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Abstract

Financial markets frequently exhibit dramatic episodes where asset prices undergo rapid growth followed by
abrupt collapses, that are incompatible with standard linear time series models. While anticipative heavy-
tailed linear processes offer a promising alternative for modeling such phenomena, they impose uniform
bubble patterns across different episodes, contradicting empirical evidence. This paper introduces a new
model, based on a-stable moving average aggregates, that accommodates heterogeneous bubble dynamics.
We establish the theoretical properties of this model, demonstrating that it admits a semi-norm repre-
sentation on a unit cylinder, thereby enabling the prediction of extreme trajectories with varying growth
dynamics. We develop a minimum distance estimation procedure based on the joint characteristic function
and establish its asymptotic properties. Monte Carlo simulations confirm the estimator’s good finite-sample
performance across various specifications, and we implement a subsampling methodology to empirically
verify the convergence to asymptotic normality. Our empirical application to the CBOE Crude Oil ETF
Volatility Index successfully decomposes observed volatility dynamics into distinct components with different
persistence properties, revealing that what appears as a single bubble episode actually consists of multiple
superimposed processes with heterogeneous growth rates and crash probabilities.

Keywords: Aggregated processes, Stable random vectors, Spectral representation, Anticipative processes,

Financial bubbles

Université d’Orléans, Laboratoire d’Economie d’Orléans (LEO), 45000 Orléans, France, gilles.detruchis@Quniv-orleans.fr.
2Department of Econometrics and Data Science, Vrije Universiteit Amsterdam, Amsterdam, Netherlands

3Corresponding author: Université Paris Dauphine, Université PSL, LEDA, CNRS, IRD, 75016 Paris , France,
arthur.thomas@dauphine.psl.eu.



1. Introduction

Financial markets regularly witness dramatic episodes where asset prices undergo rapid growth followed
by abrupt collapses. These phenomena, termed rational asset pricing bubbles when they diverge from funda-
mental values (Blanchard and Watson , 1982; Tirole , 1985), have become increasingly prominent alongside
well-documented features such as heavy-tailed distributions and volatility clustering. These bubbles emerge
as solutions to linear rational expectation models that admit multiple stationary equilibria through infinite
variance innovations (Gouriéroux et al. , 2020). Another theoretical paper that provides justification for
bubbles having different growth rates is Lux and Sornette (2002), which demonstrates how agent inter-
actions can create bubble formation, with bubbles growing in seemingly rational ways driven by investor
expectations. Their model effectively captures sudden dramatic crashes and replicates the “fat tails” ob-
served in empirical financial market data, suggesting that traditional representative rational agent models
inadequately explain these phenomena.

From an empirical perspective, so-called mixed-causal (or anticipative) models appear as good candidates
to account for the non-linear dynamics of bubbles and the non-Gaussian environment characterized by Lux
and Sornette (2002) and Gouriéroux et al. (2020). Indeed, future-oriented models may generate intermittent
periods of explosive growth and relative stability within a stationary linear framework while also admitting
a regular time representation involving non-linear dynamics or non-i.i.d. innovations. Among others, we
can mention (Andrews et al. , 2009; Lanne and Saikkonen , 2011, 2013; Hecq et al. , 2016, 2017; Cavaliere
et al. , 2020; Velasco and Lobato , 2018; Fries and Zakoian , 2019; Hecq et al. , 2020; Gouriéroux and
Jasiak , 2016, 2018; Gourieroux and Jasiak , 2023; Hecq and Velasquez-Gaviria , 2025; Gouriéroux et al.
, 2025). Most importantly, this framework exhibits intriguing properties, such as a predictive distribution
with lighter tails than the marginal distribution. This enables more accurate predictions of higher-order
moments (see e.g. Fries , 2022) and forecasts based on pattern recognition (see de Truchis et al. , 2025a),
which are critical for informed investment decisions.

However, anticipative models impose a similar increase rate for all bubbles, fully determined by the non-
causal autoregressive coefficients (Gouriéroux and Zakoian , 2017). This lack of flexibility might conflicts
with empirical evidence on financial markets where the surge of explosive episodes can exhibit very different
pattern. Moreover, Gouriéroux et al. (2021) recall that aggregation implies various sources of noise and
is hence very different from mixed-causal AR processes and more generally, different from any two-sided
moving average. As it incorporates independent unobservable stochastic factors aggregation it is more
suitable for financial applications. For instance, if one want to build derivatives to hedge portfolios against
the uncertainty associated with the anticipative components and the risk of sudden bubble crashes, the two
factor of risk should be priced and accounted for in the derivatives.

In this paper, we make two contributions to the literature on econometric modeling of financial bubbles.



First, we introduce a novel flexible framework that overcomes a key limitation of existing anticipative
heavy-tailed models, which impose uniform growth patterns across different bubble episodes. Our approach
allows for diverse bubble dynamics by aggregating multiple latent components, each with distinct stochastic
properties. We derive the theoretical tail properties of this model and demonstrate that, similarly to non-
aggregated processes (de Truchis et al. , 2025a), it admits a semi-norm representation on a unit cylinder,
expect if one of the underling component is purely non-anticipative, thereby enabling the prediction of
extreme trajectories with heterogeneous growth patterns.

Second, we develop an inference procedure for anticipative stable aggregates, departing from Gouriéroux
and Zakoian (2017) and building upon Knight and Yu (2002). While Gouriéroux and Zakoian (2017) focus
on continuous support distributions for the aggregation weights in the specific case of anticipative Cauchy
AR(1) processes, our approach extends to the general a-stable case with discrete support, a framework
more suitable for empirical applications. We propose a deconvolution minimum distance estimator based on
the joint characteristic function that effectively identifies the model parameters. Our methodology draws
from Knight and Yu (2002) and Xu and Knight (2010), who developed asymptotic theory for minimum
distance estimation using the empirical characteristic function in stationary time series, but we extend their
approach to handle the heavy-tailed stable distributions. We establish the asymptotic properties of our es-
timator under suitable regularity conditions, proving consistency and asymptotic normality. To empirically
validate the finite-sample convergence toward the limiting Gaussian distribution, we implement a subsam-
pling procedure following Politis and Romano (1994) and Politis, Romano and Wolf (1999), which reveals
heterogeneous convergence speeds across parameter dimensions and confirms that while certain parameters
approach asymptotic normality relatively quickly, others, particularly the autoregressive coefficients, require
substantially larger sample sizes to achieve reliable normal approximations.

As an empirical illustration, we estimate an aggregation of purely anticipative stable AR(1) processes
using the CBOE Crude Oil ETF Volatility Index (OVX) data, and we demonstrate that the observed
volatility patterns can be effectively decomposed into multiple latent stable components with heterogeneous
persistence properties. The empirical analysis reveals that what initially appears as a single explosive
episode actually consists of several superimposed processes with distinct autoregressive parameters and
crash probabilities.

The remainder of this paper is organized as follows. Section 2 introduces the stable aggregates model
and develops a new minimum distance estimator based on the characteristic functions of the unobserved
latent components. Section 3 extends the representation theorem of de Truchis et al. (2025a) to stable
aggregates and theoretically derives the conditions under which the forecast of a stable aggregate is possible.
Section 4 documents the finite sample performance of the minimum distance estimator through Monte Carlo
simulations and implements a subsampling methodology to empirically verify the asymptotic normality of
the estimator. An application to the CBOE Crude Oil ETF Volatility Index is proposed in Section 5. Section
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6 concludes. All proofs are provided in the Appendix A, while subsampling diagnostics and complementary

convergence results are collected in the Online Supplement.

2. Estimating stable-aggregate of moving average

Consider X; an a-stable moving average defined by
Xy = dpeoir, e KR S(a, B, 0,0) (2.1)
kez
with do > 0, (di) a real deterministic sequence such that if & # 1 or (o, 8) = (1,0),
Z |dk|® < 400, for some s € (0,a)N]0,1], (2.2)
kEZ

and if « =1 and 8 # 0,

O<Z\dk|‘ln|dk|‘ < +00. (2.3)
k€EZ

For d, = p*, X is a simple strictly stationary anticipative AR(1). For X; the strictly stationary solution
of U(F)®(B)X; = ©(F)H(B)et, with F and B the lead and lag operators, the process belongs to the class
of mixed-phase ARMA. Furthermore, if © = H = 1, X; is called a mixed-causal or MAR(p, ¢) process, where
p = deg(®) and ¢ = deg(¥). Adding the (o, 8) = (1,0) restrictions (let say S1S), X; actually comes down
to the so-called anticipative Cauchy AR(1) studied, e.g., in Gouriéroux and Jasiak (2018). As emphasized
in the introduction, stable moving averages of the form (2.1) generate trajectories bound to feature the same
pattern ¢ — cd,_; (up to a scaling ¢ and a time shift 7) recurrently through time. This can be seen as a
strong limitation when it comes to time series modelling as argued by Gouriéroux and Zakoian (2017) in
the context of explosive bubbles. They suggest to alleviate this restriction by considering processes resulting

from the linear combination of different models.

Definition 2.1. Let (Xi4),...,(Xst) be J > 1 stable moving averages, each satisfying (2.1)-(2.3), for

some distinct coefficients sequences (d; )i and mutually independent error sequences €; RS S(a, B4,1,0),

j=1,...,J. Let also (mj)j=1,...s be positive numbers summing to 1, o > 0 be a scale parameter and define
J
Xo=0> X, for tez.
j=1

We will call such process Xy a stable aggregate, and call X;,, j =1,...,J the latent components of X;.

The estimator we propose is valid for any strictly stationary stable aggregate satisfying Definition 2.1,
but in practice, it requires to formally derive the characteristic function of the latent components which
can be tedious. In the rest of this section, we focus on §; = B for simplicity and provide the derivation
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Figure 1: Simulated stable aggregate dynamics with two components. Top left: Distribution of weights for the two components
with p1 = 0.90, 71 = 0.40 for the first component and p2 = 0.70, 72 = 0.60 for the second component. Top right: The resulting
trajectory of the aggregated process X;. Middle and bottom panels: The individual latent component processes with different

persistence parameters.

for two important parametric cases: the aggregation of purely anticipative AR(1) or MAR(0,1) processes
and the aggregation of mixed causal-noncausal MAR(1,1) processes. Notice that even in these specific
frameworks, these aggregations feature much richer dynamics than single-component stable processes, as
illustrated in Figure 1. To disentangle the components of X;, our method leverages the independence of the

latent processes and the resulting structure of the joint characteristic function:

J
ox(u,v) = E(exp{i(uz\’t + U.)C‘t+1)}> = H ox, (omju, omjv) (2.4)
j=1

where ¢y is the joint characteristic function of a single latent component.

2.1. Case 1: Aggregation of Anticipative AR(1) Processes

We first restrict our attention to the case where each latent component X;; is a purely anticipative
AR(1) process. Its moving average representation is given by d;, = p?]_kzo, with 0 < p; < 1. This
restriction ensures that the asymmetry parameter § is preserved through the infinite summation defining
each latent component X ;. From an economic perspective, positive autoregressive coefficients correspond

to monotonic bubble growth patterns without oscillations, which is the empirically relevant case for financial



applications modeling speculative bubbles.* The process is thus defined by X gt = Z;OZO p";é—j’t+k. The joint

characteristic function of the vector (X, X, ;+1) is given by

ox;(u,v) = E(expi(uXM + vXjﬂg_H)) = E(expi((upj +0)Xj 41 + ueﬁ)), (2.5)
for (u,v) € R%. Due to the independence of the innovations, this simplifies to

ox,(u,v) = IE( expi(up; + v)Xj,tH)E(exp iuaj,t),

Assuming for simplicity a common asymmetry parameter §; = 3, we have for o # 1

Jup; +v°

ge
logE(expi(upj + U)Xj,t_H) =7 e (1 — i sign(up; + v) tan (7)>
j

log E(expiuejt) = — (1 — if sign(u) tan (%)) ]

The log-characteristic function of the aggregate is then obtained by substituting these expressions into

Equation (2.4)

J
log px (u,v) = =0 Zw]a <|upj —;Ta (1 — ifsign(up; + v) tan %) + |ul® (1 — ifsign(u) tan ﬂ;)) :

The Cauchy case examined in Gouriéroux and Zakoian (2017) is recovered for a« = 1, 8 = 0, leading to

log E(exp tuej ;) = —|u| and

log px (u,v) O’Z <up] il + |u|> .

3]

As each latent component satisfies |p;| < 1, the strict stationarity condition for X, is given by

J s
Z - <oo forse (0,a)N]0,1]. (2.6)

2.2. Case 2: Aggregation of Mized Causal-Noncausal MAR(1,1) Processes

We now consider a richer dynamic structure where each latent component X ; is a mixed causal-noncausal
MAR(1,1) process defined by (1—¢;L)(1—1;L™1) X+ = €;+, with |¢;] < 1 and |¢;| < 1. The corresponding
MA ((00) coefficients are given by 1/)?(17%1/1]4)* if k > 0and (;S‘jk‘ (1—¢;j¢;)~! for k < 0. The log-characteristic
function for a single component X; is derived from the linear combination of innovations

o0

uXje+oXje = Y (udjp+vdjpo1)eg e

k=—o00

4To see why this matters, recall that for a sum 220:0 crup with ug RS S(a, B,0,0), the resulting distribution is
oo g lex|*sign(ex)
S(a, B',0',0) where §/ = Liglonlstenten)
k=0
when p; < 0, the coefficients alternate in sign, leading to 8’ # 8. The case p; < 0 would thus require a component-specific

- 8. When p; > 0, all coefficients ¢, = p;? are positive, yielding 8’ = 3. However,

ler |

modified asymmetry parameter B; in the characteristic function.
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In the symmetric (SasS) case, the log-characteristic function is

oo

log PX; (u,v) = — Z |U,dj7k + ’L)dj7k_1‘a.

k=—oc0

We split the sum into its causal (k < 0) and non-causal (k > 1) parts. For the causal part (k < 0), the generic

term is ud; p +vdjr—1 = (1 - ¢j'¢j)_1(u¢‘jkl —I—vcﬁljkill) = (u+vep;)(1— ¢jwj)_1¢|jk‘. For the non-causal part

(k > 1), the generic term is ud;  + vd; 1 = (1 — gbjwj)*l(uwf + U@/}f_l) = (uy; +v)(1 — (bjz/}j)*lz[}f_l.
The sum becomes the sum of two geometric series
S o 1 ; Mo, N b1
Z ludj i, + vdjp—1|* = =T <kz [(u+vg;)0;| +Z [(wih; + )| )
=—0

k=—o0 k=1

1 i i
= | fu 0| Y (10517 s ol Y ()
11— ¢

=0 =0
_ 1 (|u+v¢j|a N |U1/fj+v|a)
1= ¢jbs* \ 1 —g;l* 1 — ||~

Finally, substituting this result into the aggregate function from Equation (2.4), we obtain the log-

characteristic function for the MAR(1,1) aggregate for the SaS case . For the asymmetric case with a # 1
we impose, for simplicity but without loss of generality, that all components satisfy ¢; > 0 and 1; > 0 and

we obtain

J a

T8
log g (u,v) = =0 )

where C;(u,v) and Aj(u,v) represent the complex-valued contributions from the causal and non-causal

dynamics of each component j, respectively

Ci(u,v) = M (1 — i sign(u + ve;) tan <E)) ,

1 — o] 2
Aj(u,v) = gy + 0l (1 — i sign(uy; + v) tan (B» .

T—Tu,l 2

The strict stationarity condition for X; is now given by
J s s
T < 1 |9, >
+ < oo forse (0,a)N]0,1]. 2.8

;H—qﬁwﬂs L=l 1—|o50° 0.0 (01 (28)

2.3. The minimum distance estimator

As suggested by Knight and Yu (2002) and Gouriéroux and Zakoian (2017), one can rely on the empirical
counterpart of the joint characteristic function (ECF) to build a minimum distance estimator (MDE). The
ECF is simply defined as

n—1

— Z exp(i(uXjp1 + vX;)) (2.9)

@n(uv U) =



which can be decomposed into real and imaginary parts:

n—1 n—1
1 1 .
on(u,v) = i1+ X)) + 1 g isin(uXj41 + vX;) (2.10)
i=1 i=1

By the law of large numbers, ¢, (u,v) LS ©(u,v;6p) as n — oo, where 6y denotes the true parameter values.
Then, the identification of the parameters 8 = (o, p1,...,p,71,...,7s,, ) relies on distinct asymptotic
behaviors of the joint characteristic function for different values of (u,v). For small values of w, the limit

behavior of (2.9) is dominated by the a-stable distribution’s properties. Specifically, for u > 0,

loglog |y, (u,0)| "

=1 2.11
R log |u| (2.11)
and
Im(1 n (U,
B = — Ji 20(logen(w,0)) - ma (2.12)
u—0 Re(log ¢n (u,0)) 2
For the identification of the remaining parameters, we exploit the behavior of the function
J
log |@n (u, Au)| |1 + pr ¥
gn(A) = lim ————"—= ~ —¢“ s + A (2.13)
u—>0 ‘u|a Z | P; |a

j=1
for v = Au and A € R. By evaluating g, () for 2J + 1 different values of A\, we can obtain a system of
equations to identify (o, p1,...,pJ7, F1,.-., 7).

Now we can define the MDE estimator as the minimizer of the objective distance measure

“+oo “+oo
=[] lentu) - s i) Pt vyduds (2.14)

where w(u,v) is a weighting function ensuring the convergence of the integral. The MDE estimator is then

defined as

0, = arg min Dy (6). (2.15)
Knight and Yu (2002), show that under the following regularity conditions, the MDE estimator has standard
limit theory. They suggest that it could accommodate a-stable models. Actually, some of their assump-
tions, listed hereafter, does not readily extend to the a-stable case. The characteristic functions of a-stable
distributions are likely to exhibit singularities in their derivatives when a € (0, 2), particularly near points
where |pju + v|* vanishes. Without appropriate regularization through the weight function, these singu-
larities can cause the integrals defining the first and second derivatives of (2.14) to diverge. The following
lemma establishes the precise conditions under which their regularity assumptions remains valid for a-stable

aggregates.



Lemma 2.1. Consider the MDE objective function defined by
+oo +oo
= / / lon (1, v) — @(u, v;0)|*w(u, v) du dv (2.16)
where w(u,v) = exp(—k(u? + v?)) with k > 0 a positive constant.
Then,

(1) For any o > 0, the objective function Dx(0) belongs to the differentiability class C1(©).
(1t) For any o > 1, the objective function Dy (0) belongs to C*(©) and Assumption 3, 6, 7 and 8 are
satisfied.

Lemma 2.1, shows that we need to reduce the parameter space of a by introducing Assumption 2,
in addition to whole set of assumptions of Knight and Yu (2002), to recover their asymptotic theory in
presence of a-stable models. It also reveals the critical role of the decaying exponential weights w(u,v).
Assumption 4 is satisfied under the condition given by (2.6) or (2.8) and Assumption 5 is satisfied by the
global identification conditions exposed in (2.11), (2.12) and (2.13). The proof of Lemma 2.1 is postponed

in Section A.
Assumption 1. 6 € © where the parameter space © C RT3 is a compact set with 6y € Int(©).

Assumption 2. The tail parameter space is such that a € (1,2) and w(u,v) is an exponential weight

function of form exp(—r(u? + v?)) with k > 0 a positive constant.

Assumption 3. With probability one, Dx(0) is twice continuously differentiable under the integral sign

with respect to 6 over ©.
Assumption 4. The sequence {X;} is strictly stationary and ergodic.
Assumption 5. Let Do(0) = [[ |p(u,v;00) — @(u, v;0)|*w(u,v)dudv and Do(0) =0 only if 6 = 6.

Assumption 6. K(z;0) is a measurable function of x for all 0 and bounded, where

K($7 9) = // |:(COS(UQ3J‘+1 =+ ij) — Re QP(U,U; 9))%;’”’9)
+(sin(uz;j1 +va;) — Im o(u, v; 9))8177“;:9(571),9)} w(u, v)dudv. (2.17)

Assumption 7. The (2J + 3) x (2J + 3) matriz

(6o) // <6‘F’ & ) <a<p(1(;6/ 90)) w(u, v)dudv

%p(u,v;0)
9000’

is uniformly bounded by a w-integrable function over ©.

9
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Assumption 8. Let F; be a o-algebra such that {K;,F;} is an adapted stochastic sequence, where K; =
K(zj;0). We can think of F; as being the o-algebra generated by the entire current and past history of K.

Letv; = E[Ko|K;, K;_1,...]—E[Ko|K;_1,K;_2,...] for j > 0. Assume that E(Ky|F_,,) converges in mean
square to 0 as m — 00 and Y 77, IE[V;»V]-]V2 < 0.
Proposition 2.1. Under Assumptions 1-8

V(s = 00) <5 N (0, 5(60) 1 260) 2(6) ") (2.18)

where 3(0p) is defined in Assumption 7, and Q(0y) is the long-run variance matriz of the score function

K(x;00) from Assumption 6

Q(@o) = V(K(.’El, 90)) +2 Z CO’U(K($1; 90), K(l‘j; 90))

j=2
The proof of this theorem is omitted as, by Lemma 2.1, it follows from a straightforward extension of
Theorem 2.1 of Knight and Yu (2002). Notice that in our a-stable framework, unlike Xu and Knight
(2010), 3(0y) and 2(y) have no closed-form solutions. Moreover, to alleviate the optimization problem

from a numerical standpoint, we directly estimate the products ; = o x 7; for j =1,...,J.

2.4. Case 3: Aggregation of Mixed Stable and Gaussian Processes

Our estimation framework can also be extended to accommodate aggregates mixing a-stable and Gaus-
sian components, an approach explored in Gouriéroux and Zakoian (2017) and Gouriéroux et al. (2021) but
only for the Cauchy case. Consider a process X; resulting from the aggregation of an a-stable MAR(p, 1),
p € {0,1} with @ € (1,2) and a Gaussian AR(1) component X ;. As the distinction between causal and
non-causal dynamics is unidentifiable when o = 2, we adopt the standard causal specification for the Gaus-
sian component. The log-characteristic function of the Gaussian AR(1) component X ¢ = ¢onXnre—1 + M,
ne ~ N(0,1), for the vector (X, Xart—1) is given by

2
ST =

The resulting aggregate log-characteristic function, log ¢ x (u, v), is the sum of the stable component’s charac-

log o (u,v) =

teristic functions log ¢ x, (u, v) and log pxr(u, v), scaled by their respective aggregation weights as in Equation
(2.4). This composite function can be directly employed in the MDE objective function (2.14). The esti-
mator ,, defined in (2.15) remains valid because the stability index o = 2 for the Gaussian component is
fixed and not estimated. Since logpar(u,v) is C™ with respect to its parameters, and log o (u,v) is C?
for a € (1,2) (as established in Lemma 2.1), their sum remains C2?. The regularity conditions required
for the asymptotic theory of the MDE estimator (Proposition 2.1) are thus satisfied, allowing for the joint
identification of the parameters of both the stable and Gaussian latent processes.
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3. Forecasting aggregation of moving averages

This section begins by summarizing relevant findings from de Truchis et al. (2025a), DFT henceforth,
concerning the description of stable random vectors on the unit cylinder.® Let the vector X = (X1,..., Xy)
be an a-stable random vector, I a finite spectral measure on the Euclidean unit sphere S; and u® a non-

random vector in R?, such that,

E(ei<”’X>> = exp { — [5 |(u, s)|* (1 — isign({u, s))w(a, (u, s>))F(ds) +i (U,N(J)}, Vu € RY,
(3.1)

where (-,-) denotes the canonical scalar product, w(a,s) = tg (%), if o # 1, and w(l,s) = —21In|s|
otherwise, for s € R. Drawing on DFT, we explore alternative representations of X where the integration
is performed over a unit cylinder C(U'” = {s € RY: |s]| = 1}, defined by a semi-norm || - || on R?, in
presence of stable aggregates. The reason why we are interested in alternative representations is that, in
the presence of the Euclidean norm, the spectral measure encodes information in all directions of R¢ and
does not allow us to predict future elements of the vector X while ensuring that these future elements are
not themselves carriers of information for prediction. By contrast, the semi-norm || - || is flexible enough to
force some directions R? to vanish.

We will say that X is representable on C{g'” if X can be written as in (3.1) with
(Sq, T, u°) replaced by (C’ﬂ"l,l"”'”,uﬁ_”). As demonstrated in DFT for the single-component model,
X is representable on CC‘IHI — TI(KIl) = 0 when o # 1 or if X is S1S. Moreover, I'l'l(ds) =
Is]l-«T o T‘I_.Hl(ds) with Ty : Sq \ Kl — C’c‘ll'H defined by Tj.(s) = s/|sl|. Importantly, this new
representation inherits from the traditional representation the following asymptotic conditional tail prop-

erty: for any Borel sets A, B C Ccll"” with Tl (8(/1 N B)) =TIl(0B) =0, and TI'l(B) > 0,

Tl (4N B)
II-1
BN AIB) =2 T E)
where OB (resp. 0(A N B)) denotes the boundary of B (resp. AN B), and
X X
Pll(x,AlB ::IP( S A’ X| >z € B).
B = e A

To build a forecasting strategy upon these theoretical results, DFT considers vectors of the form X; =
(Xe—my oo Xey Xew1, -, Xewn), m > 0, h > 1, derived from a stable moving average process and choose,

without loss of generality, semi-norms satisfying

Nz, oo, 1,y 2p)|| =0 <= 2y =... =20 =0, (3.3)

5We exclude the Gaussian case from further discussion as anticipative dynamics are not identifiable when o = 2.
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for any (z_p, ..., o) € R™MHL They show that for o # 1 and (a, 3) = (1,0), the representability of X
on a semi-norm unit cylinder depends on the number of observation m 4 1 but not on the prediction horizon
h. More precisely, they find that sequences of consecutive zero values in must either be of finite length or

extend infinitely to the left :
Vk € Z, [(dk+m,...,dk):0 — W<k—1, d;=0| (3.4)

This result surprisingly establishes that the anticipativeness of a stable moving average is a necessary con-
dition (and sufficient for a # 1 and (o, 8) = (1,0)) to make use of (3.2) in order to feasibly predict X.
The more non-anticipative a moving average is (i.e., the larger the gaps of zeros in its forward-looking
coefficients), the larger m must be to achieve representability of (X;—m,.-., X¢, X¢t1,---, X¢rn) on the

appropriate unit cylinder.

3.1. Extending the representation to stable aggregates

To extend these results to stable aggregates, we first provide the spectral representation of paths of the

aggregated process X; on the Euclidean unit sphere.

Lemma 3.1. Let X; be an a-stable aggregate with latent moving averages (X1 4),...,(Xst) as in Definition
2.1, but now allowing B; € [—1,1] to vary across components, and Xy = (Xi—pm, ..., X, X1, ..., Xign) for
anym >0, h>1.

Then, X is a-stable and its spectral representation (T, uo) on the Fuclidean unit sphere Sy, 1p11 writes

J
I'=o" Z Z ijﬂWT?de,k”g(s{ 9d }7 (3.5)
j=19€S; keZ
ld;klle
0 07 ZfOé 7& 1
o~ .
—2 e YokerTiBidinllomid; ke, if =1

where d; p = (dj ktms - Qs djk—1, . djk—n), Win = (1+96;)/2, foranyk € Z, j=1,...,J, 0 is the

Dirac mass, ¥ € Sy with S1 = {—1,+1}, and if d;, = 0, the term vanishes by convention from the sums.

Notice that I' = ¢® Z'j]:l m'L'j, where I'; denotes the spectral measure of the path X ;; from the moving
average (X;,), j=1,...,J. If all the X ;,’s are symmetric (; = 0 for all j), then X and I" are symmetric
as well, but the reciprocal however does not hold true. The measure I' will be symmetric if and only if
o® Z}]=1 L (Fj(A) - Fj(fA)) = 0 for any Borel set A C S,,,4n4+1. The latter condition is necessary and
sufficient for X; to be symmetric in the case where a # 1, whereas for @ = 1, it guarantees that X, will
be symmetric up to an additive shifting, as u° may be non-zero. The symmetry of paths intervenes in the

representability conditions provided in the following lemma.
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Lemma 3.2. Let X, be an a-stable aggregate with latent moving averages (X1,4),- .., (Xyt) as in Definition
2.1, where each component j has asymmetry parameter 5; € [—1,1]. Let m > 0, h > 1 and || - || be a
semi-norm on R™Th*1 satisfying (3.3). When either a # 1 or X; ~ S18, the vector X, is representable on

ol

mani1 Of and only if condition (3.4) holds with m for all coefficient sequences (d; )k, j = 1,...,J. For

a =1 and X; asymmetric, the vector X; is representable on C’ﬂihﬂ if and only if (3.4) holds and

> sl 10 (11 ell /el

keZ

< o0, Vje{l,...,J} (3.6)

hold with m and h for all sequences (d; i)k, j=1,...,J.

The next proposition extends to stable aggregated processes the notion of past-representability introduced

in DFT and helps to understand to what extent anticipativeness is crucial in this more general framework.

Proposition 3.1. Let X; be an a-stable aggregate with latent moving averages (X1 4),...,(X ) as in Def-
inition 2.1, where Xy = UZJJ:1 m; X+ with scale parameter o > 0.

(v) Define for j=1,...,J the sets Mj ={m>1: Ik €Z, djpim =...=d;jr41 =0, d; #0}, and

sup M., if M, #£0,

mo,; = P ’ f ’ 7& (37)
0, if  M;=0.

(a) For a # 1, the aggregated process X, is past-representable if and only if (X,.) is past-

representable for all j =1,...,J, i.e.,

sup mg,; < +00. (3.8)
1. J

(b) For o =1, the process X is past-representable if and only if (3.8) holds and there exists a pair

(m,h), m > max_m,j, h > 1 such that either
J=1,...,

X, is S18, or, X asymmetric and (3.6) holds for all sequences (d; i)x-
If such a pair exists, then the process X, is (m, h)-past-representable.
(e0) Let ||| be a semi-norm satisfying (3.3) and assume that Xy is (m, h)-past-representable for some m > 0,
h > 1. The spectral representation (I’“'“,u”‘”) of the vector X¢ = (Xs—my oo, Xey X1, .o, Xewn) on Cﬁlhﬂ
is given by:

J
M=o 0> > wioms Id;el*o { 9d, } (3.9)

j=19€S1 keZ
! ' ldyxll

P ol (3.10)

J .
—2 e Y ker TiBidi kI |lomid; k], if o =1
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where dj i = (dj ktms - djk, djj—1,- -, djp—n), Wi = (1 +965)/2, foranyk € Z, j=1,...,J, 9§ is the

Dirac mass, 9 € S1 with S1 = {—1,+1}, and if d; , = 0, the term vanishes by convention from the sums.

The necessary condition (3.8) extends what was noticed in the Proposition 3 of DFT, namely, that
anticipativeness is a minimal requirement for past-representability. Importantly, notice that a single non-
anticipative latent moving average is enough to render the aggregated process not past-representable, re-
gardless of the other latent components. Also, for oo # 1, the past-representability of an aggregated process
is equivalent to that of its latent moving averages, but this does not seem to hold in general for « = 1. In
the latter case however, if all the latent moving averages are symmetric, that is, 1 = ... = 8; = 0, then
the paths X; are S1S for any m >0, h > 1 and (¢)(b) collapses to ()(a).

The representability condition also simplifies in the case of aggregated ARMA processes and requires

each latent ARMA process to be anticipative.

Corollary 3.1. For any j = 1,...,J, let (X;) be the ARMA strictly stationary solution of
U (F)®;(B)X;, = ©;(F)H;(B)ej, with mutually independent sequences €;, Hrd S(o, B5,1,0). Define
X, = UZ}]=1 ;X for any positive weights m; summing to 1 and o > 0. Then, for any a € (0,2),
(B1s---,B5) € [-1,1]7, the following statements are equivalent:

(t)  (AX%) is past-representable,

() inf deg(T;) > 1,

(eer) qup mg,; < +00,

with thje mo,;’s as in (3.7). Moreover, letting m > 0, h > 1, the aggregated process (X;) is (m,h)-past-

representable if and only if for any j =1,...,J, mo; < 400, and m > maxmy ;.
j

3.2. Tail conditional distribution of stable aggregates

Now, we derive the tail conditional distribution of linear stable aggregates. The case of a general past-
representable stable aggregate is considered. We also pay a particular attention to the anticipative GaS
AR(1) because to the best of our knowledge, no deconvolution estimation techniques exists for stable aggre-
gates as defined in 2.1, except for the anticipative GaS AR(1) discussed in Section 2. To be relevant for the
prediction framework, the Borel set B appearing in Equation 3.2 has to be chosen such that the conditioning
event {|| X¢| > x}N{X¢/|| X¢|| € B} is independent of the future realisations X1, ..., Xiyp. For ||-]| a semi-
norm on R™T"+1 satisfying (3.3), denote Sllrﬂrl ={(5—m,---,80) ER™ 1 |(s_pm,...,50,0,...,0)] =1}.°

Then, for any Borel set V' C S,Lljrl, define the Borel set B(V') C Crl,ﬂhﬂ as

B(V)=V xR

—T
6The set S

'm-1 corresponds to the unit sphere of R™*1 relative to the restriction of || - || to the first m 4 1 dimensions.

14



Notice in particular that for V = S,”,;l_‘H, we have B(V) = Clll"_l_l. In the following, we will use Borel sets of
the above form to condition the distribution of the complete vector X¢/||X¢| on the observed shape of the
past trajectory. The latter information is contained in the Borel set V', which we will typically assume to

be some small neighbourhood on Sﬂ;‘_l‘_l. It will be useful in the following to notice that
vxr' ={secll,: fsev},
where f the function defined by

Rm+h+1 N Rm+1
Iz . (3.11)
(T—my- ey @Oy @1y e oy @p) > (T, ..., o)

Let X; an a-stable aggregate as in Definition 2.1. Assume X; is (m, h)-past-representable, for some

m >0, h > 1. Also, we know by Proposition 3.1 (1¢), that T'l'l is of the form

J
P =037 37 3wy sl 6 { 9d, } (8:12)

j=19€S
v ke 1l

Proposition 3.2. Let X; be an «a-stable aggregate as in Definition 2.1. Assume X; is (m,h)-past-
representable, for some m >0, h > 1. Also, we know by Proposition 3.1 (w), that LIl s of the form

J
il = UD‘Z Z ij,ﬂyﬂdjyk“aé{ vd; i }

j=19€S, k€eZ
! ' lld;kll

Under the above assumptions, we have

T {MM ca: Mldin) v}
;] Iy ]

MMXWQMW);? , (3.13)
mw{ﬂ%$ecMM1:&m%“ev}
;. 1l ;.
[ Al 9d; i . - Of(djx)
for any Borel sets A C C’lnihﬂ, V C S,M_l such that {”dj]k” S C’lllhﬂ : m e Ve # 0,
Tl (a(A N B(V))) = TIHI@B(V)) = 0, where B(V) =V x R" and f is as in (3.11).
Observe that setting V = Sﬂil, and A an arbitrarily small closed neighbourhood of all the points

(9d; i/ ||djk|)9,5k, as in the single-component case we have xETOO]P’(Xt/HXtH € A‘HXtH > x) =1 In
other terms, when far from central values, the trajectory of process (X;) necessarily features patterns of the
same shape as some ¥d; ;/||d; k||, which is a finite piece of a moving average’s coefficient sequence. The
index j indicates from which of the J underlying moving averages the pattern stems from, the index &k points
to which piece (dj k+m,--->djk,djk—1,---,djk—p) of this moving average it corresponds, and ¥ € {—1,+1}
indicates whether the pattern is flipped upside down (in case the extreme event is driven by a negative value
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of an error (¢;,+)). The likelihood of a pattern Jd; /| /d; x| can be evaluated by setting A to be a small
neighbourhood of that point. In particular, only one pattern dy/||dy|| can appear through time for J =1
(up to a time shift and sign flipping). This is no longer the case in general for J > 2, where the shape of
each extreme event appears as if being drawn from a collection of patterns.

Interestingly, as in DFT in the non-aggregated case, the observed path (X;—p,, ..., Xi—1, &) /|| X¢|| will a
fortiori be of the same shape as some 9(d; g+m, - - -, djk+1,dj k) /|| dj x| when an extreme event will approach
in time. Observing the initial part of the pattern can give information about the remaining unobserved
piece: the conditional likelihood of the latter can be assessed by setting V' to be a small neighbourhood of
the observed pattern. In practice, we anticipate that matching an observed path to a particular pattern j

among the collection of J patterns will be challenging, even for a small number of latent components.

3.3. Example: Aggregation of Anticipative AR(1) Processes

We now consider the aggregation of stable anticipative AR(1) processes discussed in Section 2. We
assume without loss of generality that the p;’s are distinct. For each anticipative AR(1) with parameter
pj, the moving average coefficients are of the form (P?l{kzo})k, and thus, mg; = 0 for all j, where the
mo,;’s are given in (3.7). By Corollary (3.1), we know for any m > 0, h > 1, the aggregated process X;
is (m, h)-past-representable. The spectral measures of paths X; simplify and charge finitely many points.

Their forms are given in the next lemma.

Lemma 3.3. Let X} be an aggregation of a-stable anticipative AR(1) processes as in Definition 2.1 with
dji = p;? and general scale parameter o > 0.
Letting Xy = (Xi—my -« Xoy X1y -« -, Xean) for m >0, h > 1, its spectral measure on C’T‘!ihﬂ for a

seminorm satisfying (3.3) is given by

J h—1 7
. a,_a @ Wi «
Tl = Z wy9dy(9,0,...0} + ZO’ Ly (wj,ﬁ Z lldj x|l 5{ 9d, } + leldjhll (5{ vdjp })]7

Ve =t Saias i ]

(3.14)

where for all ¥ € S1, j€{l,...,J} and —m+1 <k <h,

dik = (05" Lz omys - P L0y, 5 izys -0 0 " Liisny),

wo = (1+955)/2,
J
Wy = Zoo‘w;?‘wjﬁ,
j=1

W0 = (1+95;)/2,

By =B
T =gyl
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and if h =1 and m =0, the sum EZ;imH vanishes by convention.

The next proposition provides the tail conditional distribution of future paths in the case where the p;’s

are positive. Let us first introduce useful neighbourhoods of the distinct charged points of TI'l. Denote
m-+h+1

—
do,—m = (1,0,...,0) so that the charged points of T'l'l are all of the form ¥d; /||d; x|| with indexes (¥, 7, k)
in the set 7 := S1 x ({1, oo Jx{=m,h}U{(0, —m)}). With f as in (3.11), define for any (Yo, jo, ko) € Z,
the set Vj as any closed neighbourhood of Yo f(d;, .k, )/l djo,k || Such that

V' f(dyw) Vf(dyw) _ Dof(djo ko)

1w | il ldjokoll

In other terms, Vo x R? is a subset of C’ll;‘_!_h 41 in which the only points charged by Ll all have the first

v, K) €T, eVh = (3.15)

(m+1)" coinciding with 9o f(dj, ko )/||djo ko |- Define also Ay ; » for any (19, j, k) as any closed neighbourhood
of ¥d; 1./||d; || which does not contain any other charged point of T!I'l| that is,

ﬁ/dj/,k/
1w |
Proposition 3.3. Let X; be an aggregation of a-stable anticipative AR (1) processes as in Definition 2.1 with

V(’ﬂ/,j/, k/) S Ia S Aﬂ,j,k - (19/7.7./7 k/) = (197.7.7 k) (316)

djr = p? € (0,1) for all j’s.,Let Xy, the d; ;s and the spectral measure of Xy be as given in Lemma 3.3, for
anym >0, h > 1. Let Vi be any small closed neighbourhood of Vo f(dj, ko) /|| djo k0 || in the sense of (3.15)
for some (Yo, jo, ko) € T and let B(Vy) = Vo x R". Then, with Ay j, an arbitrarily small neighbourhood of
some 9d; 1./||d; k|| as in (3.16), the following hold.
(t) Case m > 1.
(a) If 0 < ko < h:
1040 ** (1 = |pjy |*) 80, (9)35, (7), 0 <k <h—1,
PN (X0, 0 BOR))
19501 *" 09, (9)854 (4), k= h.
(b) If —m < ko < —1:
P (e, Ao g | BOVO)) 2 600(9)850 (1), (B):

(1t) Case m = 0.

I _a
. 7T74- ’LU@
w%o}(ﬁ)v k=0
Z,-:l DPi9¢
P (Xe, Ao BOR)) = =2 losl (1 = 9 |*)00y (9), 1<k <h—1,
rreo Zi:l Piv,
Pj,0 a
— 1P| 9,3 (9), k=h,
Zi:1 Di, 90

with pj .9, = W?wj,ﬁo/(l - \Pj|a)~
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For m > 1, that is, if the observed path is assumed to be of length at least 2, there is a significant difference
between whether kg € {0,...,h} or kg € {—m,...,—1}. For the latter, the asymptotic probability of the
whole path X /|| X¢|| being in an arbitrarily small neighbourhood of ¥d; 1 /||d; x| is 1 if and only if ¥ = J,
j = jo, k = ko: given the observed path, the shape of the future trajectory is fully determined. For the
former, this probability is strictly positive if and only if ¥ = ¥y and j = jg, but the observed pattern
is compatible with several distinct future paths. One can see why this is the case from the form of the
sequences d; ,/||d; k|| and of their restrictions to the first m + 1 components f(d;x)/|ld;x||. On the one

hand (omitting 9),

m—+1 h
(pf*m,...,pf,p?il,...,pj,LO,...70) ; ke 0 \
- 1 0 o’ or € {0,...,h},
d H(pj a7pjap] a"'apj? 9y eeey )H
g,k
djkll m
(5T, pj,1,0,...,0,0,...,0) .
p ) or ke{-m,...,—1}.
H(p] 5"'apj71707'-'70703"'70)”
m+1 h

We can notice that all the above sequences are pieces of explosive exponentials, terminated at some coordi-
nate. For k € {0,...,h}, the first zero component, i.e. the crash of the bubble, is situated at or after the
(m + 2)t" component, whereas for k € {—m,...,—1}, it is situated at or before the (m + 1)**. Using the
homogeneity of the semi-norm, we have on the other hand that

m—+1

o)
pj7"'apj7
— , for ke{0,...,h},
||(pj7'"7pj3170>"'70a07~~~70)”
_—
m-+1 h
fldir) _
1dj | mt1
k+m
m 51,0, .,0
k+(1f] il ) , for ke{-m,...,—1}.
(5™, psy 1,0,...,0,0,...,0)
——
m+1 h

Thus, conditioning the trajectory on the event {f(Xy)/||Xtll = f(djy.k0)/l|djo.koll} for some ky €
{—m,...,—1} amounts to condition on the burst of a bubble being observed in the past trajectory with
no new bubble forming yet, which allows to identify exactly the position of the pattern on the ;' moving
average’s coeflicient sequence.

When conditioning with kg € {0, ..., h} however, the crash date is not observed and can happen either
in the next h — 1 periods, or after the h*". However, the shape of the observed path is that of a piece of
exponential with growth rate pj_1 regardless of the remaining time before the burst, which leaves several

future paths possible. One can quantify the likelihood of each potential scenario: the quantity |p;|**(1—|p;|%)
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corresponds to the probability that the bubble will peak in exactly k periods (0 < k < h), and |p;|*"
corresponds to the probability that the bubble will last at least h more periods.

The previous statement confirms the interpretation of the conditional moments proposed in Fries (2022)
for the stable anticipative AR(1) case (J = 1). It also extends it in two ways:

(+) by accounting for paths rather than point prediction,

(wt) by showing that the aggregation of AR(1) processes also features killed exponential explosive episodes
but with various growth rates and crash probabilities.

Proposition 3.3 furthermore shows that asymptotically, as few as two observations are sufficient to identify
the growth rate pj_1 of an ongoing extreme episode,” and the conditional dynamics within this given event
will be similar to that of a simple AR(1) with corresponding parameter. An identification of the growth rate

in the early developments of the bubble appears possible, allowing to infer in advance the odds of crashes,

as long as the latent components parameters are identified.

4. Monte-Carlo Simulation

4.1. Estimation accuracy

This section presents Monte Carlo evidence on the finite-sample performance of the minimum distance
estimator introduced in Section 2. The observed process is generated by the aggregation of two independent

a-stable AR(1) processes:

X =mXi +maXoy, (4.1)
Xjo=piXjia+eie e =S, 5,1,0), (4.2)
where j € {1,2} and p; € (0,1). We fix 0 = 1.6, m; = 7/16 and m = 9/16, leading to the combined scale
parameters ¢; = om; = 0.7 and ¢2 = ome = 0.9. Three distributional settings are considered: (i) Cauchy
(818, a = 1, B = 0); (i1) symmetric a-stable (SaS, a = 1.5, 8 = 0); and (iii) general a-stable (GasS,
a = 1.5, 8 = 0.3). For each case, we perform 1,000 replications with sample sizes T" € {250, 500, 1,000}.
Estimation uses uniform weights and grids of 10 equally spaced points in [—0.5,0.5] for u and v.
Table 1 reports the bias, root mean square error (RMSE), and mean relative error (MRE) across all
scenarios. Several patterns emerge. First, the dominant autoregressive coefficient p; is precisely estimated
across all settings, with MRE below 5% in the S1S case and below 9% even in the GaS case for T' = 250.

Second, the smaller coefficient py and the combined scale parameters ¢, ¢ exhibit substantially higher

"This holds asymptotically in the (semi-)norm of the observed path, but in practice it can be expected that the noise
surrounding the trajectory will make this identification difficult with only two observations. Longer path lengths (higher m)
may provide robustness to the identification, but could also incorporate some bias by taking into account past extreme events,

such as now-collapsed bubbles. One can suspect a bias-variance trade-off when searching for an optimal choice of m.

19



relative errors, reflecting the inherent difficulty in disentangling the individual component contributions
from the aggregate signal. Third, the tail index « is recovered with high accuracy (MRE around 8% at T =
250, declining to 4-5% at T' = 1,000), confirming the informational content of the empirical characteristic
function for identifying heavy-tail behavior. Fourth, in the GaS setting, the asymmetry parameter g is
the most difficult to estimate (MRE of 63% at T = 250), although its identification is not required for the
autoregressive and scale parameters. Across all scenarios, the RMSE and MRE decrease consistently with T,

confirming the good finite-sample behavior of the estimator.

Table 1: Monte Carlo estimation accuracy for a-stable AR (1) aggregates (1,000 replications)

T = 250 T =500 T = 1000

0  True Bias RMSE MRE Bias RMSE MRE Bias RMSE MRE

Panel A: Cauchy (S1S, a =1, =0)

p1 0800 —0.008 0.050 0.046 —0.004 0.030 0.029 —-0.002 0.020 0.019
¢ 0.700 —0.023 0.322 0.368  0.002 0.249 0.275 -0.002 0.179 0.196
p2 0300 -0.035 0.169 0455 —0.025 0.128 0.333 —0.012 0.089 0.223
G 0900 -0.035 0.279 0249 -0.015 0.193 0.171 —-0.007 0.134 0.119

Panel B: Symmetric a-stable (SaS, a = 1.5, §=0)

p1 0.800 0.013 0.081  0.07v3  0.000 0.062  0.067 —0.005 0.046 0.044
¢ 0.700 -0.101 0.276 0325 —0.021 0.216 0.247 0.019 0.168  0.195
p2 0300 -0.127 0.209 0.600 -0.096 0.190 0.529 -0.072 0.148 0.391
g 0900 -0.124 0.235 0.212 —-0.098 0.197 0.175 —-0.071 0.153 0.135
o 1500 —-0.037 0.173 0.086 —0.014 0.127 0.065 —0.004 0.088  0.046

Panel C: General a-stable (GaS, a = 1.5, f =0.3)

p1 0800 -0.006 0.091 0.084 -0.015 0.073 0.069 —0.013 0.057 0.055
¢ 0700 —-0.054 0.285 0.335 0.013 0.234 0.278  0.026 0.200 0.236
p2 0300 —-0.089 0.208 0.594 -0.068 0.186 0.510 —0.052 0.146  0.388
g 0900 -0.124 0.234 0.211 -0.115 0.205 0.179 -0.092 0.178  0.154

1.500 -0.026 0.164 0.083 —0.009 0.120 0.060 —0.003 0.082 0.042
g 0300 —-0.007 0.262 0.628 —0.003 0.186 0.457 —0.001 0.132  0.328

Notes: True parameter values are p; = 0.8, p2 = 0.3, ¢1 = 0.7, ¢2 = 0.9. MRE denotes the mean relative error E[|6 — 6o|/|00]].

Estimation uses the empirical characteristic function with uniform weights on a 10 x 10 grid in [-0.5,0.5)2.
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4.2. Subsampling-based verification of asymptotic normality

To empirically verify Proposition 2.1, we implement a subsampling methodology following Politis and
Romano (1994) and Politis, Romano and Wolf (1999). A detailed description of the subsampling method-
ology (Section S.1.2) and comprehensive results for all sample sizes and parameterizations are provided in
the Online Supplement.® Given a full sample of size n, we construct non-overlapping subsamples of size

b < n, with b/n — 0:
Xb(y) = {X(i—l)b-l—lv"'v')cib}v i= 1;"'aNb = Ln/bJ (43)

Since the individual scale parameters ¢; and ¢ exhibit slow finite-sample convergence (see Section S.1.2 ),

we apply a post-estimation reparameterization:

S1

9 = (p1,p2,0,m,), where o=¢ +¢, m =— (4.4)
The scaled subsample deviations are
Z = Vb (@ff) - 19”) L i=1,... Ny, (4.5)

where 9, is the full-sample estimator mapped to the reparameterized space. Following Politis, Romano
and Wolf (1999), we set b = |n?/3]. We conduct M = 200 Monte Carlo replications for each sample size
n € {250, 500, 1,000, 10,000, 50,000, 100,000} with true parameter values 6y = (0.8,0.3,0.7,0.9,1.5), yielding
Yo = (0.8,0.3,1.6,0.4375,1.5). ?
Table 2 confirms the theoretical prediction of Proposition 2.1. The tail index « and the total scale
o exhibit the fastest convergence toward normality, achieving near-nominal CI coverage at n > 10,000 («:
90.0%/94.0% at the 90%/95% levels; o: 88.5%/95.5%). The autoregressive coefficients p; and py converge
more slowly, with ps exhibiting persistent positive mean drift. The mixing proportion m; is the most
challenging parameter: its coverage collapses to 14.5% at the 95% level for n = 100,000, raising the question
of whether it is genuinely identified by the CF-based objective. A criterion difference test for Hy: m = 0.5
(see Section S.1.5) confirms that the MDE objective is essentially flat in the 71 direction, as the test never
rejects Ho at any conventional level for n up to 50,000. Imposing 71 = 1/2 stabilizes inference on o and
a, which achieve near-nominal coverage at moderate sample sizes, but introduces a specification bias on p;
and py that becomes detectable at very large samples (see Section S.1.4 for detailed results).
To disentangle the respective contributions of specification bias and slow finite-sample convergence,

we repeat the restricted exercise under the true constraint m3 = w9 = 0.4375 (Section S.1.5). Table 3

8 All tables, sections, or figures whose numbering begins with “S” refer to the online supplementary material
9Table S.1 summarizes the Monte Carlo design. Comprehensive results for all sample sizes are reported in Tables S.9-S. 14.

Visual diagnostics are displayed in Figures S.7-S.12.
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Table 2: Subsampling results in the reparameterized space for selected sample sizes

Quantile CI Normal CI
n Param. True Avg. Est. Std. Est. Dev. Mean Skew Kurt qCov90 qCov95 nCov90 nCov95
P1 0.80 0.812 0.086 —0.15 —-0.41 —-0.62 0.555 0.605 0.690 0.745
P2 0.30 0.296 0.157 0.57 0.06 —0.96 0.450 0.455 0.595 0.660
1,000 o 1.60 1.543 0.188 —0.55 0.19 -0.52  0.600 0.635 0.665 0.715
m 0.4375 0.414 0.162 —0.47 —-0.23 —-042 0.285 0.315 0.510 0.610
« 1.50 1.493 0.093 0.13 —0.15 —0.59 0.800 0.815 0.825 0.885
1 0.80 0.786 0.029 0.43 0.18 —0.70 0.530 0.620 0.770 0.885
D2 0.30 0.260 0.055 1.15 0.09 —-0.97 0.505 0.520 0.705 0.825
10,000 o 1.60 1.599 0.053 —1.38 0.01 -0.69 0.825 0.885 0.885 0.955
st 0.4375 0.473 0.058 —1.55 —-0.72 —-0.44 0.210 0.230 0.490 0.735
@ 1.50 1.498 0.028 0.00 —0.02 —-0.35 0.895 0.925 0.900 0.940
01 0.80 0.778 0.013 1.11 0.89 0.85 0.145 0.155 0.155 0.170
P2 0.30 0.249 0.025 1.75 —-0.38 —-0.02 0.175 0.200 0.170 0.205
100,000 o 1.60 1.609 0.017 —1.48 —0.31 —-0.12 0.795 0.850 0.905 0.950
T 0.4375 0.491 0.028 —2.59 —1.25 1.43 0.145 0.155 0.145 0.145
@ 1.50 1.501 0.009 —0.05 —0.00 —-0.20 0.910 0.960 0.925 0.965

Notes: Avg. Est. and Std. Est. are computed over M = 200 replications. Dev. Mean, Skew, and Kurt refer to the mean,
skewness, and excess kurtosis of the non-overlapping block scaled deviations Zéi). qCov and nCov denote the average
coverage of quantile-based and normal-approximation confidence intervals. Complete results for all sample sizes are in the

Online Supplement, Section S.1.

reports the results for n € {1,000, 10,000, 100,000}. The improvement relative to both the unrestricted and
the misspecified-restricted cases is substantial. At n = 10,000, p; is essentially unbiased (p, = 0.799) with
96.5%/98.0% normal CI coverage at the 90%/95% levels, compared to 27.0%/42.5% under m; = 1/2. For ps,
coverage reaches 86.5%/92.0%, up from 62.5%/72.5%. The parameters o and « retain near-nominal coverage
comparable to the m; = 1/2 case. At n = 100,000, all four parameters achieve nominal or near-nominal
coverage (p1: 95.0%/98.0%; p2: 90.0%/98.0%; o: 89.5%/94.5%; «: 94.0%/96.5%), confirming that the
correctly restricted estimator converges to its asymptotic Gaussian limit without residual specification bias.
The only notable departure from normality is a persistent left skew in p; (skewness ~ —0.77 at n = 100,000),

which inflates the Shapiro-Wilk rejection rate to 44.5% but does not materially affect coverage.

5. Application to financial markets

To illustrate the empirical relevance of our estimator and forecasting theoretical results, we apply them
to financial data. In particular, we focus on the CBOE Crude Oil ETF Volatility Index (OVX), which
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Table 3: Restricted subsampling results under w1 = 0.4375 (true value) for selected sample sizes

Quantile CI Normal CI

n Param. True Avg. Est. Std. Est. Dev. Mean Skew Kurt qCov90 qCov95 nCov90 nCov95
1 0.80 0.761 0.131 —0.51 —-0.49 -0.34 0.750 0.780 0.860 0.885
1000 P2 0.30 0.321 0.190 0.42 0.05 —1.07 0.370 0.375 0.510 0.595
’ o 1.60 1.594 0.151 0.12 0.09 —047 0.680 0.740 0.750 0.810
« 1.50 1.496 0.090 0.22 —0.11 —0.61  0.800 0.820 0.825 0.880
1 0.80 0.799 0.010 —0.60 —-0.70  0.19 0.890 0.920 0.965 0.980
10,000 P2 0.30 0.298 0.050 0.37 0.13 —-1.04 0.775 0.775 0.865 0.920
’ o 1.60 1.599 0.044 0.09 0.14 —-044 0.830 0.880 0.860 0.925
« 1.50 1.498 0.028 0.12 0.01 —-0.36  0.880 0.915 0.895 0.925
1 0.80 0.800 0.003 —0.25 —-0.77  1.43 0.920 0.955 0.950 0.980
100.000 P2 0.30 0.301 0.017 0.04 —0.01 —0.11  0.925 0.975 0.900 0.980
’ o 1.60 1.601 0.014 0.02 0.07 —-0.21 0.885 0.935 0.895 0.945
« 1.50 1.500 0.008 0.06 0.01 —-0.19 0.920 0.960 0.940 0.965

Notes: See notes to Table 2. Estimation under the true restriction 71 = ¢1 /0 = 0.4375. Complete results for all sample sizes

are in the Online Supplement, Section S.1.4.

reflects by essence the market’s anticipation of the volatility of crude oil ETF prices over the next 30 days.
VIX-type indexes are often referred to as fear indices as they aggregate all sources of investors’ expectations.
The large body of literature on heterogeneous agent models (e.g. Agliari et al. , 2018) suggests that the
fundamentalist /chartist dichotomy is likely to generate distinct dynamics in such an index, particularly
during periods of growing market fear. We collect the CBOE OVX index from the FRED website, sampled
at weekly frequency over the period 23/05/2015-23/05/2025 (T = 522), and linearly detrended to avoid
high-frequency noise contamination (see Hecq and Voisin , 2021, for a discussion on the pre-treatment of
data). We estimate three specifications as described in Section 4, with initial values obtained from de Truchis
et al. (2025b): a general a-stable model (GaS), a symmetric a-stable model (SaS), and a Cauchy model
(S1S8).

Table 4 reveals several key patterns. The GaS specification provides strong evidence of anticipative
dynamics: both AR coefficients are highly significant (p; = 0.80, po = 0.85), and the two latent components
are clearly differentiated, the first captures more abrupt volatility bursts (lower weight #; = 0.28), while the
second drives more persistent explosive episodes (f2 = 0.72). The estimated tail index & = 1.47 confirms the
presence of heavy tails well beyond Gaussian accommodation. The asymmetry parameter B = —0.13 is not
significant at the 5% level, yet numerically distorts the parameter structure of the SaS model considerably

(p1 = 0.25, po = 0.99). The S1S Cauchy restriction (o« = 1) appears overly binding given the estimated &
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Table 4: Estimation results for the OVX index under three specifications.

GgaS SasS S18

Estimate Std. t-stat  Estimate Std. t-stat Estimate Std. t-stat

)

1 0.7989  0.0673 11.862 0.2507  0.0077  32.477 0.9226  0.0082 112.824

P2 0.8470  0.0668 12.678 0.9865  0.0040 244.560  0.9346  0.0074 126.404
1.4686  0.0995 14.764 1.2405  0.0084 147.613 - - -

B —0.1275 0.0684 —1.863 - - - - - -

o 2.0932  0.2400 8.723 0.8964  0.0212 42.226 0.1966  0.0294  6.692

m 0.2790  0.0403  6.930 0.8915  0.0052 171.084  0.5029  0.0511  9.833

o 0.7210  0.0409 17.622 0.1085  0.0182  5.957 0.4971 0.0545  9.121

values.

Figure 2 presents the deconvolution of the OVX index, obtained via the dual MCMC filtering procedure
of de Truchis et al. (2025b). The two components exhibit clearly differentiated roles: the first component
captures abrupt, short-lived volatility bursts, while the second tracks more sustained explosive patterns.
Periods of extreme oil market stress, most visibly the 2020 disruption, feature a superposition of both
dynamics, whose heterogeneous persistence properties are precisely what motivates our aggregate modeling
framework.

To demonstrate the forecasting potential of the estimated model, we conduct an in-sample prediction
exercise for the 2020 oil market disruption. Setting January 2020 as the cut-off, we apply Proposition 3.3
to forecast crash probabilities and trajectory paths for each latent component (pattern matching length
m = 20). Our approach exploits the theoretical result that during extreme events, trajectories conform to
specific normalized patterns ¥d; i /||d; x||: we first identify the component jo and position k¢ by matching the
observed pre-cut-off trajectory, then compute conditional crash probabilities |p;, [**(1 — |pj,|*) and survival
probabilities |p;,|*" for all future horizons h.

For the first component (kg = 3), forecasted values escalate rapidly from 11.27 to 208.73 before the
predicted crash at horizon h = 14 (at the 99% risk threshold). For the second component (kg = 1),
crash probabilities build more gradually but the trajectory reaches higher absolute values (up to 223.7
at h = 18) before the predicted collapse. Detailed per-component crash probability profiles and forecast
trajectories across three risk thresholds (90%, 95%, 99%) are provided in the Online Supplement, Section
S.2 (Figures S.25-S.26 and Table S.28).

Figure 3 presents the combined forecast at the 99% threshold. The aggregate trajectory closely tracks
the realized path during the March 2020 spike, reaching approximately 220 before the predicted crash,,
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Figure 2: Deconvolution of the OVX index from the GaS two-component model, filtered using de Truchis et

al. (2025b). Top

panel: observed detrended OVX series. Middle panel: filtered first component (41 = 0.7989, 71 = 0.2790). Bottom panel:

filtered second component (p2 = 0.8470, 72 = 0.7210).
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Figure 3: Combined in-sample forecast at the 99% risk threshold for the 2020 OVX bubble. The blue line shows the detrended

series, the green segment indicates the matched historical theoretical pattern starting at the black dotted vertical line, and the

red curve displays the out-of-sample forecast beyond the January 2020 cut-off (red dotted vertical line).
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remarkably close to the observed peak of around 230. This validates our framework’s ability to provide
early warning signals for extreme volatility events in commodity markets, and illustrates how disentangling

heterogeneous bubble components enhances forecast precision relative to single-component models.

6. Conclusion

This paper addresses a fundamental limitation in the empirical modeling of rational asset bubbles in fi-
nancial markets by introducing a novel framework based on a-stable moving average aggregates. Traditional
approaches to bubble modeling based on anticipative heavy-tailed processes impose uniform bubble patterns
across different episodes, contradicting the observed heterogeneity in market dynamics. Our contribution is
both theoretical and methodological. Theoretically, we develop a flexible model built on a-stable moving
average aggregates that accommodates diverse bubble growth patterns and crash dynamics. We establish
that this model admits a semi-norm representation on a unit cylinder, similar to non-aggregated moving
averages, thereby enabling the forecasting of bubble episodes with heterogeneous growth trajectories. We
extend the spectral representation of stable processes to aggregated components and derive conditions under
which the tail conditional distribution can be used for prediction, showing that anticipativeness remains a
necessary condition for past-representability even in the aggregated case. Methodologically, we develop a
minimum distance estimation procedure based on the joint characteristic function that effectively identifies
the parameters of stable aggregates. Unlike existing approaches limited to the Cauchy case with continuous
support distributions, our framework extends to the general a-stable family with discrete support, making it
more suitable for empiricalapplications. Monte Carlo simulations confirm robust finite-sample performance,
and a subsampling procedure supports the asymptotic normality of the estimator, while revealing hetero-
geneous convergence speeds across parameter dimensions and a near-flat objective surface in the mixing
proportion direction. An empirical illustration using the CBOE OVX index reveals the presence of multiple
anticipative components with distinct persistence properties and asymmetric weights. The deconvolution
analysis shows that the 2020 oil market disruption actually comprises multiple superimposed processes with
heterogeneous growth rates and crash probabilities, and our forecasting framework successfully anticipates

both the timing and magnitude of the March 2020 volatility spike.
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A. Proofs

A.1. Proof of Lemma 2.1

We first establish the C*(©) regularity of (2.14), the MDE objective function. The proof proceeds by
analyzing the theoretical characteristic function structure and establishing precise control over its derivatives
under Assumptions 1 and 2. We then show that under the condition obtained to insure that (2.14) belongs
to the C2(0) class, Assumptions 3, 6, 7 and 8 are satisfied. For simplicity, the proof is only developed for
the MAR(0,1) case although it also holds for the MAR(1,1) case.

A.1.1. C*(©) regularity and validation of Assumption 3

Recall that for the a-stable MAR(0,1) component, the variable uX;; + vX; ;11 decomposes into two
independent parts: (pju + v)X;+11 and ue;;. The joint log-characteristic function is the sum of their
log-characteristic functions. Recalling that w(a, z) = tan(r/2) if a # 1 and w(l,2) = —2 In |z| we have

O.Oé

T [y Pt T oIt Alpyu+ v) = ol Afw), (A.1)
J

log ox; (u,v;0) = —

where A(z) = 1 — if8sign(z)w(a,z). Let K C O be any compact subset satisfying the uniform bounds:
inf; gex (1 — |p;|) > 0" > 0, infoex o > g > 0, supgeg o < M < oo, and supyeg |f] < B < oo. From
these assumptions, we can establish a uniform lower bound for 1 — [p;|*. Since |p;| < 1 — ¢, it follows that
1—|p;j|*>1—(1—¢")", which is increasing in « (since 1 — §’ € (0,1)). Therefore, its minimum value over
K is attained at ap. We can thus define a single constant § =1 — (1 — ¢")* > 0, which ensures that for all
0 € K, we have 1 — |p;|* > 0.
(¢) The derivative with respect to = is computed from the decomposition loge(u,v;6) =
o® Z;}:l 73 Pj(u,v), where @; is the standardized log-characteristic function (i.e., the expression in (A.1)
divided by o%). We have:
Y L0) — . a—1_a
a—mﬂ(u,v,ﬁ) = (u,v;0) - amy "o Pr(u, v).
loku+v|* Alpru+v)
I—[px|*

|A()] < 14 B|tan(maumax/2)| := M4 on the compact set K, we obtain:

Substituting the explicit form @ (u,v) = — [ + |u|°‘A(u)] and using the uniform bound

52 (w0:6)] < Il i) a0 |

o+ 0]
1)

+mﬂ
= Cﬂ'Gﬂ'<u7 U)a

where C is a constant depending on K. The bounding function G (u,v) grows polynomially (degree )

and is integrable against w(u,v) for any « > 0.
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(1) The derivative with respect to « is computed using the decomposition of the log-characteristic

function in (A.1). We have

ol . , o ,
TI8PX; _ _selng lpju+ v|* Alpju+v) + |ua.A(u)]
dox 1—{pj|*
M. al .
R e e R R e ]
1—[pj]
-|Pju+’va|ﬂj|a1n|m|]
+0° Alpju +v)
L A= pl*)? !
_ go [lpiuto* 0Alpjutv) |u‘a3v4(u) '
L 1= [ps]* dox da

Using the uniform bounds on the compact set K (specifically 1 — |p;|* > ¢ and the boundedness of A and

0o A), we obtain the following majoration

dlog px, lpju+v|®
J <O J [e
' 90 | =1 5t
, Ay
+Cy {"”“”' ';"’J””” + u|°‘|ln|u|} ,

where C and Cs are finite constants depending only on K. This leads to a bounding function of the form

Iy
_ . < .
5 wi0)| < Calelu,i0)] |

Ha(pju+v)

5 —+ Ha(u)] == CaGa(u7v),

where H,(x) = |z|*(1+|1n|z||). To conclude on the integrability of G, (u,v) against w(u,v), we use a conti-
nuity argument. Since o > «p > 0 on K, the function z — H, (x) is continuous on R (prolonged by 0 at © = 0
since lim, o |2|*In|z| = 0). Consequently, H,(z) is bounded on any compact set and grows polynomially
at infinity. At this stage, we need Assumption 2 as it imposes w(u, v) = exp(—x(u?+2v?)). As a consequence,
the growth is dominated by the exponential decay of w(u,v), ensuring that [ G (u, v)w(u,v)dudv < co.

(tet) The derivative with respect to o is computed by noting that log ¢ x; (u,v; 0) = 0%, (u,v). We have

ol .
O, _ ot

= —ao®! [pj“”' Alpjutv) u|a.A(u)} .
1= |pj

Summing over j (weighted by 7751) and applying the uniform bounds on the compact set K (specifically
|A()] < My), we obtain

Oy ) ) o |9logpx;
’aa_(uavva)‘ < |<p(u,v,0)|];7r] do
o [loju+ ol
< lolu i) - oMM Yo mg [ e

Jj=1

= CaGa(uy U),
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where M, = max(M®~',¢%1) is the uniform bound for 0®~! on K. Note that when o > 1, we have

» Omin
M, = M' while for @ < 1, we have M, = 0%, since 0*! is decreasing in ¢ when a — 1 < 0. The
bounding function G, (u,v) is a finite sum of terms with polynomial growth of degree «, which is integrable
against w(u,v) for any a > 0.
(tv) The derivative with respect to [ is obtained by differentiating the asymmetry terms A(x) = 1 —
iBsign(x)w(a) within the log-characteristic function expression (A.1). We have 0gA(x) = —isign(z)w(a, z)

for a # 1. Thus,

dlog ox; o W OA(pju+v) o 1o OAW)
5% T gt oft PAEE, oo 2210
B 1 —|pjl B B
=i0%w(a) lpgut ol 81gn(£ju+v) + |u|*sign(u)
1 —|pjl
The derivative of the full characteristic function is 22 = 37 7o21%8%X  Tukine the modulus and
¢ derivative of the full characteristic function is 75 = <p2j:1 7' —%5 - Taking the modulus an

applying the triangle inequality along with the uniform bounds on the compact set K (specifically [sign(-)| <
1 and |w(a)| < sup,cg | tan(re/2)| := M,,), we obtain

lpju +v|®

I e

J
’gg(u,v;ﬂ)‘ < |ap(u,v;9)|2ﬁ§‘0"‘Mw [

j=1
L |pju+ o] o
< Calp(a,vi0)] |30 gl
j=1

The functional form of this bound is identical to that found for the derivative with respect to o (a polynomial
of degree « in w,v multiplied by the characteristic function). Consequently, it is integrable against the
exponential weight w(u,v) for any o > 0. Notice that when a = 1, the simple polynomial bound no longer
holds due to the logarithmic term in the characteristic function, but the integrability is preserved by the
exponential decay of w(u,v) = exp(—x(u? +v?)), utilizing the same argument as for the a derivative in (1¢).

(v) Finally, we turn to the most critical case, the derivative with respect to p. Using the decomposition
in (A.1), the derivative is given by

o®|pru + v|* OA(pru + v)
1—|p|® Iprk

Opk i,

a
Ologpx, _ o 0 Pf’“ﬁ” IJ;;jL ] Alpru +v) —
The derivative of the asymmetry term A(x) = 1 —ifsign(x)w(a) involves the derivative of the sign function,
which is zero almost everywhere (the Dirac mass contribution on the line v = —pju does not affect the L*
integrability). Thus, the second term vanishes almost everywhere. The dominant behavior comes from the

first term

|a—1

0 {kawvl“] _ ausign(pru +v)|pru+ v |pru + v|* o]~ 'sign(pk)
Ope | 1— okl 1— [pg|® (1 = |px|*)?
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Using the uniform bounds on the compact set K (specifically |A(-)] < My4), we define the bound for the
singular part:
alullpgu + ol
)

T (u,v) = M 4.

Again, we need Assumption 2 and impose w(u,v) = exp(—r(u? + v?)), for & > 0, to prove the convergence.

We rely on the polar coordinates of the integral of T7:
+oo +oo
I, = / / T (u, v) exp(—r(u? + v?)) dudv
M 2w 00
= %/ / | cos 8] ~7’”‘*1|ka050+Sin9|°‘*1€7m2rdrd9
o Jo

M 2m 00 5
— A cos 0||px, cos O + sin 9! rotle= " dr ) de,
6

0 0

with u = rcos#, v = rsinf. This decomposition reveals that the radial integral converges for av > —2:

> a+1 — k72 o F((OZ + 2)/2)
/0 r e dr = “or(@iD)/z

The angular integral, near singularities 6§y where pj cos 8 + sinf = 0, converges for a > 0:

Oo+e € 901
/ |pk cos 0 4 sin 0>~ 1dO ~ / |Cr|* tdr = & < o0,
0

0—€ —€ «

with € > 0 an arbitrary small constant and C' = /1 + pi. Therefore, for any « € (0,2), the derivative is

bounded by an integrable function:

¢
- . < .
52 (u0i6)] < Cyletuni)] |

|a71

jullpeu+ oo Jowu + o
5 T

+ [ul| = CpGp(u,v), (A.2)
where C, is a suitable constant. All terms in G,(u,v) are integrable against w(u,v) for @ > 0. This
completes the first-order derivative analysis with precise bounds, establishing uniform integrability that
enables application of the dominated convergence theorem for C1(©) regularity when o > 0.

Finally, we analyze the second derivatives to establish C?(©) regularity. The most critical terms arise
from the second derivative with respect to py, specifically from the modulus term |ppu + v|*. Using the
decomposition in (A.1), we have

9?log px, o A(pru +v) 6
oF  L—lpl® 9}

o+ 0 + R (u,v),

where R,(f) (u,v) collects terms involving first derivatives of the modulus and derivatives of the coefficients,
which are less singular. Specifically, R,(f)(u, v) = O(|u]* + |v|*) as ||(u,v)|| = oo and is locally integrable.
The dominant singular term is

2

1o}
gy lowa + 01" = (o= Do+ 0]
k

32



The integrability of this term against w(u, v) determines the C?(0©) regularity. Let us bound the integral of

the modulus of this second derivative
To(u,v) = Clo(u, v; 0) |u?|pru + v]|* 2.

Using polar coordinates (u = rcosf,v = rsinf) and the exponential weight w(u,v) = e """, the integral

becomes

27
z/ / 72 cos® 0 - 12| py cos  + sin |2 e dr df

oo 27
(/ potle=rr’ dr) / cos? 0| py, cos 0 + sin 0] ~2d6.
0 0

The radial integral converges for a > —2. The angular integral J, = fozﬂ cos? 0| py, cos 0 + sin 6|*~2d6

presents singularities when pg cos @ 4 sinf = 0. Let 6y be such a singularity. Locally, the integrand behaves
like |§ — 69|*~2. Convergence requires
Oo+e
/ |7|72dr < 00 <= a—2> -1 <= a>1.
9076
For « € (1,2), the angular integral is finite. The remaining terms in the second derivative of the objective
function Dy (0) involve products of first derivatives (which are square-integrable for o« > 0) or the second
derivative analyzed above. Thus, by the dominated convergence theorem, the objective function is C?(0) if

and only if « € (1,2). Assumption 3 is satisfied under this condition.

A.1.2. Validation of Assumption 6

Assumption 6 requires the random sequence K(x;0) defined in (2.17) to be measurable and bounded.
Since trigonometric functions and the theoretical characteristic function ¢(u, v; ) are continuous (and thus
measurable), the entire integrand in (2.17) is a measurable function of = for each fixed (u,v,6). By the
Fubini theorem, the integral of this function with respect to (u,v) is a measurable function of z. Next, we
demonstrate that K (z;6) is uniformly bounded with respect to z. From the natural bounds of trigonometric

functions, | cos(uz;11 +va;)| <1 and |sin(uz;1 +ve;)| < 1, and since |¢o(u,v;0)| < 1, we have

K(z;0)] </ / { | cos(uxji1 + vx;)| + |Re p(u,v;0)]) ‘BRG%(;M),@)‘
H(Isin(uzjr +va;)| + [ o(u, v;0)]) WH w(u,v) dudv
<2/ / <’8Res0uv0)‘4_'3Im<pa(;hv;9)’>w(u’v)dudv

SQﬁ/m/m‘W‘w(u,v)dudv — B(0),

where the last inequality follows from the Cauchy-Schwarz inequality: for any complex number z = a + b,
we have |a| + |b| < v/2|z| since (|a| + |b])? < 2(a® + %) = 22|
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The first-order analysis in Lemma 2.1 established that for each parameter component 6;, the integral of

the derivatives is finite, i.e.,

/ / ’W‘w(u,v)dudv<oo.

Furthermore, as established in Lemma 2.1, the objective function is C*(0) and C%(0) for a > 1, which
implies that the gradient d¢/98 is continuous in #. Consequently, the integral function B(#) is continuous
on the parameter space ©. Since © is compact (Assumption 1), the continuous function B(#) is bounded.
We thus have

sup sup | K (z;0)| < sup B(f) < oo.

9co = 00

This uniform boundedness ensures that Assumption 6 is satisfied. a

A.1.8. Validation of Assumption 7

This assumption requires %(6p) to be nonsingular and the second derivatives to be uniformly bounded.
The boundedness follows directly from the C?(©) regularity analysis in Lemma 2.1 for a € (1,2). For
the nonsingularity of 3(y), we interpret ¥(6p) as the Gram matrix of the score functions in the Hilbert
space L2 (R?). Its nonsingularity is equivalent to the linear independence of the components of the score
vector Vg logo(u,v;0). Consistent with our estimation strategy, we consider the identifiable parameter
vector 0 = (S1,...,$7,p1,--.,pJ, @, 3)', where ¢; = om;. Recall that ¢r(u,v) = log¢x, (u,v) denotes the
log-characteristic function of the k-th latent component with unit scale. The total log-characteristic function

is log p = Z}le gj‘-’gbj(u, v). The scores exhibit the following exact forms and asymptotic behaviors

0 [lpru+v|®
u,v) = —¢p— | —————Ag(u,v
o ausign(pru + v)|pru + v|*7 L

_o
F L — |pg|*

-Ak (ua U) =+ Rk (U, U)a

where Ay (u,v) = 1 —ifsign(pru+v) tan(ma/2). The remainder term satisfies Ry (u, v) = O(Ju|® + |[v|*) but

is dominated locally by the singular term as pgu 4+ v — 0 (since a — 1 < ).

0 5 a1 ~
9o (U, v) = ajk(q?wk(u,v)) = o) i (u,v).

J
ga(u,v) = Zgj‘x (—|u|*In|u|(1 — iBsign(u) tan(Z2)) + O(Jul*))  (as |u| = 00).

J ' s _
g5(u,v) = itan (B> cha <|p]u ol s1gn(i)]u v + |u”‘sign(u)) .
2/~ 1 —|p;]
Consider a linear combination Y ¢;g;(u,v) = 0 holding almost everywhere for any constant coefficients ¢;.
Then,
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(1) The scores g,, exhibit lines of non-analyticity (singular first derivatives of the modulus) along the lines
v = —pu. Since the pg are distinct (see Definition 2.1), these lines do not overlap. The singularity
of |pru + v|*~! in g,, cannot be cancelled by any linear combination of the other scores, which are

either smooth or singular on different lines. This implies c,, = 0 for all .

(ee) With ¢, = 0, we are left with the scale scores g, . Each g, is proportional to the log-characteristic
function of the k-th component. Due to the distinct py values, the functions @y (u,v) exhibit different
0.

scalings in the (u,v) plane and are thus linearly independent. Therefore, ¢, =

(tee) The term g, is the only one exhibiting a specific |u|* In |u| asymptotic growth rate as |u| — oo (others

grow at rate |u|®), ensuring ¢, = 0.

() With ¢,, = ¢, = co = 0 established, the linear combination reduces to c¢ggs = 0 almost everywhere.

Since gg is not identically zero—indeed, it has the explicit form

J .

. T 4 v|*sign(piu + v .

93(,0) = itan T3 ['Pf & : ,|<ff ) ¢l sign(u)
j=1 J

which is non-zero for generic (u, v)—we must have c¢g = 0.
Since the weight function w(u,v) is strictly positive, this pointwise linear independence implies the non-

singularity of the Gram matrix X(6p). |

A.1.4. Validation of Assumption 8

Validation of Assumption 8, which is required to apply a central limit theorem for dependent processes,
rests on demonstrating that the temporal dependence of the sequence {K;} decays sufficiently fast. We
establish this result by showing that the aggregated process (X;) is strongly mixing with geometric decay
rates, a property that is inherited by the sequence {K;}. Each latent process (X )—whether it is a purely
anticipative AR(1) or a mixed MAR(1,1)—admits a two-sided infinite moving average representation:

“+oo
Xjo= Y dirciin

k=—o0
where the coefficients d;j, decay geometrically as |k| — oo. Specifically, for the MAR(1,1) case, |d; x| <
Dmax(|¢;], [1;])/¥l for D > 0 a finite constant. Since the innovations ¢;; are i.i.d. with an absolutely
continuous distribution (stable distributions with a € (1,2) possess smooth densities), the linear process
(Xj,) is strongly mixing (o-mixing) with mixing coeflicients decaying geometrically (see e.g., Doukhan ,
1994, Section 2.3). Since the latent processes are mutually independent, the o-algebra generated by the
aggregate AX; is contained in the o-algebra generated by the vector of components. Consequently, the mixing

coefficient of the aggregated process X; satisfies an inequality of the form:

J
ax(h) <Y ax,(h).
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Given that each component has geometrically decaying mixing coefficients, there exist constants C' > 0 and
A € (0,1) such that ax(h) < CA". Finally, the score term K; defined in (2.17) is a measurable function
of a finite number of lagged and lead values of the process X; (specifically X; and Xj41). Any measurable
function of a finite segment of a strongly mixing process is itself strongly mixing with the same decay rate.
This ensures the convergence of E(Ky|F-_,) to E(Kp) = 0 in mean square as m — oo. Furthermore, for
a bounded and geometrically mixing sequence, the norms of the projection differences v; are summable,

satisfying the condition Z;io E[Véyj]l/ 2 < 0o. Assumption 8 is thus satisfied. |

A.2. Proof of Lemma 3.1
Denote X = (Xjt—m,---»Xjt, Xjt41,-- -5 Xj+n) the paths of the moving averages (X, ), for j =

1,...,J. The X, ’s are independent a-stable random vectors with spectral representations (I';, uj). We
consider only the more delicate case « = 1 and j3; € [-1,1] for j = 1,...,J. Because of the independence
between X1 4,...,X s, we have with a = 2/7

E|:6i<u’Xt>:| _ E[gi{u,a Z;Izl mi Xt :| H ]E|: i(omju, X ;, t):|
J
= H exp{ — / (|<o7rju, s)| +ia{omu, s)In|(ocm;u, S>|)Fj(d3) +i(omju, pi®)
j=1 Sm+h+1
:exp{—/ (|<u 8)| + ia{u, s) In |{u, s) )ZU“W“F (ds)
Sm4h+1

i ( (u,0m;p;°) — aom; In(om;) /S m+h+l<u, S>F]—(ds)> }

Focusing on the shift vector, we have

J

J
11:9Y — aom; In(om; u,s)':(ds) | = (u omi(ul —aln(om;) i,
> ((twomms®) = aomy >/S< ST (ds)) o m o]~ alnlom )

j=1
with ﬁj = (ﬂj,l) and fij0 = meJthrl
2 9es) 2aker wjﬂ”dj,k”eé{ 9d; k }’ we get

ld; klle

. 0dj jte
re= [ slyas) = S ol pE = 6 s €= —mh
m+h+1

veS1 kEZ keZ

sI'j(ds), £ = —m,...,0,1,...,h. Using the form of I';, ie., I'; =

Hence, f1; = 3; > ;<7 dj 1, and using the form of [,I,(J)- as given in (3.5),

J
Zmrj( -—aln(mrj ;) Zmrj(—aﬂjZdjklan]kHe aln(om;) B]Zdj k)
j=1

kEZ keZ

= *GZ > omBid e n [lomid; ke

j=1kez

=l
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Therefore,

E[euu,xa] _ exp{ _[5 (|<u,s>| +ialu, s) 1n|<u,,s>\) ig%;frj(ds) +i<u7uo>}7

j=1

and the random vector X, is 1-stable with spectral measure

J J
Y oy =0"> > ijyﬂ?ﬂdj,kﬂgfs{ Vd; k }’
j=1

=1 9€S1 k€Z
ITITETRE lldjklle

and shift vector as announced in the lemma.

A.3. Proof of Lemma 3.2

With the usual notations, let the X ;’s be the paths of the moving averages (X,;)’s and let I';, j =
1,...,J, their spectral measures on the Euclidean unit sphere. Let I" be the spectral measure of X;. By

Lemma 3.1, we have:
J
I'=0% Z L.
j=1

Thus, by Proposition 1 of DFT, in the cases where either « # 1 or X; is symmetric, the vector X; is

representable on Ollll_L ny1 if and only if
J
NEM) =0 « o> mT;EI) =0
j=1
— TKIhy=0 vji=1,...,J

where the last equivalence follows from the fact that o* > 0 and 7 > 0 for all j = 1,...,J. Given that
the I';’s are the spectral measures of paths of non-aggregated moving averages, we can apply the arguments
from the proof of Theorem 1 in DFT. Specifically, for each j, the condition Fj(K”'”) = 0 is equivalent to
the representability condition (3.4) holding for the sequence (d; )i with parameter m. Therefore, X, is

representable on C I

mani1 if and only if (3.4) holds with m for all sequences (d; )k, j = 1,...,J. For the

case a = 1 and X; asymmetric, we need to consider the additional condition involving the shift vector u°.

From Lemma 3.1, we have:

J
20
0
p ==y — Z; k%%ﬂjdj,k I [lom;d;klle-
J:

By Proposition 1 of DFT, when o« = 1 and X; is asymmetric, representability on C I

mahi1 Tequires both:

1. T(K ') = 0, which as shown above is equivalent to (3.4) holding for all sequences (d; x)x;
2. The additional condition (3.6) must hold.
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To verify condition (3.6), we need to show:

> ldelle

kEZ

< 4o0.

tn (el /1.

However, in the context of stable aggregates, this condition must be interpreted in terms of the aggregated
coefficients. Since X; = o ijl m; X jt, the effective coefficients are combinations of the individual sequences

(dj %)% The condition (3.6) in the aggregated case becomes:

> ldelle

keZ

R (CAVEAD

< 00,

where dj now refers to the k-th vector in the aggregated representation. Given the linearity of the aggregation
and the fact that the condition must hold for each component individually (as each X ;; must satisfy the
representability conditions), the condition (3.6) for the aggregate is satisfied if and only if it holds for all

sequences (d; )k, j = 1,...,J, with the same parameters m and h.

A.4. Proof of Proposition 3.1

If @ # 1, we have by Theorem 1 and the proof of Proposition 3 of DFT,

(X:) past-representable <= 3Im >0, (3.4) holds with m for all sequences (d; )k
— Vj=1,...,J, my; <+oo

<~ Vj=1,...,J, (X;) past-representable.

For a given series (d; )k, (3.4) holds with m > mg ; and does not hold with m < mg ;. Regarding the last
statement, we know that for (X;) (m, h)-past-representable, (3.4) holds with the same m for all the sequences
(dj )k, 3 =1,...,J. This holds if m > maxmg ; and cannot hold if m < maxmyg ;. In the case where
a =1, again by Theorem 1 of DFT and denéting generically by X; a vector (X:,m, ey X Xty - o Xetn)
of size m+ h+1,

X past-representable
X 818 and (3.4) holds with m for all sequences (d; )k
<~ dm>0,h>1, or
X, asymmetric and (3.4)-(3.6) hold with m, h for all sequences (d; )k

X, S1S

or
= Vji=1,...,J, my; <+oo,anddIm >0,h > 1,
X ; asymmetric and (3.6) hold

with m, h for all sequences (d; k)
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We conclude again by noting that the necessary condition (3.4) holds for m > maxmg ; and is violated
for m < maxmyg ;. Now, for part (w), let || - || be a semi-norm satisfying (3.3) jand assume that X; is
(m,h)—past—Jrepresentable for some m > 0, h > 1. We need to establish the spectral representation of
the vector Xy = (Xi—mm, .-, X, Xeg1,y .- o, Xign) on Cru_hﬂ. From Lemma 3.1, we know that the spectral

representation (I', u°) of X; on the Euclidean unit sphere S,, 11 is given by:

J
P=0"Y" 3" > wiorlldled { 9d, } (A.3)

=1 9€S, k€EZ
ITIUESEE lldjxlle

0, if o # 1

J .
=22 i ke Bk In lomid ke, ifa =1

To obtain the spectral representation on cl'l we apply the transformation established in DFT for

m-+h+1>

changing from Euclidean to semi-norm representations. By Lemma 3.2, since A} is (m, h)-past-representable,
the vector X; is representable on Cﬂl ny1- The transformation from the Euclidean representation to the
semi-norm representation proceeds as follows. Let KlI'l := {s € S, n11 : |8 = 0} be the kernel of the

semi-norm on the Euclidean unit sphere. Since X is representable on C Il we have T'(KI'l) = 0. Define

m+h+17
the projection mapping T : Spmynt1 \ Kl — C’lﬂ_hﬂ by:

s
T (8) = — (A4)
Il sl
By Proposition 2 of DFT, the spectral measure on the semi-norm unit cylinder is given by:
o) = [ slores) (A5)
T @

for any Borel set A C C Il . Since the original spectral measure I' from (A.3) is concentrated on atoms
m-+h+1

of the form {d¥d; i /| d; x|}, and since ||¥d; i /||djk|lelle = 1, the transformation yields:

J
. o« [ — ll9d7
M) = 3 5 S wsomotlazalz 17 L (732 (A6)
7>

Jj=19€S1 k€eZ

where we use the fact that ||¥d;x/||djllclle = 1 and T (Vd;r/l|djklle) = Idjr/||dj|l. Applying this

transformation to (A.3), we obtain:

J
Tl =63 % ijm;””dj,k”aa{ 9d; } (A7)

j=119€S, kEZ
! ! lld;kll

For the shift vector in the case @ = 1, the transformation yields:

J
. 20
pll = - DY miBidixInlomd; | (A.8)
j=1kez
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This completes the proof that the spectral representation (F“'“,u“'”) of X; on ol

mani1 18 given by (3.5)

with the Euclidean norm || - || replaced by the semi-norm || - ||, and with the scale parameter o explicitly

included in all relevant terms.

A.5. Proof of Corollary 3.1

The equivalence between (¢¢) and (cee) follows from Corollary 2 of DFT. From the proof of the Corollary in
DFT, we also know that, for any j, if mg ; < 400, then (3.6) holds for the sequence (d; 1) for any m > mg ;.
For the aggregated process Xy = o ijl m; X+ with o > 0, the effective moving average coefficients for each
component j become omw;d; ) rather than d; ;. However, the past-representability conditions depend only
on the pattern of zeros and non-zeros in the coefficient sequences, not on their scaling. Specifically, for

condition (3.4), we require:

Vk € Z, [(mjdj,ﬂm, omidig) =0 = YU<k—1, omd= 0]
Since o > 0 and 7; > 0 for all j, this is equivalent to:

vk € Z, [(dem,...,dj’k) —0 = W<k-1 dy= 0]

Thus, the past-representability condition for the aggregated process is unchanged by the scaling factor o.

For the additional condition (3.6) when a = 1 and the process is asymmetric, we need:

S lomidsiele|  (lomsdell/lomidsell. )

keZ

< +00.

Since ||om;djk||e = omj||dj k|le and the norm scales homogeneously, this becomes:

> omlidelle|  (ldsell/ll el

kEZ

< +00.

Since om; > 0 is a finite constant, this condition is equivalent to:

> ldiklle

kEZ

In <||djk||/||dﬂk||c)

< 400,

which is precisely condition (3.6) for the unscaled sequences. Therefore:
supmg,; < +00 = (3.6) holds for any sequence (d; ;) for any m > mg ;
J

= (3.6) holds for any sequence (om;d; ) for any m > maxmyg ;.
J

Thus, (cet) implies (¢). The reciprocal is clear. Regarding the last statement, notice that if A; is (m, h)-
past-representable for some m < maxmy ;, there would then exist some j such that m < my ;. Hence, (3.4)
would not hold with m for the par‘gicular sequence (om;d; )k, which is impossible by Lemma 3.2, since the
past-representability depends only on the zero pattern, not the scaling.
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A.6. Proof of Proposition 3.2

By Proposition 2 of DFT, the asymptotic conditional tail property states that for any Borel sets A, B C
cll, .| with Tl (a(A N B)) =TI(8B) =0, and TII(B) > 0,

. rilanB

Setting B = B(V) =V x R", we have

rlHlAn B(V))

P!‘”(XhA‘B(V)) oo rlI-(B(V))

From Proposition 3.1 (u«), the spectral representation (Il pll) of the vector X; =
(Xiemy ey Xy Xiaay oo, Xewp) on Cﬂlhﬂ is given by equation (3.5) with the Euclidean norm || - ||,

replaced by the semi-norm || - ||. From Lemma 3.1, the spectral measure can be written as:

J
P =% 737 > wionfldisl 0 ( gq,, Y-
J=19€S1 keZ d
1l
where dj,k = (dj,k+ma ceey deg, dj7k_1, ey dj,k—h), Wj9 = (1 + 196])/2, and if dj,k = 0, the term vanishes by
convention from the sums.
Now, we compute the numerator and denominator separately, we start by the numerator: TI'l(ANB(V))

Since B(V) =V xR = {s € C’r”,;”rhﬂ : f(s) € V}, we have:

ANB(V)={s€A: f(s)eV}.

dd;
The spectral measure TlI'l charges only the points of the form ||d]k|| for (9,7,k) € Sy x {1,...,J} x Z.
J,k

Therefore:

rhlAanBV) =03 3% wj,wj‘lldj,kll‘*é{ 9d; }(A nB(V))

i=19€S1 keZ
’ 1 1l

=0 Y wiengldi]®
L, 3k
ﬁeAmB(w
=o" Z wjoms || dj k]|
(9,5,k):
vd; 9f(dj k)

ev

gk
al
Ta; o1 €4 and =

This can be written as:

e (e )

41



For the denominator TlI'l(B(V)), we proceed as follows:

rHBW) =e* 3 wiorf ldsull®

el eB(V)

—ot Y wantldale
(9,5,k):

9F(d; k)
Tl €V

This can be written as:
. ([ vd; . 9f(d;)
Il (Bv)) =l { ik ol in) ey L)
B [l € Ottt T

Note that the factor o appears in both the numerator and denominator, and therefore cancels out in the

ratio:
DY (9,,k): w; o9 dj k)
9d ; 9 d.; 1.
TH(ANB(V)) Tk e and ‘(;jﬁ)ev
LIl(B(V)) o> gk wieTylldyk]®
9 (d; 1)
T LT EV

vd; Vf(djx)
Tl { ik 4 j,ev}
< ldj.kl [ k]
Vd; i : 0f(d; ) .
il {J’ec” L )
( il =T ]

This establishes the desired result. The conclusion follows by considering the points of B(V) and AN

B(V) that are charged by the spectral measure T!I'l given in equation (3.12). The presence of the scale
parameter o does not affect the asymptotic conditional probabilities as it appears multiplicatively in both

the numerator and denominator of the ratio, thus canceling out in the final expression.

A.7. Proof of Lemma 3.3

By Proposition 3.1 and setting general scale parameter ¢ > 0, we have

J
ol =%~ %" ij,ﬂffaﬁﬂdj,k”a‘s{ 04 }’

j=19€8, kEZ il

with d; , = (p§+”L]1{k+m20}, cee pf_h]l{k,hzo}) forany j=1,...,Jand k € Z. Thus, forany j € {1,...,J}
0, if k<-m-—1,
djr =19 (5™, .,p;,1,0,...,0), if —m<k<h,
P, if k> h
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Therefore,

A _ d . _ —_——
j=149€S: k——m T gl k=h ‘p]‘k thJ wll

J h—1 +o0
=3 > wj,w%;*[ > Il o) + 2 st dy |6 { S }]
Moreover,

J +oo
k—h
Z Z wj00° 5 Y 1ol )||dj,h||a5{sign(p~)k” 0L }
j=19€S5; 7 lId; pll

k=h

Z omid;nll® 5 [nga(k k) + 98, Z 597) ] {ﬁdj‘h}

19€S5; T nll

J
-2
J
=3 3 T Tl s ey

j=19€8;

fId; pll

Finally, noticing that for k = —m and any j € {1,...,J}, d;r = (1,0,...,0),

J r h—1 -
il = Z Z o' |wj Z lldje 0 dd; 1 ﬁ”d] nl[*0 dd; ]
j=19€5, L k=—m { ||d»),€|| } { ||d7,h|| }
- h—1 O
_ Z Z oo |w; (5{(19’0,””0)} + Z Id;kll*6 ¢ 9a . ) + 1iujﬁ||d<7h||a5 ddjp ‘|
J=19€S, L h=—mtl { Ikl } : { ;. nll }

J h—1 _
Wi 9
= lwﬁ5{<ﬁ,m.,o>}+ZUQW?(“’J’*9 > ||daxk||o’5{ 9d, }+1J|Pj|a”dj’h”a6{19dj,h })]

=1 k=—m+1
! " djkll dj.nll

o J
where we have used the definition wy = > 7_, o%mfw; .

A.8. Proof of Proposition 3.3

Lemma A.1. Let Tl be the spectral measure given in Lemma 3.3 with o > 0 and assume that the p;’s are

all positive. Letting (Og, jo, ko) € Z, consider

’19/d'/ % ﬁ'f(d 5 k‘/) ’lgof(d k ) . }
I = I . J _ Jo,ko or 19/’ /,k/ cT\.
o Ta e e o 04)

Form>1, and 0 < ko < h, then
h:{%@wﬂ 0<M<h}
”djoJC'H

Form>1, and —m < kg < —1, then

{%@W%, if —m+1<ky<—
”djo,koH

Iy

Jod, .
{ 0 O’ko}:{(ﬁo,o,...,())}, lf ]ﬂ():—
o,k ||
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For m =0, then

Iy = {ﬁg’jﬂk’“n L (LK) e, T x {1,...,h}u{(o,0)}}.

Proof. The key observation is that the parameter ¢ > 0 appears as a multiplicative factor in the
spectral measure TI'l but does not affect the normalized directions ¥'dj: 1 /||d; 4| or their projections
V' f(d; 1)/ ||djs k]| This is because o only scales the overall magnitude of the spectral measure but does
not change the geometric structure of the charged points on the unit cylinder. More precisely, from Lemma

3.3, the spectral measure takes the form:

J h—1 _
. Wi,
I =g % lwaé{(ﬁ,o,...,o)} +) o (wm > ||dj,k||“5{ Id; . } + 1 e ||dj,h||a5{ 9d;, })17
ves j=1 k=—m+1 7o
' ! " 1.l .l
The factor ® multiplies the entire spectral measure uniformly, but the support of T'll'l (i.e., the set of points
where T'lI'l assigns positive mass) consists exactly of the normalized directions:

9d; i
"ldj x

supp(LI'h) = {(19,0,...,0) 9eS,je{l,....J ke {—m+1,...,h}}

Since the condition defining I involves only the equality of normalized projections:

Vf(dj ) Dof(djok)
1w 1o o

and since these normalized directions are independent of o, the analysis proceeds exactly as in the case

o=1

Case m > 1 and kg € {0,...,h}

If k¥ € {—m,...,—1}, the (m + 1)-th component of f(d;: ) is zero, whereas the (m + 1)-th component
of f(djy k) is pfg # 0. This geometric relationship is unaffected by o.

Necessarily, 9" f(djr 1) /|| dj w [l # Do f (djo, ko) /[l o, ko || and

/ 5/ ’ / 3/ ! y
Ioz{ﬁdj k : ﬁf(dj ,k) _ ﬁ()f(d](),k‘o) for (ﬂl,j/,k/)6{—1,+1}X{1,...,J}X{0,...,h}}.
Il il e il 1o kol

Now, with &’ € {0,...,h}, we have that

f(dj,,k/) = (P?/+m, e ,p?,_‘_l’p?/),

k ko+1 ki
F(djore) = (500 050, 30,

and by (3.3) we also have that

h
’ ’ | —N—
e well = 1105 ™ o 0,0, )l
k ko+1 Kk
I djo kol = 1050,y 30 052, 0, 0)]].
h
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The key observation is that these norms and the resulting normalized directions are independent of o.
Thus,

Vf(dj ) Dof(djoko)
11l [ jo ko

9ok f (djr o) _ Pop f (djo.0)
lpj ¥ Nldjroll - 1pjol™lldjs 0l

4 4
V' Yopj,

— =
Idjroll lldjooll”

J4
— 19/190||d3010|| — (p_]o) R é:O,...,m
s ol X\ pyr

< pjr=pj, and V=1

£=0,....,m

<~ j/:jo and 19/:190,

because the p;’s are assumed to be non-zero and distinct.

Case m > 1 and kg € {—m,...,—1}
By comparing the place of the first zero component, it is easy to see that

Vf(dywr) _ Dof(djoko)
11l [ jo ko

:>/€/:k0.

m—+1

f(dj/,k') = (p?/—i_mv <oy Pl 1307 .. '30)7

f(djovko) = (p§g+m7"'7ij7170""70)’

m—+1
and we also have that
m—+1 h
/ ——
delﬁk,H:||(p_l;/+m7"'7pj/’1707"'70707"'70)”7

k
ool = 11P50 ™, P70, 1,0,..,0,0,.. . O)]].

——
m—+1 h
As k' = kg < —1, the condition becomes:
Vf(dj ) Dof(djoko)
7wl ll o ko l
Il ot
s P Y0P 0 mt ko and K = kg
s kol okl

£

d. .

ﬁlﬂow: <p]0> , EZO,...,m+k0, and k'/:k'o.
[l ko P
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Now if —m+1<ky<-—

d. A\ ¢
59y 1noll _ (””) , £=0,1,...,m+ky, and K = ko
s koll - \ s

— ¥ =19 and j =jo and k' = ko.

If ko = —m, given that (Jo,jo, ko) € T = Sy x ({1, T} x {=m,...,=1,0,1,...,h} U {(0,~m)}),
then necessarily jo = 0. Furthermore, as k¥’ = kg = —m, we similarly have that j/ = jo = 0 and thus
dj'JCD = djmko = d07—m = (L 0,..., 0)

Hence

d: . N\ ¢
59, Woll _ <pf°> , =0, and K =ko=—m and j =jjo =0,
Idjr kol \ s

— ¥ =9y and k' =kg=-m and j ' =jo =0

Case m =0

If kg € {1, .. ,h} then f(djo,ko) = pfg and by (33), deo,koll = |pj0|k0. Thus, ﬁof(djo,ko)/ndjmkon = 9.
If kg = —m = 0, then jo = 0 and f(djo,ko) =1and ﬁof(dj()akﬂ)/deUJCOH = Jo.

The same holds for (¢, j’, k") € Z and we obtain that

'ﬂlf(dj',k/) _ ﬂOf(djOJCo)

= = ¥ =1.
ekl ldjo, ko

Proof. By Proposition 3.2,

Tl {Q%dj’,k’ c Aﬁjk : ﬂf( /kl) VO}
I 2 e
PI (XtaAﬂyj,k’B(VOD z—00 ¥d v f( ) |
Q= e el T
<{ [yl € Omett ™ Ty €0

Focusing on the denominator, we have by (3.15)

(0 d 9 f(dy i) W (9dpw V() Dof(djy )
Ll { i ol cvob) =i { Pk i i) _ jo.ko
|l — T ldg | Idjr gl — T d el okl

We will now distinguish the cases arising from the application of Lemma A 1. Recall that we assume for

[e3
this proposition that the p;’s are positive. Thus, sign(p;) = 1 and §; = ﬁj = |/i]l> B; and W,y = wjy
>

in (3.14) for all j’s and ¥ € {—1,+1}.
Casem >1and 0 < kg < h
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By Lemma A.1,

rll <{19/dj"’“' coll . Ufldiw) 1S‘Of(djmko)})

dy ]l — "y el (ko

_ {190%:16’ L 0<k < h}
o 5]

h—1 _
Wig,
=078 (w)o Y Ildjonrl|* + T 7alldionl®
k'=0 - |pJO|

By (3.3), for ¥ € {0,1,...,h}

_ K+ k41 k'
||dj0,k’H - H(pjo m7~~~apj0 7pj0707~~~70)||
h
T ) +h h+1 h
_|pjo| ||(p;7; ""7ij 7/0j0a05"'a0)H
h
= [pjol* "o nll-
Thus,
rl {W coll . idiw) ﬁof(djo,ko)}
o g ll T dg | oo
h—1 1
= O—awﬁ)wjmﬂo”djo,h”a l Z ‘pjo‘a(k = + w]
k'=0 Pio
|pjo| "
— O . d. «@ Jo .
o 7rjowJ(lﬂ%” jo,h” 1_ |pj0|°‘

Similarly for the numerator in (A.9), by (3.16),

. /lgld‘/ / lef(dl k?’)
Ll {J”“eA Vi)
Iyl ~ 0% Tldpw "

Dodjy i
=Tl ({M €Apjn: 0<K < h}>
Jo>

d.
F||<{m}>7 if j:jo and 19:’[90a
= Jo,

Tl (@), if j#jo or ¥ #d,

Jaﬁ%wjo,ﬁo deo,h”alp]'o|a(k_h)6{190}(19)6{jo}(j>7 if 0<k<h- 1,
1 . .
oG Wi, 00| Bjo,n |* T2 01003 (V)0gjoy (4),  if k= h.
1 —[pj|

The 0% terms cancel out in the ratio.
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Casem > 1and —m < kg < —1
We have by Lemma A.1

. V'dj g : V' f(djrw) _ Yof(djoko) A S Podjo.k
-l { j' k c CH I . 3’ _ jo,ko — Tl Jo,ko .
dj || — R djr x| [ jo, ko [ djo ko l

If—m—f—lgkog—l,

tod. 1
I‘”H 0%j0,ko — O d. «a
deo,koH o ﬂjowmﬂ%” JoykoH )

and

& dji g 0 f(djr )
rl { g Vi)
Iyl =70 gl °

dod;
(A, ﬂ{ 0 MO}
v deo,koH

Tl {%}) if j=jo and 9 =1, and k= ko,
Jo,Ro

NN if j#jo or ¥ #9Jg or k# ko,

= 075 Wjo.00 1o ko | 07003 (V)53 ()0 1koy (K)-

If kg = —m, then dj, 1, = do,—m = (1,0,...,0), and

Yod,;
II-1 Z0%j0,ko — 7l — 5
r <{ deo,koH }) r ({790(170770)}> 0 Wy,

and

a0 O f(dj i)
rll { g Vi)
Idgall 07 gl 0

Jod;
_riif a4, -m{ 0 ak}
v ||dj07k0||

{ Tl (Aﬁ,j,km{ﬂ0(17o,...70)}), if 9 =1, and k=ky = —m, and j = jo =0

il (@), if 9#90 or k# ko, or j#jo

= 0wy, 019, (9)0 (50} (4) (ko y ().

Again, the 0® terms cancel out in the ratio.
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Casem =0

By Lemma A.1, as the p;’s are positive

: V'd; g : V' f(djw) — Vof(djo k)
rl {m coll ) _ o ko
g ll T dy | (o ko |

=l ({%dﬂ'“’“’ echl, o (LK) e{l,..., T} x{0,...,h} U {(oy)}})

|||

Given that wy, = Z‘I/zl mSwj e, and |[dj g || = lpjr[¥, forany 1 < 5/ < J, 1 <K <h,

J

Tl {ﬁ'da‘@k' coll . ﬁ’f(dj',k/):ﬁof(djo,ko)}
Iyl — T ldy | [ jo o

d'/h @
= 0%wy, + 0 Zw,wj/golz:d] 1%+ ”_j”]

k=1 |p.7/‘a
J h-1 Ca
=0 wwira, |1+ Y ™ + eyt —
Jrome] P} 1—|pj|

1— ., ah ., ah
%) g0 o[ eyl
T o™ T oy °

/'lUJ

J
%
J

1
g 01— py e

Similarly, by (3.16),

. '19/d'/ / ’lgf( /k")
oo ({285 e, 0, v
Iyl =070 gl

. ’19 d'/ i .
=l (A&j,k N { IISi»/J;H echl, o (LK) e{l,..., T} x{0,...,h} U {(o,o>}}>
7"

Yod; 1.
i Yods, it 9=
_ {ndj,kn})’ o=

rl-l@), if 9 # ¥,

o% Zj’zl ﬂ-?’w]”,ﬂo(s{ﬁo}(ﬂ), if k= 0’

= { 0T wja,p;|* 09y (), if 1<k<h-—1,
ah
oemw;, 19°1|]|||a5wo}(19), if k=h
PG

The conclusion follows.
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