally integrated white noise. For any m > 1 and h > 1, let X; as in
(14) and di, = (dgsm,---,dk,dg—1,-..,dk—p) where (dg) is as in (30) or (32). Also Vy is a
small neighborhood of Vo f(dy,)/||dk, | as in (27) for some ¥ € S, ko € {—m,...,h}, and
B(Vy) = Vo x R". Then,

1 if Vodi,
P (X5, A[B(Vy)) — & kol ~
0, otherwise,

for any closed neighborhood A C Crnrl‘i-h—i-l such that
OAN{Ydy/||di| : ¥ € Sy, k€ {—m,...,h}} =0.
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Remark 3 Contrary to the anticipative AR(1), the trajectories of the anticipative AR(2) and
fractionally integrated processes do not leave room for indeterminacy of the future path. Asymp-
totically, given any observed path of length at least 2, the conditional law of the future-path
shape degenerates to a single atom. This holds even if the peak/collapse of a bubble is not yet
present in the observed piece of trajectory. Therefore, within these models, as the magnitude
of the observed extreme grows, the conditional limit concentrates on a unique peak/crash date.
We stress that this is an asymptotic, within-model statement: at finite magnitude it is an ap-
proximation, and it presupposes correct pattern identification (see point (¢) of Remark 2) and
estimated parameters. Finally, the case of complex conjugate characteristic roots \j = Ay = re’®
is not treated explicitly here. As discussed after (28), the normalized past shapes then recur
(along an arithmetic progression of indices when ¢ € 7Q, densely on a closed curve otherwise)
and the 0-1 property fails at every target kg > —1. This is a limitation of the Dirac specializa-
tion only, not of the underlying framework: when ¢ € 7Q, neighborhoods Vj satisfying (27) still
exist and Proposition 4 applies, the conditional limit distributing its mass over the recurrence
class of indices sharing the past shape of the target, with geometrically decaying weights, in
analogy with case (¢)(a) of Proposition 5: an oscillating trajectory whose observed past matches
a pre-peak pattern may either reverse durably or rebound one pseudo-period later, with relative
probabilities delivered in closed form by (24). The exact identification nonetheless persists at
post-crash targets kg € {—m, ..., —2}, whose past shapes end with at least two consecutive
zero coordinates, a configuration the recurrent shapes never attain. A complete treatment of

the complex-rooted case is left for future research.

Remark 4 A fitted MAR(p, q) process is Markov of order p + ¢ (Fries and Zakoian, 2019).
For the anticipative AR(2) (p = 0, ¢ = 2), this implies that the pair (X;—1, Xy), i.e. m = 1,
is already a sufficient state vector to identify the current trajectory piece, coinciding with the

theoretical minimum m > 1 required by Proposition 6.

4.4 Why a seminorm representation?

Two more standard routes to conditional extremes of time series are available: the multivariate
regular variation of the path vector X, and the spectral tail process of Basrak and Segers
(2009), anchored at the single coordinate {|X:| > x} (see Kulik and Soulier, 2020; Mikosch
and Wintenberger, 2024). Appendix A of the Supplementary Material positions the seminorm
representation relative to both routes, through two propositions whose content is summarized
below.

First, single-coordinate anchoring amounts to the degenerate seminorm s — |sg|, which does
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not satisfy (10) when m > 1. For a purely anticipative stable moving average with nonvanishing
coefficients, X3 is representable on every unit cylinder associated with a seminorm satisfying
(10), but not on the coordinate cylinder (Proposition 7 in the Supplementary Material). The
missing spectral mass is computed in closed form. It is carried by post-peak patterns, in which
an extreme has already occurred in the observed window while the present coordinate X; has
reverted toward central values, and it equals the asymptotic fraction of the extremes of X; that
fail to trigger {|X;| > ex} however small € > 0. The same construction, applied to any seminorm
satisfying (10), yields the asymptotic fraction 7, of the extremes of X; that are not announced
by the observed window of length m + 1: 7, vanishes if and only if X} is representable on
C’ﬂihﬂ (for a # 1 or («, 5) = (1,0)), i.e. if and only if m > my, and it is positive for every
m for purely non-anticipative processes, which gives a quantitative content to the link between
anticipativeness and the predictability of extremes (Corollary 1).

Second, the conditional limit of Proposition 4 is also accessible within the tail-measure
calculus of Kulik and Soulier (2020). For every norm N on the past block and every two-sided
a-stable moving average with o # 1 or («, 5) = (1,0), the limit given {N(X;—p, ..., Xs) > z}
and the observed past shape can be derived from the tail measure of (X;), through the identity
(5.5.7) of Kulik and Soulier (2020) applied to their first-exceedance anchor (Example 5.5.2
there), an anchoring map in the sense of Basrak and Planini¢ (2021), combined with the single-
big-jump representation of the tail process, without any representability condition; it coincides
with (24) whenever (X;) is past-representable (Proposition 8 in the Supplementary Material).
The difference with the spectral tail process is thus one of conditioning events rather than of
frameworks, and the Dirac collapse of Proposition 6 is a property of the coefficient sequence,
which can also be recovered from the spectral tail process for patterns whose peak is still
ahead. What the seminorm representation contributes is an exact, stable-specific route to these
limits: it delivers them in a single closed-form statement, uniformly across past-representable
specifications and seminorms, under a normalization computable from the observations whatever
the position of the peak; and its representation theorem, which holds at every finite scale,
identifies past-representability with the explicit condition (16) on the coefficients. The tail-
measure route, which uses stability only through the single-big-jump representation, is the
natural one for extending these conditional limits beyond the stable class, which we leave for

future research.
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5 Forecasting climate anomalies

Providing a forecast of El Nifio (and La Nina) weather shocks is of primary importance, as
it offers numerous societal benefits, ranging from extreme weather warnings to agricultural
planning (Alley et al., 2019). Furthermore, there is an extensive literature documenting the
significant economic effects of these climate anomalies, including their impact on primary com-
modity prices (Brenner, 2002), macroeconomic fluctuations (Cashin et al., 2017), and broader
economic development outcomes (Dell et al., 2014). El Nino (or La Nifia) intensity is defined
as a value constructed from the Southern Oscillation Index (SOI).12 This section discusses the
performance of our forecasting procedure in detecting the peak and the end of an El Nino (and
La Nina) shock. We split the data into an in-sample period (from 01/1951 to 12/1991) and an
out-of-sample period (from 01/1992 to 01/2024). The specification retained for the in-sample
SOI data is a purely anticipative AR(2), estimated using two methods from the literature: the
Generalized Covariance (GCoV) estimator of Gourieroux and Jasiak (2023) and the approxi-
mate maximum likelihood (AML) method of Lanne and Saikkonen (2011), both adapted for
a-stable laws, which agree closely on the estimated coefficients. We refer the reader to Appendix

D of the Supplementary Material for the specification search, the estimation details, and the

. 13
associated robustness checks.

5.1 A formal forecasting algorithm for the anticipative AR(2)

This subsection formalizes the pattern-matching forecasting device used to predict reversal
dates. We present it here for the anticipative AR(2), as this is the specification retained for the
SOI. The same algorithm applies verbatim to the anticipative fractionally integrated white noise
because Proposition 6 covers both processes; the only difference is the closed-form expression
of the coefficient sequence (di). The AR(1) case, which requires a probabilistic reformulation
because Proposition 5 does not yield a {0,1}-valued limit, is treated in Appendix B.1 of the
Supplementary Material. The general MAR(r, s) case, which relies on the closed-form MA (c0)
coefficients derived in de Truchis and Thomas (2026), is treated in Appendix B.2 of the Sup-

12Data and methodology for constructing the SOI are available at https://www.ncei.noaa.gov/access/
monitoring/enso/soi. The SOI is a monthly variable derived from air-pressure differentials in the South Pacific,
measured between Tahiti and Darwin.

13A Hill estimator on the in-sample SOI, together with external evidence (Ausloos and Ivanova, 2001) on SOI
increments, suggests heavy tails relative to the Gaussian but plausibly finite variance, rather than a literally
a-stable law (see Appendix D.1 of the Supplementary Material). We nonetheless retain the a-stable assumption

because, unlike competing heavy-tailed forecasting approaches (Gourieroux and Jasiak, 2026; Gouriéroux et al.,

2025), it yields an exact closed-form forecasting formula, which is the object of this paper.
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plementary Material.

Inputs and rationale

Fix an observed trajectory (Xi,...,X;) and assume the estimated anticipative AR(2) roots
(5\1,5\2) and the estimated tail index & are available. Pick a lag-window length m > 1, a
forecast horizon h > 1 and an upper search bound k > 0."" From the observed extreme sign
Yo € {—1,+1} (positive vs. negative extreme event) and the closed-form AR(2) coefficients in

(30), we compute for every integer k € {—m, ..., k} the candidate reference vector

dk = (dk-‘rma dk‘-l—m—la ey dk‘)a (33)

where d; is given by (30). The quantity dy, is the “past-only” piece of the deterministic pattern
that the normalized observed trajectory must asymptotically match, by Proposition 6. The
algorithm below identifies the unique index kg for which this match holds, then extrapolates

the deterministic pattern forward to produce the point forecasts (Xt“, ... ,Xt+h).

Algorithm 1 Pattern-matching forecast for the anticipative AR(2)

Require: observed path (Xi_,,...,X:), sign 99 € {—1,+1}, window m, horizon h, upper
bound k, seminorm || - ||15

1: compute the normalized observed past vy := (Xi—m, ..., X)/I[(Xi—m, -, Xo)||

2: for k=—m,—m+1,...,k do

3: compute dj, as in (33) using the AR(2) formula (30)

4: store the candidate reference uy := g dy/||dg||
5: store the distance e(k) := ||vy — ug||2
6: end for

7. define ko := arg miny e(k) (tie-breaking rule: pick the smallest |k|; see Section 5.4)

8: build the extended reference d%’gt = (dl%0+m’ oy dpy e 7dl§:o—h>

9: set the rescaling factor ¢ := [|(X¢—m, ..., X)II/[I(dg 4> - - -+ dg,) |l

10: for j=1,...,h do
11: Xt+j =1 ¢ dl:;o—j
12: end for

13: the forecasted reversal (peak) date is fpeak = H—fco; the forecasted end date is tenq 1= t—i—l;:o—kl

Intuitively, the first block of Algorithm 1 identifies the position ko of the observed piece of

14 =
In our implementation we take & = 30, which largely exceeds m and h. Since the normalized candidate

patterns di/||dk|| stabilize as k grows, converging to the direction associated with the dominant root, the arg-

min of Algorithm 1 is unaffected by the choice of k as soon as it is taken large enough.
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trajectory within the deterministic pattern (dg); the second block uses the identity X¢/|| X¢|| —

Yodk, /||dk, || from Proposition 6 to extrapolate the remaining h coordinates deterministically.

5.2 Forecasting reversal dates

A La Nina (resp. El Nino) episode is defined as the SOI exceeding 1 (resp. —1) for at least
three consecutive periods. We apply Algorithm 1 to predict the reversal date of the El Nifo
occurrence that presumably starts at the end of the in-sample period. As the last in-sample
observation is below —1, the sign ¥y = —1 and the magnitude || X¢|| is large. We then run
Algorithm 1 for m € {1,...,10}. Our findings offer some robustness in this light-tailed case:
for m € {1,2} and m € {5,...,10} the algorithm returns kg = 1; for m = 3 and m = 4 we
obtain ko = 5 and ko = 3 respectively. Following the rule detailed in Section 5.3 below, we retain
ko =1 and m = 10, therefore implying an imminent reversal date as we are close to the last
piece of the trajectory described by ﬂodko. The selected piece is represented in Figure 1. We find
that El Nifo should reverse just after February 1992, reaching a peak at ;11 = —4.60. When

compared with the out-of-sample realization, the reversal date appears accurately predicted;

however, the magnitude of the peak is overestimated as ;11 = —3.04.

Figure 1: El Nifo reversal forecast

————— Forecasts
Observed
~-------- La Nifia / El Nifio thresholds

I I
1984-04 1992-01

Notes: The shaded area corresponds to the out-of-sample data.

To ensure the robustness of our approach, following the same procedure used to predict the
reversal date in Figure 1, we predict all El Nino nand La Nifia anomalies in the out-of-sample
dataset (from 01/1992 to 01/2024). The results are summarized in Table 1. For an El Nifo (or
La Nina) event, we start our forecasting procedure at the first date when the SOI is below —1
(or above 1) before the end date of an identified El Nifio phenomenon, called the start date in
Table 1; the end date is when the SOI returns between —1 and 0 (or 1 and 0). We also forecast

the peak date, defined as the minimum (or maximum) value of the SOI before the start and
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end dates. Table 1 shows that for all 11 El Nifio and La Nina occurrences in the out-of-sample
dataset, our procedure leads to a mean absolute error of 0.55 months in finding the peak date
and 0.73 months in finding the end date compared to the true peak and end dates. We also

report in Table 1 the selected ko and m from Algorithm 1.

Table 1: Forecasting out-of-sample El Nino and La Nina anomalies

Type of anomaly El Nino El Nifio La Nina El Nino La Nina La Nina EI Niio La Nina La Nina La Nina La Nina

Start date 12/1991 07/1994 11/2007 12/2009 07/2010 11/2010 07/2015 11/2021 02/2022 08/2022 11/2022
Peak date 01/1992 09/1994 02/2008 02/2010 09/2010 12/2010 10/2015 01/2022 03/2022 10/2022 12/2022
End date 04/1992 1071994 03/2008 03/2010 11/2010 04/2011 1172015 03/2022 05/2022 11/2022 02/2023

Forecasted Peak 01/1992 09/1994 02/2008 03/2010 08/2010 01/2011 09/2015 01/2022 04/2022 10/2022 01/2023
Forecasted End 02/1992 10/1994 03/2008 04/2010 09/2010 02/2011 10/2015 02/2022 05/2022 11/2022 02/2023

Peak forecast error 0 0 0 1 -1 1 -1 0 1 0 -1
End forecast error  —2 0 0 1 -1 -2 -1 -1 0 0 0
ko 1 2 3 3 1 2 2 2 2 2 2
m 10 10 10 9 10 10 10 10 10 10 10

5.3 Selection of m: theoretical pinning and empirical validation

By Remark 4, the Markov property of the anticipative AR(2) pins the theoretical minimum
window length at m = 1. In finite samples, however, this lower bound turns out to be a
poor guide to practice. Monte Carlo evidence for the MAR(0,2) design (Appendix C.1 of
the Supplementary Material, 1000 replications per cell) shows that the bias of the crash-date
predictor instead increases with m for every tail index « we consider, except in the regime
closest to the SOT’s estimated tail index (& = 1.9), where it remains close to flat for m > 3.
Concretely, in the Moderately High regime (the most relevant for the SOI in-sample series), the
bias for o = 1.8 ranges from 8.355 (m = 3) to 8.470 (m = 11), a span of about 0.12 relative to
a level of 8.4, essentially flat, whereas for a = 0.9 it rises from 6.850 (m = 1) to 7.542 (m = 11),
a span of about 0.7.

As a robustness check of our empirical approach, we therefore structure the forecast analysis
around four complementary benchmarks. (:) Theoretical benchmark (m = 1): the minimal

value. (vt) Medium benchmark (m = 5): a middle-ground choice. (t.t) Baseline (m

10): the
value retained in the main analysis of Table 1. (w) Data-driven benchmark (m = m): the
value in {2,3,...,10} minimising the pattern-match distance e, (ko).

Table 19 in Appendix D.5 of the Supplementary Material reports, for each of the 11 out-
of-sample episodes, the reversal-date forecast under the four benchmarks above. The baseline
m = 10 achieves the lowest mean absolute error (0.64 months), against 1.55 for the theoretical

minimum m = 1, 0.91 for the medium benchmark m = 5, and 0.91 for the data-driven m
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(the AML-based counterpart in Table 20 gives near-identical results: 1.36, 0.91, 0.64 and 0.73,
respectively). This supports the choice of m = 10 made in the main analysis, but Appendix C.2
of the Supplementary Material shows that, at this window length, the tie-breaking rule of the
next subsection is invoked in the vast majority of cases for a tail index close to the SOI’s; the
good performance of m = 10 should therefore be read as a property of the pattern-matching

step combined with the tie-breaking rule, not of an unambiguous identification of k.

5.4 Selection of k; and handling of ties

Algorithm 1 returns ko = arg miny, ||v;—9ody/||dg]|||2, i.e. the nearest candidate to the observed
normalized trajectory in Euclidean distance. Equivalently, this amounts to choosing the smallest
closed neighborhood A of v, in the sense of Proposition 6 such that exactly one point Jody,/||d||
belongs to A. We stress that this tie-breaking mechanism has no counterpart in the asymptotic
statement of Proposition 6: the Dirac collapse therein is established for a neighborhood A
that already isolates a unique candidate Jody, /||dk, ||; when no such isolating neighborhood is
available at finite x, the proposition simply does not apply, and the choice made by Algorithm
1 is a practical, not a theoretical, device.

Ties or near-ties occur when two candidates produce almost indistinguishable normalized
shapes. Formally, let e(k) = ||vy — Yody/||dk|||2, and declare a tie whenever the relative gap
(e(2) — e(1))/e(1) between the first and second order statistics of {e(k)}, falls below 7 = 0.05.
We assessed this mechanism by simulation (Appendix C.2 of the Supplementary Material, same
MAR(0,2) design and (o, m, N) grid as above, 1000 replications per cell). Two findings depart
from what a low-dimensional-collinearity intuition would suggest. First, at the theoretical
minimum m = 1, the tie frequency is already non-negligible and grows with «: from about
4-16% across regimes at a < 1.5, up to 35% in the Moderately High regime at o = 1.8. Second,
and more importantly, the tie frequency increases sharply with m rather than decreasing: for
a = 1.8 in the Moderately High regime it rises from 0.349 at m = 1 to 0.807 at m = 5 and 0.954
at m = 11. This reflects a geometric feature of the candidate vectors d = (dgim,-- -, dk—p):
as m grows, two consecutive candidates dy and dy41 overlap in m of their m + 1 coordinates,
so their normalized shapes become increasingly collinear regardless of sample size. Enlarging
m therefore does not make the pattern-matching step more discriminating; it makes near-ties
more frequent. Since the baseline m = 10 retained for the SOI falls between the m = 9 and
m = 11 columns of the simulation grid, where the tie frequency is already 0.922 and 0.954
respectively for a = 1.8, the tie-breaking rule below is, at the window length actually used in

the empirical application, the mechanism that resolves the pattern-matching step in the large
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majority of replications, rather than a safeguard for a marginal edge case. We do not attempt
a formal statistical treatment of this step, e.g. deriving the sampling distribution of ko or an
optimal tie-breaking rule from first principles is left to future work, and could likely be refined.
Our purpose here is more modest: to illustrate, on the SOI application, that the theoretical
probability results derived above are applicable in practice, not to deliver a statistically optimal
pattern-matching procedure.

When a tie is declared, we apply step 7 of Algorithm 1: among the tied candidates, we
keep the one with smallest |k|, because the smallest |k| corresponds to the extreme piece of the
trajectory closest to the current date, hence the most informative under the seminorm condi-
tioning. As with the tie-declaration threshold above, we do not claim this choice is statistically
optimal, comparing it, for @ = 1.8, against the alternative rule that retains the second-best can-
didate instead (Appendix C.3 of the Supplementary Material), both rules carry a substantial
and comparable-magnitude bias in absolute terms, and “smallest |k|” is not uniformly closer to
zero bias than the alternative. This is consistent with our overall stance: a proper statistical
treatment of the tie-breaking rule is left for future work, and here we retain “smallest |k|” as a
reasonable, qualitatively motivated default rather than a data-driven or empirically validated

choice.

6 Conclusion

This paper develops a spectral representation theory for a-stable random vectors on unit cylin-
ders defined by seminorms, extending the classical representation on unit spheres. We es-
tablish necessary and sufficient conditions for the existence of such representations. For two-
sided a-stable moving averages (X;) = > jcz drerik, We characterize when trajectory vectors
X = (Xi—m,...,Xyn) are representable. In particular, we show that non-anticipative or
pure causal processes are non-representable. For non-causal and mixed-causal processes, we de-
rive the asymptotic conditional distribution of normalized, by an appropriate seminorm, future
paths given large observed trajectories. For anticipative AR(p > 2) and fractionally integrated
processes, this conditional distribution degenerates to a single Dirac mass, yielding an asymp-
totically deterministic prediction of the future-path shape under the assumed model. We use
Monte Carlo simulations to demonstrate the ability of our forecasting theory to predict rever-
sal dates. The numerical analysis confirms that our procedures perform well in finite sample
across a wide range of scenarios. To provide further insight into the empirical relevance of the
seminorm representation of a-stable moving averages, we demonstrate its ability to accurately

predict climate anomalies. Specifically, we predict, out-of-sample, the reversal date of La Nina
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and El Nino episodes episodes.
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