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Abstract

For (X;) a two-sided a-stable moving average, this paper studies the conditional distribution of
future paths given a piece of observed trajectory when the process is far from its central values.
Under this framework, vectors of the form Xi = (Xe—m, ..., Xty Xet1,---s Xetn), m > 0, b > 1,
are multivariate a-stable and the dependence between the past and future components is encoded
in their spectral measures. A new representation of stable random vectors on unit cylinders sets
{s e Rm+h+L . |s|| = 1} for ||-|| an adequate semi-norm is proposed to describe the tail behaviour
of vectors X when only the first m + 1 components are assumed to be observed and large in norm.
Not all stable vectors admit such a representation and (X;) will have to be “anticipative enough”
for X; to admit one. The conditional distribution of future paths can then be explicitly derived
using the regularly varying tails property of stable vectors and has a natural interpretation in terms
of pattern identification. Through Monte Carlo simulations we develop procedures to forecast crash
probabilities and crash dates and demonstrate their finite sample performances. As an empirical

illustration, we estimate probabilities and reversal dates of El Nifio and La Niha occurrences.
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1 Introduction

Stochastic processes depending on the “future” values of an independent and identically
distributed (i.i.d.) sequence, often referred to as anticipative, have witnessed a recent surge
of attention from the statistical and econometric literature. This gain of interest is driven
in particular by their convenience for modelling exotic patterns in time series, such as
explosive bubbles in financial prices (Cavaliere et al., 2017; Cubadda et al., 2019; Fries
and Zakoian, 2019; Fries, 2021; Gourieroux et al., 2020; Gouriéroux and Zakoian, 2017;
Hecq et al., 2016, 2017a,b, 2020; Hecq and Voisin, 2021; Hencic and Gouriéroux, 2015).1
The attractive flexibility of anticipative processes cannot yet be fully leveraged, however,
as their dynamics, and especially the conditional distribution of future paths given the
observed past trajectory, remain largely mysterious. A remarkable exception is that of
the anticipative a-stable AR(1) for which partial results were obtained in Gouriéroux and
Zakoian (2017) and further completed in Fries (2021). Even in this simplest case within the
family of anticipative processes, however, future realisations feature a complex dependence
on the observed past, which is reflected in the functional forms of the conditional moments
obtained in Fries (2021). Interestingly, the dynamics of the anticipative stable AR(1)
simplifies during extreme events where it appears to follow an explosive exponential path
with a determined killing probability. This naturally raises the question of whether and
under which form such behaviour could be found in more general stable processes.

For X; = 3 ez dreryr a two-sided moving average with (¢;) an ii.d. a-stable se-
quence and (dy) a non-random coefficients sequence, this paper analyses the conditional
distribution of future paths given the observed trajectory, say (X¢t1,...,X¢1n) given
(Xt—my..., X)), m > 0, h > 1, when the process is far from its central values. Only
mild summability conditions are assumed on the sequence (dj) and, in particular, we do

1
see also Andrews et al. (2009); Behme (2011); Behme et al. (2011); Chen et al. (2017); Gouriéroux and
Jasiak (2016, 2017); Lanne and Saikkonen (2011, 2013); Saikkonen and Sandberg (2016)



not presume anything upfront on the anticipativeness or non-anticipativeness of (X).

Under this framework, any vector of the form Xy = (X;—, ..., Xpyp) is multivariate a-
stable and its distribution is characterised by a unique finite measure I' on the Euclidean
unit sphere Sy, pi1 = {8 € R™+1 . 5|, = 1}, where || - || denotes the Euclidean
norm (Theorem 2.3.1 in Samorodnitsky and Taqqu (1994)). The measure I' in particular
completely describes the conditional distribution of the normalised paths Xi/|| X¢||¢, the
“shape” of the trajectory, when X} is large according to the Euclidean norm and given some
information about the observed first m + 1 components. A straightforward application of
Theorem 4.4.8 by Samorodnitsky and Taqqu (1994) indeed shows that

T'(AN B)

P(X/IXle € A | 1X0]le > @ and X/ X1l € B) = =

(1.1)

for any appropriately chosen Borel sets A, B C S;,,1+1. As such however, (1.1) is of little
value for prediction purposes where only X;_,,,..., X; are assumed to be observed, given
that the conditioning generally depends on the future realisations X1, ..., X¢ip, mainly
through the Euclidean norm of X;. The idea developed here is to obtain a version of (1.1)

where the Euclidean norm is replaced by a semi-norm || - || satisfying

(@—my s @o, 1y oy xp)|| = (@—my -+ - 20,0, ..., 0)]|, (1.2)

for any (2_,,,...,2,) € R™PL In this view, a new representation of stable random
vectors on the “unit cylinder” Cﬂihﬂ = {s € R+l . |s]| = 1} is thus explored,
where || - | is such a semi-norm. Contrary to representations involving norms (see Theorem
2.3.8 in Samorodnitsky and Taqqu (1994)), not all stable random vectors admit represen-
tations on unit cylinders and a characterisation is provided. It is shown that only if (X})
is “anticipative enough” will X; admit a representation by a measure I'l'l on C’lﬂh 41
The property (1.1) is then shown to hold with an adequate semi-norm and with I" (resp.
Synins1) replaced by T (resp. Cﬂﬂrh +1)- The problem finally boils down to choosing the

*That is, we do not presume anything on the zeros of (dy), e.., di = 0 for k > 0 (purely non-anticipative

case) or k < 0 (purely anticipative case).



appropriate Borels B in (1.1) reflecting that only the past “shape” (Xi—m, ..., X¢)/[| X¢|
is observed.

The use of (1.1) to infer about the future paths of (X;) has connections with the so-
called spectral process introduced by Basrak and Segers (2009) which has opened a fruitful
line of research (see for instance Basrak et al. (2016); Dombry et al. (2017); Janflen (2019);
Janflen and Segers (2014); Meinguet and Segers (2010); Planini¢ and Soulier (2017)). This
spectral process is defined as the limit in distribution of a vector of observations of a
multivariate regularly varying time series conditionnally on the first observation being large.
The approach followed here differs in that it operates at the representation level of a-stable
vectors, establishing a link between the spectral representation and the tail conditional
distribution of stable linear processes and shedding light on the (un)predictability of their
extremes. A natural interpretation of path prediction in terms of pattern identification
emerges from Property (1.1) applied to stable linear processes, similar to what Janflen
(2019) pointed out in a framework close to that of Basrak and Segers (2009).

Section 2 characterises the representation of general a-stable vectors on semi-norm unit
cylinders and shows that Property (1.1) can be restated under this new representation. Fo-

cusing on a-stable moving averages Section 3 studies under which condition on the process

(Xt) the vector (X¢—m,..., X¢1n) admits a representation on the unit cylinder C’7||7;+h+1.

The anticipativeness of (X;) surprisingly arises as a necessary condition for such a repre-
sentation to exist. Section 4 then exploits Property (1.1) to analyse the tail conditional
distribution of some particular processes: the anticipative AR(1), AR(2) and the anticipa-
tive fractionally integrated process. Section 5, provides a set of Monte-Carlo simulations
that illustrate how, in practice, this pattern identification can be used to predict very
accurately the future path. In particular, we suggest simple procedures to forecast crash
probabilities and forecast crash dates. In Section 6 we demonstrate the empirical relevance
of our theoretical results in a climate forecasting exercise. More precisely, we predict El

Nifio and La Nifa occurrences and their reversal date using the Southern Oscillation Index



(SOI) data.3 To replicate the numerical and empirical results of the paper and to illustrate
the generality of our approach, we develop a web application that allows to replicate our
results, find examples of simulated trajectories, and apply our procedures to other times
series, mainly macroeconomic, financial, and climate time series. Finally, one can upload
any type of time series that exhibits extreme explosive trajectories and use our forecasting
approach to predict the crash probability or reversal date.” Section 7 concludes. Proofs

are collected in Section 8.

2 Stable random vectors representation on unit cylinders

This section starts by recalling the characterisation of stable random vectors on the Eu-
clidean unit sphere before exploring the case of unit cylinders relative to semi-norms and

reformulating the regularly varying tails property.

Definition 2.1 A random vector X = (X1,...,Xq) is said to be a stable random vector
in R if and only if for any positive numbers A and B there is a positive number C and a

non-random vector D € R? such that
AXWD 1 Bx® L ox 1 p,

where XU and X@ are independent copies of X. Moreover, if X is stable, then there
exists a constant a € (0,2] such that the above holds with C = (A* + B)Y*, and X is

then called a-stable.

The Gaussian case (o = 2) is henceforth excluded. For 0 < a < 2, the vector X =

(X1,...,Xy) is an a-stable random vector if and only if there exists a unique pair (T, u°),

3
Data and methodology are available here: https://www.ncei.noaa.gov/access/monitoring/enso/soi

4
The web application is under development and will be released soon


https://www.ncei.noaa.gov/access/monitoring/enso/soi

I' a finite measure on Sy and u® a non-random vector in R%, such that,

B[] = exp{ = w17 (1= dsien( () oo, (. ) ) ) 4+ u°>}, Vu € RY,
(2.1)

where (-, -) denotes the canonical scalar product, w(c, s) = tg (%), if & # 1, and w(l,s) =
—%1n|s] otherwise, for s € R. The pair (I, u°) is called the spectral representation of
the stable vector X, I is its spectral measure and p° its shift vector. In particular, X is
symmetric if and only if u® = 0 and T'(4) = I'(—A) for any Borel set A in Sy (Theorem
2.4.3 in Samorodnitsky and Taqqu (1994)), and in that case

E[e““’xq = exp{ _/S |<u,s>|OT(ds)}, Yu € RY. (2.2)

In the univariate case, (2.1) boils down to

E[ei“X} = exp{ - Ua’“‘a<1 — if3sign(u)w(a, “)) + i“:“}? Vu € R,

for some ¢ > 0, B € [-1,1] and p € R. The representations (2.1) and (2.2) of a stable
random vector involves integration over all directions of ]Rd,5 here parameterised by the
unit sphere relative to the Euclidean norm. Proposition 2.3.8 in Samorodnitsky and Taqqu
(1994) shows that the unit sphere relative to any norm can be used instead, provided a
change of spectral measure and shift vector. We study alternative representations where
integration is performed over a unit cylinder relative to a semi-norm. For a given semi-
norm, not all stable vectors admit such a representation, which motivates the following

definition.

Definition 2.2 Let || - || be a seminorm on RY, CE'H = {s € R?: |s|]| = 1} be the

corresponding unit cylinder, and let X = (X3, ..., Xy) be an a-stable random vector.

5
By direction of R?, it is meant the equivalence classes of the relation “=” defined by: w = v if and

only if there exists A > 0 such that u = \v, for u,v € R%.



(Asymmetric case) In the case where X is not symmetric, we say that X is representable
on C’!l"u if there exists a non-random vector p,ﬁ,” € R% and a Borel measure T'll'l on Cc‘l"”
satisfying for all u € R?

/ l(u, 8)|°T 1 (ds) < 400, (2.3)
C

II-1
d

ifa#1,and if a =1,

/.

such that the joint characteristic function of X can be written as in (2.1) with (Sy, T, u°)
replaced by (C(Q'H,I‘H'H,uﬁ,“).

[(u, 8)]| In |, s)| [T (ds) < +o0, (2.4)

l-1
d

(Symmetric case) In the case where X is symmetric a-stable (SaS), 0 < a < 2, we say
that X is representable on Clll'” if there exists a symmetric Borel measure TlI'l on Cc‘l"”
satisfying (2.3) such that the joint characteristic function of X can be written as in (2.2)

with (Sg,T) replaced by (CI'I T,

Remark 2.1 As unit cylinders are unbounded sets, the integrability conditions (2.3)-(2.4)

ensure the sanity of the above definition.

We start by characterising stable random vectors that are representable on a given semi-

norm unit cylinder.

Proposition 2.1 Let ||-|| be a seminorm on R? and CE'H be the corresponding unit cylinder.
Denote KI'l = {2 € Sy : ||z|| = 0}. Let also X be an a-stable random vector on RY with

spectral representation (I', u°) on the Euclidean unit sphere (with pu° = 0 if X is SaS). If
a# 1 orif X is S1S, then

X is representable on C’C‘l"” <— F(KH'”) =0.

If a =1 and X is not symmetric, then

X is representable on C(w = / In ||s]] ‘F(ds) < +400.
Sq



Moreover, if X is representable on C’”'H, its spectral representation is then given by
(I‘”'”,pﬁ.”) where

rll(ds) = ||s]l-T o T (ds)

with T||H 2 Sa\ K — Cc‘l‘” defined by T||H(S) = s/||s]|, and

0 1, if a#l or if X is S1S,
wy =
H pwl + i, if a=1 and X is not symmetric,
= (i) & = [ silsIrs), G =1d
= (f1;), an = —— s;ln||s s), =1,...,d.
o= H T Jspkl 7 J
Remark 2.2 The representability condition in the case @ = 1 and X not symmet-

ric, is slightly stronger than that in the other cases. Indeed, [y ‘lanH’I‘(ds) <
fsd‘lanH‘I‘(ds) < +oo necessarily implies that T(KI'l) = 0 since ‘lanH’ = oo for
se K,

Remark 2.3 The case d = 2 is insightful. In view of (1.1), the spectral measure of the
a-stable vector (X7, X2) describes its likelihood of being in any particular direction of
R? when it is large in norm. As unit spheres relative to norms span all the directions
of R?, spectral measures on such spheres can describe any potential tail dependence of
(X1, X3). Unit cylinders however do not span all directions of R? and spectral measures
thereon necessarily encode less information. Consider for instance the unit cylinder C‘QI'” =
{(s1,82) € R? : |s1]| = 1} associated to the semi-norm such that ||(x1,z2)|| = |z1| for all
(w1, 79) € R2. Tt is easy to see that C’!H spans all directions of R? but the ones of (0, —1)
and (0,+1). A stable vector (X;, X2) will admit a representation on C’Q'H provided these
directions are irrelevant to characterise its distribution, that is, if F({(O, —1), (0, +1)}) = 0.
In terms of tail dependence, the latter condition intuitively means that realisations (X7, X2)
where X» is extreme and X is not almost never occur (i.e., occur with probability zero).6

6The conditions F({(07—1)7(0,+1)}) = 0 and sz |ln|\s|\ |F(ds) < 400 can also be related to the

stronger condition ensuring the existence of conditional moments of X5 given X; obtained in Cioczek-



Provided the adequate representation exists, Property (1.1) then holds with semi-norms
instead of norms, providing the cornerstone for studying the tail conditional distribution

of stable processes.

Proposition 2.2 Let X = (Xy,...,Xg) be an a-stable random vector and let || - || be a
seminorm on R®. If X is representable on C”'”, then for every Borel sets A, B C Cl,!'” with
(oA n B)) =1l(9B) =0, and TII(B) > 0,
rlliAnB)
H 77
where OB (resp. O(AN B)) denotes the boundary of B (resp. AN B), and

Pll(x, A|B) (2.5)

X X
Pl X, A|B ::IP’(EA‘ X >:z:,€B).
(X, A1B) =P\ ey € 4|11 > = 5y

3 Unit cylinder representation for paths of stable linear pro-

cesses

Given a semi-norm, Proposition 2.2 is only applicable to stable vectors that are repre-
sentable on the corresponding unit cylinder. This section investigates under which condi-
tion on an stable moving average (X;) vectors of the form (X;—y,, ..., X¢, Xet1,- -, Xean)
admit such representations. A characterisation is proposed and is then extended to linear
combination of stable moving averages. Any semi-norm satisfying (1.2) could be relevant
for the prediction framework mentioned in introduction. However to fix ideas and avoid

numerous cases with respect to all the possible kernels, we restrict to semi-norms such that
l(Z—m,. .. 20, X1, ..., 2p)|| =0 <= z_p =... =129 =0, (3.1)

for any (_,,,...,x,) € R™T"H1 which in particular satisfy (1.2).

Georges and Taqqu (1994, 1998) (see also Theorem 5.1.3 in Samorodnitsky and Taqqu (1994)) and which
requires I' not to be too concentrated around the points (0,41). Namely, assuming f52 |si|7"T'(ds) < +o0
for some v > 0, then E[|X2|”|X1] < 400 for v < min(a + v, 2« + 1), despite the fact that E[|X2|*] = +o0.

If the previous holds for some v > 0, then necessarily both of the aforementioned conditions are satisfied.



Example 3.1 Semi-norms on R™T"*1 gatisfying (3.1) can be naturally obtained from
norms on the m + 1 first components of vectors. For any p € [1, +0o0], one can consider for

instance semi-norms || - || defined by

0 1/p
[ S | D D110 I

i=—m
for any (z_m,...,20,%1,...,2) € R+ with by convention (0., |x,;]p)1/p =
sup |z;| for p = +oo.
—m<1:<0
3.1 The case of moving averages
Consider (X;) the a-stable moving average defined by
Xt = Z dk5t+k7 &t ngd S(O&, B? g, O) (32)

kEZ

with (dy) a real deterministic sequence such that

if a#1 or (a,p)=1(1,0), 0< Z |di|® < +o0, for some s € (0,a) N0, 1],

keZ
(3.3)
and
if a=1 and B0, 0.< > |dil| In[dy] | < +oc. (3.4)
keZ
Letting for m > 0, h > 1,
Xt == (Xt—m7-~- 7Xt7Xt+17~- . 7Xt+h)7 (35)

it follows from Proposition 13.3.1 in Brockwell and Davis (1991) that the infinite series
converge almost surely and both (X;) and X are well defined. The random vector X is

multivariate a-stable: denoting dy := (dktm, - -, dg, di—1, - .., dg_p) for k € Z, the spectral

10



representation of X; on the Euclidean sphere reads (I, u°) with

|l

2
B’ =1y =Bo > dipln||dif,
T
keZ

veSy kEZ

r=o®Y ng”dkH?(s{ 9d, } (3.6)

where wy = (1 +93)/2, S1 = {—1,+1}, J is the dirac mass and by convention, if for
some k € Z, d, = 0, i.e. ||dg|le = 0, then the kth term vanishes from the sums. Notice
in particular that for 3 = 0, it holds that w_; = wy; = 1/2, u® = 0, and both the
measure ' and the random vector X, are symmetric. The next result characterises the

representability of X on a unit cylinder for fixed m and h.

Lemma 3.1 Let X; satisfy (3.2)-(3.5) and let || - || be a semi-norm on R™h+1 satisfying
(3.1). For a # 1 or (o, B) = (1,0), the vector Xy is representable on Cﬂlhﬂ if and only
if

Wk €Z,  [([drymdi) =0 = VO<k-1, d;=0). (3.7)

For a=1 and B # 0, the vector Xy is representable on clHl

maha1 U and only if in addition
to (3.7), it holds that

> lldlle

kEZ

o (fleill/lii e )| < +oo. (3.8)

In the cases  # 1 and (o, 3) = (1,0), the representability of X; on a semi-norm unit
cylinder depends on the number of observation m + 1 but not on the prediction horizon
h. Moreover, it is easy to see that if (3.7) is true for some m > 0, it then holds for any
m’ > m. The case a = 1, 3 # 0 is more intricate, the roles of m and h in the validity of
the additional requirement (3.8) not being as clear-cut.

A key distinction appears between moving averages according to whether finite length
paths admit semi-norm representations. This distinction especially matters for the appli-

cability of Proposition 2.5 when studying the conditional dynamics of a given process. The

11



following definition thus introduces the notion of past-representability of a stable moving

average.

Definition 3.1 Let (X;) be an a-stable moving average satisfying (3.2)-(3.4). We say
that the stable process (X;) is past-representable if there exists at least one pair (m,h),
m >0, h > 1, such that Xy = (X¢—pm, ..., X¢, Xit1, ..., X¢ph) is representable on CvM—thl
for some semi-norm satisfying (3.1). For any such pair (m,h), we will say that (X;) is

(m, h)-past-representable.

Remark 3.1 It can be noticed that if Xy = (Xi—m,..., X, Xet1,. .., Xe4n) IS repre-

sentable on ¢!l

mehe1 fOT some semi-norm satisfying (3.1), then it is representable on unit

cylinders relative to any other semi-norms satisfying (3.1). This holds because (3.1) ensures
that all these semi-norms have the same kernel. The notion of past-representability can

thus be defined independently of the particular choice of a semi-norm.

The following proposition provides a characterisation of past-representability.

Proposition 3.1 Let (X;) be an a-stable moving average satisfying (3.2)-(3.4).
(t) With the set M={m >1: 3k €Z, dyypm =...=dgs1 =0, di # 0}, define

o — sup M, if M=#0, (3.9)
0, if M=0.

(a) For a# 1 or (a, 8) = (1,0), the process (X;) is past-representable if and only if
mo < +00. (3.10)
Moreover, letting m > 0, h > 1, the process (X¢) is (m, h)-past-representable if and

only if (3.10) holds and m > my.

7
This will not be true in general under the weaker assumption (1.2) and different notions of repre-

sentability of a process could emerge depending on the kernels of the semi-norms.

12



(b) For « = 1 and  # 0, the process (Xi) is past-representable if and only if in
addition to (3.10), there exist an m > mgy and an h > 1 such that (3.8) holds. If such
)

a pair (m, h) exists, (X;) is then (m, h)-past-representable.

(ee) Let || - || @ seminorm satisfying (3.1) and assume that (X;) is (m, h)-past-representable
for some m > 0, h > 1. The spectral representation (F”‘H,MH’”) of the vector Xy =
(Xi—my ooy Xey Xit1y oo o, Xen) on Cr“rﬂrhﬂ is then given by (3.6) with the Euclidean norm

| - |le replaced by the semi-norm || - ||.

Remark 3.2 Note in particular that mq = 0 if and only if for some kg € ZU{—o00}, di # 0
for all £ > kg and di, = 0 for all k < kg.

Remark 3.3 Proposition 3.1 shows that for an a-stable moving average to be past-
representable, sequences of consecutive zero values in the coefficients (dj) have to be either
of finite lengths, or infinite to the left. This surprisingly places the anticipativeness of a
stable moving average as a necessary —and sufficient for a # 1 and («, ) = (1, 0)— condition
for its past-representability. The less anticipative a moving average is, in the sense of the
larger the gaps of zeros in its forward-looking side, then the higher m has to be chosen so
as to have the representability of (X, ..., X¢, X¢t1,. .., X¢rn) on the appropriate unit

cylinder. Purely non-anticipative moving averages are in particular immediately ruled out.

Corollary 3.1 Let (X};) an a-stable moving average satisfying (3.2)-(3.4). If (X;) is purely

non-anticipative, i.e., dy = 0 for all k£ > 1, then (X;) is not past-representable.

Remark 3.4 This fault line between anticipativeness and non-anticipativeness sheds light
on the predictability of extreme events in linear processes. Consider for illustration the

two following a-stable AR(1) processes defined as the stationary solutions of

X = pXip1 + e, vVt € Z, (3.11)

Y = pYi1 +m, vt € Z, (3.12)

13



where 0 < |p| < 1, and (&), () are independent i.i.d. stable sequences. While (X;) gen-
erates bubble-like trajectories —explosive exponential paths eventually followed by sharp
returns to central values—, the trajectories of (Y;) feature sudden jumps followed by expo-
nential decays. In both processes, an extreme event stems from a large realisation of an
underlying error e, or 7, at some time 7. On the one hand for the non-anticipative AR(1)
(3.12), a jump does not manifest any early visible sign before its date of occurrence as it is
independent of the past trajectory. Jumps in the trajectory of (Y;) are unpredictable and
one only has information about their unconditional likelihood of occurrence. On the other
hand for the anticipative AR(1) (3.11), extremes do manifest early visible signs and are
gradually reached as their occurrence dates approach. The past trajectory is informative
about future extreme events, and in particular more informative than their plain uncondi-
tional likelihood of occurrence. Building on the “information encoding” interpretation of
spectral measures given in Remark 2.3, the fact that (X;) (resp. (Y;)) is past-representable
(resp. not past-representable) can be seen as a consequence of the dependence (resp. in-

dependence) of future extreme events on past ones.

The condition for past-representability simplifies for ARMA processes and is equivalent to

the autoregressive polynomial having at least one root located inside the unit circle.

Corollary 3.2 Let (X;) be the strictly stationary solution of

(F)p(B)X; = O(F)H(B)ey, e "% S(a, 8,0,0),

where ¢, ¢, ©, H are polynomials of arbitrary finite degrees with roots located outside the
unit disk and F (resp. B) is the forward (resp. backward) operator: FX; := Xy (resp.
BX; := X;_1). We suppose furthermore that 1) and © (resp. ¢ and H) have no common
roots. Then, for any « € (0,2) and 8 € [—1, 1], the following statements are equivalent:
() (Xy) is past-representable,

() deg(y) > 1,

(ter) moy < 400,

14



with mg as in (3.9). Moreover, letting m > 0, h > 1, the process (X;) is (m, h)-past-

representable if and only if m > mg with my < +oo.

Remark 3.5 For ARMA processes, we can notice in particular that the discrepancy be-
tween the cases [@ # 1 or (o, 5) = (1,0)] and [ = 1, 8 # 0] vanishes. Also, only the roots

of the AR polynomial matter for past-representability, the MA part having no role.

4 Tail conditional distribution of stable anticipative pro-

cesses

In this section, we will derive the tail conditional distribution of linear stable processes for
which Proposition 2.2 will be applicable. The case of a general past-representable stable
process is considered as well as particular examples.

To be relevant for the prediction framework, the Borel set B appearing in Proposition
2.2 has to be chosen such that the conditioning event {||X:|| > =z} N {X/|| X¢|| € B} is
independent of the future realisations X;,1,..., X;y5. For |- | a semi-norm on R™+/+1
satisfying (3.1), denote Sl',ﬂrl ={(s—my---,80) €ER™L: |(s_pm,...,50,0,...,0)|| = 1}.8
Then, for any Borel set V' C SL';LL, define the Borel set B(V') C Cﬂﬂ_hﬂ as

B(V)=V x R".

Notice in particular that for V' = SLI;L, we have B(V) = CVMH. In the following, we will use

Borel sets of the above form to condition the distribution of the complete vector X¢ /|| X¢||
on the observed “shape” of the past trajectory. The latter information is contained in the
Borel set V', which we will typically assume to be some small neighbourhood on Sqmrl. It

will be useful in the following to notice that

VxRN ={secll,, . f(s)eV},

m

8 .
The set STHHL corresponds to the unit sphere of R™ 1! relative to the restriction of ||-|| to the first m +1

dimensions.
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where f the function defined by

Rerthl N Rm+1
f: . (4.1)

(Tomy ey @0y, X1y X)) > (T, ., X0)
4.1 Stable past-representable processes: general case

Let (X¢) an a-stable process satisfying Definition 3.1. This states that (X;) is (m, h)-past-
representable, for some m > 0, h > 1 and let X; as in (3.5). Denoting LIl the spectral
measure of X; on the unit cylinder Clﬂrh 41 for some semi-norm satisfying (3.1), we know

by Proposition 3.1 (¢2), that TlI'l is of the form

VveS1 keZ
' I

rllh =%~ Zwﬂ||dk||a6{ Dy, } (4.2)

Proposition 4.1 Under the above assumptions, we have

_ vd . ﬂf(d)
F”'<{ud:rr“' Al eV})

plll (Xt,A]B(V)) — : (4.3)
T ({ Oy ol O v})
[ s
: A vd . If(d
for any Borel sets A C C',”,LH_,IH, VC Sﬂlml such that { Hd:H € CT”n!th : H‘gk‘T) € V} #

@, Tl ((’9(A N B(V))) =Tl@B(V)) =0, where B(V) =V x R" and f is as in (4.1).

Remark 4.1 (i) Setting V = SL‘;L, and A an arbitrarily small closed neighbourhood of all
the points (9dy/||dg]|)9 k., we can see that $EIEOO]P’<Xt/\|Xt|| € A’||Xt|| > x) = 1. In other
terms, when far from central values, the trajectory of process (X;) necessarily features pat-
terns of the same shape as some 9dy/||d||, which is a finite piece of a moving average’s co-
efficient sequence. The index k points to which piece (dgtpm,---,dk, dg—1,...,dx_p) of this
moving average it corresponds, and ¥ € {—1,+1} indicates whether the pattern is flipped
upside down (in case the extreme event is driven by a negative value of an error (¢;)). The

likelihood of a pattern ¥dy/||dg|| can be evaluated by setting A to be a small neighbourhood

16



of that point. (¢¢) In view of point (¢), the observed path (X, ..., Xi—1, Xp) /|| Xe|| will
a fortiori be of the same shape as some ¥(dgim, - - -, dk+1,dk)/||di|| when an extreme event
will approach in time. Observing the initial part of the pattern can give information about
the remaining unobserved piece: the conditional likelihood of the latter can be assessed by

setting V' to be a small neighbourhood of the observed pattern.

Remark 4.2 The tail conditional distribution given in (4.3) highlights three types of un-
certainty /approximation for prediction:9

(¢) In practice, events of the type

{(Xt—ma N, (P Xt)/HXtH = ﬁ(dk-i-m? oy i, dk)/”dkH}

have probability zero of occurring, and only noisy observations such as
(Xi—my oo, Xem1, Xo) /1 Xl = Pdgsmy - dir1,dr)/||di|| are available on a realised
trajectory. The choice of an adequate conditioning neighbourhood V' in (4.3) given a piece
of trajectory will thus have to rely on a statistical approach. One could envision tests of
hypotheses to determine whether a piece of realised (noisy) trajectory “is more similar” to
a certain pattern 1 or to an other pattern 2.
(tt) Even for an arbitrarily small neighbourhood V' —that is, even if the observed path
can be confidently identified with a particular pattern— uncertainty regarding the future
trajectory may remain. It could indeed be that several patterns ¥dy/|dg| coincide on
their first m + 1 components, but differ by the last h. The stable anticipative AR(1) is a
typical example of this phenomenon that will be studied in the next section. Interestingly,
the stable anticipative AR(2) eludes to this as discussed in hereafter.
(eet) The tail conditional distribution (4.3) is an asymptotic behaviour as the (semi-)norm
of X; grows infinitely large. It is thus only an approximation of the true dynamics
9The considerations developed in this remark focus solely on the probabilistic uncertainty of the predic-

tion assuming that the process (X;) is entirely known, that is, no parameter nor any sequence (d;, ) has to

be inferred from data.
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during extreme events. It would be interesting to obtain a finer asymptotic development
in x of the above convergence to gauge the approximation error of the true conditional
distribution. It would be especially useful to quantify how far from/how variable around

the predicted patterns the future path can be.

4.2 The anticipative AR(1)

We now consider (X;) the stable anticipative AR(1) processes defined by
Xy = pXeo1 +e, 0<|p| <1, (4.4)

where (&¢)sez b S(a, 3,1,0). The moving average coefficient is of the form (p*1 4501k,
and thus, my = 0 as stated in (3.9). By Corollary (3.2), we know that for any m > 0,
h > 1, (X;) is (m, h)-past-representable. The spectral measures of paths X simplify and

charge finitely many points. Their forms are given in the next lemma.

Lemma 4.1 Let (X;) be an a-stable anticipative AR(1) processes as in (4.4). Letting Xy
as in (3.5) for m > 0, h > 1, its spectral measure on C’ﬂi]ﬂrl for a seminorm satisfying

(3.1) is given by

h—1 _
. a Wy «
rlhh = Z wydg(9,0,...,0)} T Wo Z lldx[|*6 Idy, +m||dh|’ d 9dy, ],
ves ke { ld] } ’ { da] }

(4.5)

where for all 9 € S1 and —m+1 < k < h,

dip = (PHmﬂ{kz—mp e >Pk]1{k20}, Pk_l]l{kzu, ceey Pk_h]l{kZh}>v
wy = (14+98)/2,

wy = (1+9B)/2,

B=p

1— p<Oé>

1—|ple”’

and if h =1 and m = 0, the sum ZZ;I_mH vanishes by convention.
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The next proposition provides the tail conditional distribution of future paths in the case

where p is positive. Let us first introduce useful neighbourhoods of the distinct charged
m-+h+1

points of TlI'l. Denote do_m = (m) so that the charged points of Tll'l are all of the
form vdy/||d|| with indexes (9, k) in the set 7 := S} x ({—m, h}U{(0, —m)}) With f as in
(4.1), define for any (Yo, ko) € Z, the set Vj as any closed neighbourhood of 9 f(dy, ) /|| dk, ||
such that

V' f(dy) €V V' f(dp)  Yof(dy,)

VW, K) eT, R A ) _ ,
ldw | ldw | [k, |

(4.6)

In other terms, Vy x R is a subset of C’Ltu_h 41 in which the only points charged by Tl all
have the first (m + 1)*® coinciding with 9o f(dy,)/||dk, || Define also Ay, for any (9, k) as
any closed neighbourhood of ¥dy, /||d|| which does not contain any other charged point of
LIl that is,

V@, K) €T, M e Ay = (9 K) = (,k). (4.7)

Proposition 4.2 Let (X;) be an a-stable anticipative AR(1) processes as in (4.4) with
p € (0,1). Let Xy, the di’s and the spectral measure of X; be as given in Lemma /.1,
for any m >0, h > 1. Let Vi be any small closed neighbourhood of Vo f(d,)/||dk,| in
the sense of (4.6) for some (Vo,ko) € T and let B(Vy) = Vo x R". Then, with Ay an
arbitrarily small neighbourhood of some ¥dy/||dy|| as in (4.7), the following hold.

(1) Case m > 1.

(a) If 0 < ko < h:
[p|** (1= 1p[*)dy,(9), 0<k<h—1,

PUI (X0, Ag k| BOV)) —

T—r 00

|p|*" 89, (), k= h.

() If —m < kg < —1:

B (X2, Aok BOR)) 2, 80090k, ().
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(t) Case m = 0.

PUI (X0, Ag k| B(V))

with Py, = wﬁo/(l - |p‘a>'

wy,
Dy

S0y (9),

—

T—00

p*F(1 = [p|*)0pgo3(9), 1<k <h-—1,

0176943 (1), k=nh,

Remark 4.3 For m > 1, that is, if the observed path is assumed to be of length at least 2,

there is a significant difference between whether kg € {0,...,h} or kg € {—m, ..., —1}. For

the latter, the asymptotic

probability of the whole path X;/||X¢|| being in an arbitrarily

small neighbourhood of ¥dy /||dy|| is 1 if and only if ¥ = ¥y, k = ko: given the observed path,

the shape of the future trajectory is fully determined. For the former, this probability is

strictly positive if and only if ¥ = 9, but the observed pattern is compatible with several

distinct future paths. One can see why this is the case from the form of the sequences

di/||dk|| and of their restrictions to the first m + 1 components f(dy)/||dk||. On the one

hand (omitting ¥),

m+1 h
ktm ok Rl 5.1.0,....0
(pk—‘rm? 7pk7pk_17 7p? b b b ) , fOI‘ ke {0,...,h},
dk. ||(IO 7“'7p7p 7“'7p?1707"'70)||
ldrll —
ktm 5 1.0,....0,0,....0
(pk+ 2 1,0,:.:,0,0,:.,0) , for ke{-m,...,—1}.
™™, o p,1,0,...,0,0,...,0)
N——

m—41 h

We can notice that all the above sequences are pieces of explosive exponentials, terminated

For

at some coordinate.

k € {0,...,h}, the first zero component —the “crash of the

bubble”—, is situated at or after the (m + 2)th component, whereas for k € {—m, ..., —1},
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it is situated at or before the (m+1)". Using the homogeneity of the semi-norm and (1.2),

we have on the other hand that

m+1
(pm7"'7p71)
(™, ..., p,1,0,...,0,0,...,0)]’
m—+1 h

for ke {0,...,h},

fldy)
[l

m+1
(Pt p,1,0,...,0)
("™, ... p,1,0,...,0,0,...,0)
m—+1 h

, for ke{-m,...,—1}.

Thus, conditioning the trajectory on the event {f(X:)/||X¢|| =~ f(dk,)/l|dk, ||} for some
ko € {—m,...,—1} amounts to condition on the burst of a bubble being observed in
the past trajectory with no new bubble forming yet, which allows to identify exactly the
position of the pattern on the moving average’s coefficient sequence.

When conditioning with ky € {0,...,h} however, the crash date is not observed and can
happen either in the next h—1 periods, or after h. However, the shape of the observed path

is that of a piece of exponential with growth rate p=!

regardless of the remaining time before
the burst, which leaves several future paths possible. One can quantify the likelihood of
each potential scenario: the quantity |p|®*(1 — |p|*) corresponds to the probability that the
bubble will peak in exactly k periods (0 < k < h), and |p|*" corresponds to the probability

that the bubble will last at least A more periods.

Remark 4.4 (¢) The previous remark confirms the interpretation of the conditional mo-
ments proposed in Fries (2021). It also extends it by accounting for paths rather than point

prediction. («.) Notice that for m = 0 (only the present value is assumed to be observed),

no pattern can be observed but only the sign of the shock. Hence, the growth rate p~!

of the ongoing event is unidentifiable, which is reflected in the fact that the asymptotic

1

probabilities of paths with growth rates p~', are positive (case («t) of Proposition 4.2).
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4.3 The anticipative AR(2) and fractionally integrated white noise

We focus here on two processes which both share the peculiar property of having a 0-1
tail conditional distribution whenever the observed path is of length at least 2 (i.e.,
m > 1): the anticipative AR(2) and the anticipative fractionally integrated white noise
(FWN). For an adequate choice of the parameters, the former can generate bubble-like
trajectories with accelerating or decelerating growth rate and the latter can accommo-
date hyperbolic bubbles. In contrast with the anticipative AR(1), these bubbles do
not display an exponential profile but still feature an inflation-peak-collapse behaviour.

Any extension of those two minimal specifications should preserve the following statements.

Anticipative AR(2)
The anticipative AR(2) is the strictly stationary solution of

(1—MF)(1—XF)X, =z, e "5 S(a, B.0,0), (4.8)

where \; € C and 0 < |N\;] < 1 for i=1,2. In case \; € C\ R, i = 1,2, we impose that
A1 = Ay to ensure (X4) is real-valued. We further assume that A\; + Ay # 0, to exclude the
cases where (X9;) and (Xo.41) are independent anticipative AR(1) processes. The solution

of (4.8) admits the moving average representation X; = Y,z drestr with

)\k+1 o )\k+l )
2 Doy if A1 # Ag,

d = A1 — A2 (4.9)
(k} + 1))\'1€ ]l{kzo}a if A =X= A
Anticipative fractionally integrated white noise
The anticipative FWN process can be defined as the stationary solution of
(1-F)?X, = &, e "5 S(a, B.0,0), (4.10)

with a(d — 1) < —1. The solution of (4.10) admits the moving average representation
X = Zgﬁ% diesr with dg =1 and
I'(k+d)

CE@r D) f 4.11
dg N(d)I'(k+1) (k>0y, for k#0, (4.11)
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where I'(-) denotes —here only— the Gamma function.

It can be shown that both process are necessarily (m, h)-past-representable for m > 1 and
h > 1. The 0-1 tail conditional distribution property when the observed path is of length

at least 2 is exhibited in the next proposition.

Proposition 4.3 Let (X;) be the a-stable anticipative AR(2) (resp. fractionally integrated
AR) as in (4.8)-(4.9) (resp. (4.10)-(4.11)). For any m > 1 and h > 1, let X; as in (3.5)
and di, = (dk+my - -« dgydi—1, . . . ,di—p) where (dy) is as in (4.9) (resp. (4.11)). Let Vi a
small neighbourhood of Yody,/||dk,|| as in (4.6) —where we drop the indexes j— for some

Yo € S1, ko > —m, and let B(Vy) = Vo x R". Then,

Yod
1, if 2R ¢4,
pll (Xt,A‘B(Vo)) — [k, |
0, otherwise,

for any closed neighbourhood A C C7|7|’;|-|i-h+1 such that
AN {Id/||dg| : ¥ € Sy, k> —m} =0.

Remark 4.5 Contrary to the anticipative AR(1), the trajectories of the anticipative AR(2)
and fractionally integrated processes do not leave room for indeterminacy of the future
path. Asymptotically, given any observed path of length at least 2, the shape of the
future trajectory can be deduced deterministically. This holds even if the peak/collapse
of a bubble is not yet present in the observed piece of trajectory. Therefore, provided
the current pattern is properly iden‘ciﬁed,10 it appears possible in the framework of these
models to infer in advance the peak and crash dates of bubbles with very high confidence
—in principle, with certainty.

1
OSee point (¢) of Remark 4.2.
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5 Monte Carlo study and numerical analysis

In this section, we take advantage of our theoretical results in different ways. In particular,
we suggest two forecasting procedures and demonstrate their performances in finite sam-
ples. We also use numerical simulations to provide a visual illustration of the unit cylinder
in the particular case of a {0, 1} tail conditional distribution.

5.1 Visualisation of the unit cylinder

In the spirit of the Remark 2.3, we consider an a-stable vector Xy = (X;_1, X;, X¢41) where
X; is an anticipative AR(2) specified as in 5.2. X; being past-representable, it admits a

representation on the unit-cylinder. Furthermore, as discussed in 4.3, its spectral measure

. ,19 d 0
y i (an{ )
I (X0, A|B(Vo)) —» .

T—00
Tl ({MD
ko ||

and hence PJ! (Xt, A‘B(VO)) is either 1 or 0. This peculiar {0, 1} tail conditional distri-

exhibits the following asymptotic behavior

bution leads to the following graphical representation on the unit-cylinder (see Figure 1.a).
The simulation of X; is performed for a sample size n = 1000.

We clearly see that Czl,,l'” spans all directions of R® but the ones of (0,0,—1) and
(0,0,+1). This is of no consequence as the representability property holds and implies that
F({(O, 0,-1),(0,0, +1)}) =0 as * — oo. In other words, the semi-norm representability
reflect the fact that extreme realizations of X;41 never occur conditionally to small reali-
sations of X; 1 and X;. Those inaccessible coordinates are indicated by the two red cross.
In the opposite case where we represent X; on the unit sphere, S3 spans all directions
of R? and describes any potential tail dependence of (X; 1, Xy, X;11). This includes the

tail dependence between X1 and the past, which reflects the odd (and rare, as depicted

24



Figure 1: Unit cylinder and unit sphere representations of Xy = 0.7Xy41 + 0.1X;40 + &
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in Figure 1.b) situation where the realisation of Xy, is extreme whereas immediate past

realisations are not.

5.2 Forecasting crash probabilities

To illustrate through simulations that the probability on the left-hand side of Proposi-
tion 4.3 converges to the right-hand side when the conditioning value || X¢| is large, we
generate 1000 trajectories of N = 10% observations from the anticipative AR(2) process
Xy =0.7X41+0.1X 40+ ¢; where & Ll S(1.5,1,0.5,0). We focus here on the case m =1
and evaluate the crash probabilities at different forecasting horizons h = (1,5,10). The
left-hand side of Proposition 4.3 needs two types of conditioning. First we condition on
| X¢|| to be large, and we choose |/ X? + X? | > 2q with ¢ is a theoretical quantile of the

marginal distribution of X;. Second we define the conditioning of the small neighbourhood
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B(Vph) and we set for m = 1 and

Yodpy—1

Yodg,—1 Yodg, 0.1 Yod,
[

"l | ldi, Il lld |

We also set A = B(Vp) x [-6,0], with 6 = 0.3. This is equivalent to estimating the

B(Vp) = —0.1 +0.1} x { +0.1].

probability of a crash at horizon h. For each simulated trajectory, we compute the two
following estimators, one for the probability on the left-hand side of Proposition 4.3 defined

as

A

N—h
Zt:l 1 ({ (X¢—1,X¢)
DPq =

TXel €B<Vo>}ﬂ{f§;ﬁéé}m{nxt\bzq})

(5.1)

N—h
pOrairiy | ( { (Xo_1,X1)

X eB(Vo)}W{H.Xt||>2q}>
and the other one for the probability on the right-hand side of Proposition 4.3 p,. pg is

computed as follows:

N—h
S 1 ({ (Xo_1,X1)

ST eB(V) f(TEh <80 {1Xc)>2a) )

Pq = (5.2)

N—h
Zi:l 1 ({ (X¢—1,X¢)

X €B(Vo)}m{HXt||>2q}>

According to Proposition 4.3, these two probabilities have to converge to the same value,
because X/|| X¢| € A, is equivalent to dy,/||dk,| € A. To estimate the dy,, and check
whether X; /|| X¢|| € B(Vp), we determine the sample of size m of the dj deterministic path
which X;/|| X¢| is in B(Vp). To do so, first, we compute X;/||X¢|| for m = 1. Second, we
evaluate 9dy./||dy|| for k € (k, k) where k = 30 and k = 0. Finally we check whether some
vdy/||dg|| belongs to a small neighborhood of X¢/|| X¢/|.

Table 1 gathers the average of p, and p, empirical probabilities across the M simulations
along empirical 95% confidence. One notices that the empirical probabilities indeed come

very close to the theoretical ones as ¢ increases.

5.3 Forecasting crash dates

One can also apply Proposition 4.1 to infer information on future paths from the observed

trajectory, as long as it deviates far enough from central values. We document that in
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Table 1: Comparison of theoretical and empirical crash probabilities at horizons h = 1,5, 10
of bubbles generated by the noncausal AR(2)

p0.9\Po.o 84.09\22.75 (22.39-23.14)  93.00\39.70 (39.27-40.14) 98.45\46.76 (46.32-47.21)

20.99\Do.99 91.56\89.11 (87.90-90.36) 95.55\94.63 (93.67-95.56) 95.71\96.85 (96.11-97.56)

P0.999\Po.oge  99.50\98.75 (97.04-100)  99.40\99.40 (98.21-100)  99.72\99.67 (98.63-100)
( (

(
(
(
P0.9999\Do.oo0e  99.96\99.86 (96.42-100)  99.91\99.92 (99.90-100)  99.97\99.98 (100-100)

Notes: The theoretical crash probabilities p, are computed using (5.2). Empirical average (Mean) and
95% confidence intervals (95%-CI) of the estimated probabilities are computed using (5.1) on M = 1000
simulated trajectories of N = 10° observations, for ¢ = ¢4 several a-quantiles of the marginal distribution

of Xt.

practice, for large values of x, the approximation
Xt/”XtH ~ ﬁ(dk—l-ma ... 7dk+17dk)/”dkH) Xt = (Xt—ma ... 7Xt—17Xt)7

can be used to derive the next crash date and then estimate the future path up to t 4 h.
We also discuss to what extent the sources of uncertainty listed in Remark 4.2 affect the
performance of our procedure in presence of finitely large realisations. As for a range of
realisations, we ignore to which piece of the moving average trajectory it corresponds, we
pay particular attention to the selection of kg and the impact of m.

Our forecasting procedure proceeds in 4 steps. First, we compute X, /|| X¢|| for a given
m. Second, we evaluate ¥dy,/||dy| for k € (k, k) where k = 30 and k = 0. Third, we check
whether some 9dy,/||dy| belong to a small neighborhood A of X;/|| X¢||. If ko cannot be
identified because several values k satisfied this condition, we reduce the neighbourhood
until a unique k = kg remains. The last step simply consists of using the deterministic
trajectory of dj, to iterate up to di_p = 0 and hence obtain the bubble burst date. At
this stage, we structure X; as in (3.5) and dy, as (dg+m,---,dk, dg—1,-..,dk—p). From

Proposition 4.3 we know that if X; is anticipative enough, its future path will follow the
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one of dy, with a very high level of confidence such that

(thﬂh sy thla Xt7 Xt+17 sy Xt+h)/||XtH ~ 190(dk‘+m7 ce. 7dk+15 dk‘a dk‘—l, cee 7dk‘—h)/Hdk‘||a

hence offering the possibility to predict X;i1,..., X¢th.

This procedure is likely to be sensible to the selection of m. We investigate this issue
by considering m = {1,3,5,7,9,11}. We also anticipate that, how far we deviate from the
Gaussian distribution, in terms of tail index, is likely to affect the results, and hence we
consider a = {0.9,1.2,1.5,1.8}. Each simulated path is governed by a SaS anticipative
AR(2) of the following form: X; = 0.7X¢+1 + 0.1X¢49 + & where & k- S(,0,0.1,0). For
a given artificial time series z;, we identify a positive bubble peak as maz(x;) and treat
as unobserved the remaining values of the series and the [N x 0.01] periods preceding
the bubble burst. We then explore all these scenarios for N = {250,500, 1000} (i.e. ko =
{3,5,10}) and 1000 trajectories. In theory, N should not impact the prediction performance
but we use it here to control the quantile of the last in-sample observation. More precisely,
our simulation framework results in the quantiles reported in Table 2 and allows us to
investigate the impact of departing from the asymptotic theory (z — oc). For instance,
we can see that for NV = 1000, the last in-sample observation used to predict an extreme

event that surge 10 periods ahead, actually corresponds to the quantile 0.91 when oo = 1.5.

Table 2: Quantile of the last in-sample observation

N/« 0.9 1.2 1.5 1.8
250 0.99 0.99 0.99 0.94
500 0.98 0.98 0.94 0.89
1000 0.97 0.96 0.91 0.78

In such a configuration, the realisations of X; are likely to be only moderately large
compared to the asymptotic requirements (z — 00). Accordingly, in the simulation results,

we report the labels “High”, “Quite High”, “Moderately High”, rather than the sample

28



sizes. For each simulation, we compute the bias as the difference between the predicted

crash date and the true simulated date.

Table 3: Bias for the crash date predictor

m=1 m=3
ax, /o 0.9 1.2 1.5 1.8 0.9 1.2 1.5 1.8
High -0.9785 -0.3985 0.0262 0.2199 -0.7320 -0.2420 -0.0073 0.2815
Quite High 0.7174 1.3771 1.9292 2.2544 0.9421 1.6189 2.0938 2.2914

Moderately High 5.8112 6.6166 7.1317 7.4263 6.0680 6.8229 7.1698  7.3565

m=2>5 m="7
ax, /o 0.9 1.2 1.5 1.8 0.9 1.2 1.5 1.8
High -0.5457 -0.2076 0.0483 0.2300 -0.5043 -0.1256 0.1099 0.2715
Quite 1.2378 1.7442 21075 2.3412 1.2978 1.8118 2.0987 2.2571

Moderately High 6.2749 6.9284 7.2065 7.3582 6.3193 6.9760 7.2655 7.3763

m=9 m =11
ax, /o 0.9 1.2 1.5 1.8 0.9 1.2 1.5 1.8
High -0.4079 -0.0811 0.1556 0.2976 -0.4200 -0.0480 0.1891  0.3300
Quite High 1.3407 1.8471 2.1537 2.2857 1.3633 1.8568 2.1417  2.3565

Moderately High 6.3805 7.0095 7.2599 7.4021 6.4407 7.0253 7.3097  7.4745

The results are reported in Table 3. No matter the tail index considered, our procedure
can predict the crash date with a bias less than one period as long as X; is sufficiently
large and m is carefully chosen. However, the results shed light on the crucial role of
the limit theory, as the predicted crash date is considerably more biased when the shape
of the trajectory is inferred from an observation that corresponds to a moderately high
quantile. In such a case, the selection of m is also very important as a large m introduces

more noise from observations that presumably belongs to lower quantiles (as we focus
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on positive shocks here). For a given m, the performance deteriorates when « increases,
thereby involving quantiles far from the asymptotic theory (e.g. gx, ~ 0.78 when N = 1000
and a = 1.8) and more noise. This confirms the Remark 3.3.

Our theory states that when x — oo, m = 1 can be sufficient. But in practice, the
simulation study reveals that the optimal selection of m is not obvious as it interact in a
complex manner with the tail index «. For instance, when X; is very high and the tail
index is close to 1, a larger m improves the performance of the forecasting procedure. This
is not very surprising as X; is far from central values, X;/|| X¢|| is very collinear to the
moving average coefficients and the m past observations are not too noisy and help to
identify the pattern. At the opposite, when the tail index get closer to the “light” tail
case, larger values of m become detrimental and small m are preferable. The same analysis

holds for X; large and moderately large.

6 Forecasting climate anomalies

A growing literature highlights the impact of climate variables on economic performance
(Dell et al., 2014), a key variable to identify this impact is the El Nifio (resp. La Nina)
weather shocks. It is known that these shocks have an impact among others on growth,
inflation, energy and agricultural commodity returns (Brenner, 2002; Cashin et al., 2017;
Makkonen et al., 2021). Providing a forecast of El Nifio weather shocks, is of primary
interest, as it provides numerous societal benefits, from extreme weather warnings to agri-
cultural planning (Alley et al., 2019). El Nino intensity is defined as a value construct from
the Southern Oscillation Index (SOI)11 This section discusses the performance of the pro-
posed approach in detecting the peak of an El Nino (resp. La Nina) shock and assesses the
probability of staying in these episode h period ahead. We split the data in an in-sample

" Data and methodology to construct the SOI are available here https: //ww.ncei . noaa. gov/access/

monitoring/enso/soi. SOI is a monthly variable based on air-pressure differentials in the South Pacific,

between Tahiti and Darwin.
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Figure 2: Southern Oscillation Index (SOI)

1960 1980 2000 2020
Notes: The shaded area corresponds to the out-of-sample data.

period (from 01/1951 to 12/1991) and an out-of-sample period (from 01/1992 to 01/2024),
to test the robustness of our forecasting procedure. Figure 2 display the data sample where
the shaded area corresponds to the out-of-sample data. The alternance of boom and burst
which seem to be an identifiable deterministic pattern, is distinguishable in Figure 2.

We then rely on the procedure of Lanne and Saikkonen (2011) and the MARX package
(see Hecq et al., 2017b, 2020) to select the best specification for SOI. Table 4, summarise
the results of this procedure: BIC determine the ppseudo = 7+ 5, here equal to 2, then using
likelihood criterion, we select the best specification for causal-non-causal models, which is
the anticipative AR(2)

(1= o1F — o2 F) Xy = &

. Table 5 reports the estimation results for the anticipative AR(2) parameters that drive the

dynamics of SOI. The parameters of the retained model are subsequently estimated using
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a modified version of the MARX package suitable for a-stable laws. Standard deviations
are estimated using finite differences gradient and Hessian for the parameters in the right
space. From Table 5, Ljoung-Box (LB-Test) show that all the autocorrelation in the
residuals of AR(2) are removed and the Jarque-Bera test (JB-Test) that the residuals are

indeed non-gaussian (o <2).

Table 4: Identification of non causal processes for SOI

BIC  AR(2,0) AR(L,1) AR(0,2)
Ppseudo Likelihood
2 -5613.710 -510.764 -507.253

Table 5: AR(2) estimation for SOI

$1 P2 a B o ©
0.63*** 0.28"** 1.75%* 0.063* 0.52%** -0.05*
(5.22E-13) (2.11E-12) (5.03E-7) (5.54E-4) (1.94E-07) (1.78E-07)
Specification test Stats p-value
LB-Test (lag=>5) 7.81 0.16
JB-Test 20.76 <107°

Notes: Estimated parameters of a-stable anticipative AR(2) process associated with the SOI series
for the period 01/1951 - 12/1991. Standard deviations are in parentheses. Asterisks *, **, and ***

indicate significance at the 90%, 95% and 99% level, respectively.

An El Nifo (resp. La Nifa) shock, is defined as SOI below -1 (resp. over 1) during at
least the 3 periods. We hence estimate the probability of SOI to go back toward central
values after h periods with A = 3,5 by using the procedure detailed in Section 5.2. We
set the same neighbourhood B(Vp) of X;/||X¢|| and we consider that || X| is large when
XP+ XtQ_l > 2q with ¢ = ¢g.95, the quantile at 95% of the marginal distribution of Xt.u

As we rely on 492 in-sample (877 whole-sample) observations, higher quantiles are sparse

12
We apply our procedure to the absolute value of SOI.
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and cannot be considered here. We choose § = 0.3. The results are reported in Table 6 and
exhibit a very high empirical (average) probability of returning to central values 3 periods
ahead. However, this probability is less than unity revealing that Kl Nifio episodes can
occur (or persist if the SOI was already above 1 or below -1 for several periods). When
h =5, pogs = 1 meaning that very persistent El Nifio (resp. La Nina) occurrences are

unlikely to appear.

Table 6: Comparison of theoretical and empirical SOI reversal probabilities

h=1 h=3 h=5
In-sample 20.95\Do.95 60.00\65.00 100\65.00 100.00 \100.00
Out-of-sample 20.95\Do.95 58.00\53.00 76.00 \100.00 100.00\100.00

Notes: The theoretical reversal probabilities p, are computed using (5.2). Empirical average prob-

abilities are computed using (5.1).

The reversal probabilities are useful to determine the probability of eluding dramatic
climatic events such as strong and persistent La Nina or El Nino occurrences. In this
context, forecasting the reversal date, that is the end of La Nina or El Nifio, is also of
particular interest. We hence take advantage of Proposition 4.3 to predict the reversal
date of the El Nifio occurrence that presumably starts at the end of the in-sample period.
As this last observation is below -1, we admit that x is far from central values. Following
the methodology of the simulation study (see 5.3), we determine ky for various values
of m € [1,10]. As & =~ 1.9 exhibits light tails, we might encounter some difficulties in
applying our pattern recognition procedure: far from the peak (m large) we are more likely
to observe values from the center of the distribution. On the other hand, m = 1 might lead
to imprecise results as few past information is used to determine the piece of trajectory and
the process is not strongly anticipative given the estimated coefficients. Our findings offer
some robustness in this particular case as for m = {1,2} and m € [5,10] our procedure
always points toward kg = 1. For m = 3 and m = 4 we find ky = 5 and kg = 3 respectively.
We hence retain kg = 1 and m = 10, therefore implying an imminent reversal date as we

are close to the last piece of the trajectory described by ¥ody,. The selected piece of the
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Figure 3: El Nifio reversal forecast

***** Forecasts "
Observed
"""""" La Nina / El Nifio thresholds

| | |
1984-04 1992-02

Notes: The shaded area corresponds to the out-of-sample data.

trajectory is represented in Figure 3. We then deduce the reversal date and we compute
the future values of X; up to X415 = 0, with h = kg + 1, that is when the SOI goes back to
its central value. We find that El Nifio should reverse just after February 1992, reaching
a peak at Z;11 = —4.60. When compared with the out-of-sample period, the reversal date
appeared to be very accurately predicted. However, the magnitude of the peak reached
during this El Nino occurrence is overestimated as xy41 = —3.04.

To ensure the robustness of our approach, following the same procedure used to predict
the reversal date in Figure 3, we predict all El Nifio and La Nina anomalies in the out-of-
sample dataset (from 01/1992 to 01/2024). The results are summarized in Table 7. For
an El Nino (or La Nina) event, we start our forecasting procedure at the first date when
the SOI is below -1 (or above 1) before the end date of an identified El Nifio phenomenon,
called the start date in Table 7; the end date is when the SOI returns between -1 and 0 (or

1 and 0). We also forecast the peak date, defined as the minimum (or maximum) value of
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the SOI before the start and end dates. Table 7 shows that for all El Nifio and La Nifia
occurrences (14) in the out-of-sample dataset, our procedure leads to an average error of
0.42 months in finding the peak date and 0.57 months in finding the end date compared
to the true peak and end dates. We also report in Table 7 the selected ky and m from
our procedure. For SOI, the choice of these two parameters is robust, mainly m = 10 and

ko = 2 are chosen.

Table 7: Forecasting out-of-sample El Nino and La Nifia anomalies

Type of anomaly El Nino El Nino La Nina El Nifio La Nina La Nina El Niio La Nina La Nifia La Nina La Nina

Start date 12/1991 07/1994 11/2007 12/2009 07/2010 11/2010 07/2015 11/2021 02/2022 08/2022 11/2022
Peak date 01/1992 09/1994 02/2008 02/2010 09/2010 12/2010 10/2015 01/2021 03/2022 10/2022 12/2022
End date 04/1992 1071994 03/2008 03/2010 11/2010 04/2011 1172015 03/2021 05/2022 11/2022 02/2023

Forecasted Peak 01/1992 09/1994 02/2008 03/2010 08/2010 01/2011 09/2015 01/2021 04/2022 10/2022 01/2023
Forecasted End 02/1992 10/1994 03/2008 04/2010 09/2010 02/2011 10/2015 02/2021 05/2022 11/2022 02/2023

Peak forecast error 0 0 0 1 -1 1 -1 0 1 0 -1
End forecast error -2 0 0 1 -1 -2 -1 -1 0 0 0
ko 1 2 3 3 1 2 2 2 2 2 2
m 10 10 10 9 10 10 10 10 10 10 10
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7 Conclusion

For a-stable infinite moving averages, the conditional distribution of future paths given the
observed past trajectory during extreme events is obtained based on a new spectral rep-
resentation of stable random vectors on unit cylinders relative to semi-norms. In contrast
to usual norm representations, this yields a multivariate regularly varying tails property
that is appropriate for prediction purposes, however not all stable random vectors can
be represented on semi-norm unit cylinders. A characterisation is provided and reveals
that predictions are possible if and only if the process is “anticipative enough”. Finite
length paths of a-stable moving averages, which are themselves multivariate a-stable, are
embedded into this framework.

Our approach also shows that instead of their attractive “causal” interpretation, non-
anticipative processes appear to rather presume, by construction, the unpredictability of
extreme events. Anticipative processes, however, instead of “depending on the future”,
rather assume that future events feature early visible signs betraying their incoming occur-
rences. These early signs take the form of emerging trends and patterns that an observer
can identify and use to infer about future potential outcomes. In some particular cases,
we demonstrate that the trajectory does not leave room for indeterminacy and can be
deduced, in theory with certainty, and practice with a very high level of confidence.

We use Monte-Carlo simulations to illustrate two applications derived from our theo-
retical results: forecasting crash probabilities and forecasting crash dates. We also discuss
some sources of uncertainty that are likely to arise in finite sample and non-asymptotic
frameworks. The numerical analysis confirms that both the two procedures we implement
are easy to use and perform well in a wide range of situations. To give more insights regard-
ing the empirical relevance of the semi-norm representation of a-stable moving averages we
show how climate anomalies can be predicted accurately. In particular, the probabilities
of occurrence of the so-called La Nifia and El Nifio episodes are estimated. For a specific

El Nino episode, we also detect very precisely, out-of-sample, the reversal date.
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8 Proofs

8.1 Proof of Proposition 2.1

Consider first the case where either o # 1 or X is S1S. We only provide the proof for o # 1
as it is similar under both assumptions.

Assume that T'(KI'l) = 0 and let us show that X admits a representation of the unit
cylinder C’C‘l"” relative to the semi-norm || - ||. The characteristic function of X writes for

any u € R, with a = tg(ra/2),
ex(u) = exp{ — /Sd (]<u73>’04 —ia({u, s))<a>)I‘(ds) +1 <u7uo>}

= eXp{ - /Sd\K,“ (!<u78>|°‘ — ia(<u78>)<a>)1“(ds) +i <u,u0>}

S

= eX — uia_iau7<a> sl s Z‘uo
) p{ oo (1 ot = o o= e+ ””}

B exp{ - /T|.|(Sd\K|-) (!(u, $)|* —ia((u, s/>)<a>) ‘ /

- exp{ -/, N (1 s)1° = da((u, 5 ) s]-°T 0 Ty} (ds) +i u u°>}

Tli-ll(ds)

o Tll_lll (ds') + i (u, ,u0>}

18]l

where we used the change of variable s’ = Tj.|(s) = s/| s|| between the third and fourth
lines, which yields the representation on C(!'”.

Reciprocally, assume that X is representable on Cc‘l"”. By definition of the representability
of X on C’g'H, there exists a measure 7”'” on CC‘IHI and a non-random vector mﬁ.” € R? such

that

ox(u) = exp{ — /C”'“ <|<u, 8)|* —ia({u, s>)<a>)7|l'\\(ds) +i <u,m|(|)>}
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With the change of variable s’ = Tll_Hl(S) = s/|Is]le,

ox(u) = exp{ -/ yr (1 o)1 = sl Hs”e>><a>)usua 7 (ds) +Z<u,mﬁ_,,>}

:exp{_/%

S/

Is'[Il,
= GXP{ - /Sd\K,” <|<u, 8)|* —ia((u, 3>)<a>) HSH_CW”'H o Tj.(ds) + i (u, m0.||>}

(I, 8)[* = ial(u, ))<*>) ‘

el Yo Ty (ds') + i (u, mi, >}

cospf = [ (s ) ) ) ) |

where y(ds) := ||s|| =4/l o Tj.y(ds). Letting now 7(A) := (AN (Sq \ KIhy) for any Borel

set A of Sy, we have

px(u) = exp{ [ ()l — iatan )0 )ds) + <u,mﬁ.”>}.

By the unicity of the spectral representation of X on Sy, we necessarily have (I', u®) =

7, mﬁ,”). Thus, ¥ and T" have to coincide, and in particular
DKy = 5Ky = (K A 55\ KIF) = 4(0) = 0.

Given that I' = 7 and F(K”'”) = 0, we can follow the initial steps of the proof to show
that ~/I'l = TIMI.

Consider now the case where @« = 1 and X is not symmetric. Assume first that
Js, | |ls]||T(ds) < +oo, that is, D(KI) = 0 and [q, s | In[ls]|[(ds) < +o0. With
a=2/x,

px(u) = exp{ [ (w8} s, ) n G, ) ) Ps) +4 <u,u0>}

:exp{— [y (0 o1 e 2, 201 ()

—|—i(u,,u0>—z‘a/

S\K Il

(u, s)In HsHF(ds)}.
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We have [g\ i1 (u, 8) In [|[|T(ds) = 3201 wi fg s siln[|s|[T(ds) = (u, i), and thus,
i) —ia [ (ws)Ins|T(ds) = i(u uf)).
Sa\KII

The condition g\ i llanH‘F(ds) < 400, ensures that |p,ﬁ.”| < 400. Again with the

change of variable s’ = T).|(s) = s/s||, we get

ox(u) = exp{ - /T|A|(Sd\Kl‘) (I( s +ia{u,s')In |(u, s )

_ exp{ - /cg' (I<uvs>| +ia(u, s) 1n|<%8>|) [sllc*T o Ty (ds) +iu, p]. ||>}

Tl (ds)

FOTII | (ds) +i(u, . ||>}

Reciprocally, assume there exists a measure 7/l on Cc‘l"” satisfying (2.4) and a non-

random vector mﬁ.H € R% such that

ox(u) = exp{ — /Ccll" (|<u, s)| + ia(u, s) In [(u, 3>\)fy||'”(ds) 44 (u,mﬁ,”)}.

First, we can see that
px(w) =expd = [ (1w o)+ ot o (o)) lslle + da(u, 5) n 5] |11 (ds)
* ot [\ s He sl N sl ’ ‘

We will later show the following result:

Lemma 8.1 Let ~I'll a Borel measure on C” I satisfying (2.4). Then,

L

Assuming Lemma 8.1 holds, then by the Cauchy-Schwarz inequality, we have

Y (ds) < 4o0. (8.1)
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7\\'||(d3) < 400, and thus

Jou I, )| In [s]le

ox(u) = exp{ — /C

(I g b, o s 2 s e )

II-1
d

+i(u,mjl;) —ia/

I
Cd

(u, s)In HSHeVH'(ds)}
= exp{ — /Sd\KH (|<u, s +ia(u, s’) In |{u, s’>\)'y(ds')

+i(u,mjl;) —ia/

S\KII

(u,s') In IIS’W(dS’)},

where we used the change of variable s’ = T”_”1(s) = s/||sle, and ~(ds) := ||s|| 4l o
Tj.|(ds). Letting then 7(A) :=v(AN(Sg\ KIF) for any Borel set A of Sy and 1 := (i)

with m; = fsd\KH'H siln||sl|7(ds), j =1,...,d, we get

ox(u) = exp{ — /Sd (](u,s>| +ia(u, s) In [(u, s>\)7(d8) +1 <u,mﬂ,” - arh)},

and X admits the pair (7, mﬁ_” — am) for spectral representation on the Euclidean unit
sphere. The unicity of the spectral representation of X on Sy implies that (T, u%) =

7, mﬁ.” —am). Thus, 7 and T have to coincide, and in particular
PRI =30 = 5 (51 1 (5 K1) = 4(0) =0,

m:/ siln|[s|T(ds), i=1,....d.
SAKI

Last, as [ [|s[le|In||s]le ylHl(ds) < +o0 (Lemma 8.1) and I'(KII') = 0, we have by a
d

change of variable

/.

[lle|n[|s]le

sy = [ [wlsl1s1 791 0 Ty s

= [, Jmlisl|as)
K
:/Sd In [s][[ T (ds)

< 400,

I
d
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which concludes the proof of Proposition 2.1.

Proof of Lemma 8.1
Notice that there exists a positive real number b such that for all s € C’UllH‘, ||s|le > b because

|ls|| = 1. Letting M > 0, we have for all u € R?

/H~|| Hs\lellnllslle Il (ds) :/IHI +/H<H =n+ Iz
Cy Cy 'n{e<Islle<M}  JCOFN{Islle>M}

We will show that both I} and I3 are finite. Focus first on I5. From (2.4), we know that

for all u € R?

J:

and thus, in particular

(ut,) | 1] (w, 8} (ds) = | <400 (82)

I I +/n-u
p Cq n{b<lislle<M} SO N{lIslle>M}

u,s)||In |(u, s I (as
St sy 0 16 801 )

s .
S o, 81| 1 sl + I, =[5 ds) < o,
(srecll |1s7)|.> 01} [slle
(8.3)
By the triangular inequality, for all u € R¢,
s .
| [, 8)]| 10 [s]e + In (e, =) |2 (ds)
(sl |1s7]|.> M) lIslle
In |(w, s/[[s]le)] |_j.
-/ ) ] |1 L= )
(srecl |1s7)|.> 01} In [s]le
In|{u, s/||s||e .
= ()l ] |1 = [P )
{sreC: ||s’]|e>M} In ||s]le
(8.4)
Let us now partition the space R? into subsets R1,..., Rq such that, for any i = 1,...,d

and any s = (S1,...,54) € R;, sup|s;j| = ]si].lg We have by (8.3)-(8.4) that for any
J

13
Strictly speaking, (Ri,...,Rq4) is not a partition of R? as the R;’s may intersect because of ties in the

components of vectors. This will not affect the proof.
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i=1,...,d, any u € R?,

In |{u, s/||s _
/ y a8} | |2 - \</H||>‘ ll(ds) < +oo.
{seCy . ||s'|le>MINR; In ||s||e
Denoting (eq,...,eq) the canonical orthonormal basis of RY, evaluate now the above at
u = ¢;. We get that
In |{e;, s/||s )
/ " |<ei,8>|'ln [s]le|[1 — [(ei, 8/ sl ‘ All(ds) < 400.  (8.5)
{srechl |Is']le>MInR; In||sfle

Let us show that s — In|(e;, 8/||s]|¢)| is @ bounded function for s € {s’ € C’ll"” s e >

M} N R;. Ad absurdum, if it is not bounded, then for any A > 0, there exists s € {s’ €
Cc‘l"” : ||8'|le > M} N R; such that

[intei, s/ lslle)| > 4.

Taking the sequence A, = n for any n > 1, we get that there exists a sequence (s,),

sp,e{s' € CC|1|'” . |§'|le > M} N R; such that
|10 [{es, 0 /l|sule}]| > n.
Thus, for all n > 1

0 < [(ei; sn/llsnlle)| < e

and
s sa/lsall)l — 0.
Consider now the decomposition of s, /||sy||e in the orthonormal basis (eq, ..., eq),
d
sn/lIsnlle = Z<ej73n/||3n”6>ej'
j=1

As s, € R; for all n > 1, we also have that s, /||sn|le € R; for all n > 1, and thus, for any

ji=1,....d

0 < I{es, sn/Isnlle)] < lfesssn/llsalle)| —_0.
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=1 for all n > 1. The

Hence, s,/||sn]le o 0, which is impossible since H
“+o00

function s — 1n|<el,s/||s|] )| is thus bounded on {s € C’” H :|Islle > M} N Ry, say

‘ln| ei,s/|s|le) \’ < A for some A > 0. Provided M is taken large enough (e.g., M > 2A),

we will have in (8.5)

1— >1——>0,

M

In |(es, s/ls]le >r’ A

In|s]e In|s|e

In [{ei, s/| sl IH

which thus yields for all i = 1,.

/ I \<ei73>|‘ In [|s]e|y!(ds) < +oo0.
{s'eCy Ly le>MINR;
As |<ei7 S>’ > HSHeeiA, we further get that
/ Il ||S||e‘1n|| yMi(ds) < 400,
{s'eCy": |ls|e>MYNR;
and because |J R; =RY,
i=1,..,d
2= / I HSIH In ||S||e‘VH'”(dS)
{s'eCy s Is'lle>M}
d
= Z/ I ||S||e‘1nH A(ds) < +oo0.
i=1 J{s'eCy " ||s!le>MINR;

Let us now show that I; is finite. Assuming for a moment that
PWI({s e cil: b<ls']le < M}) < +oo,
we get

h= / I sl Is]c |71(ds)
{s/ECd S b8 |l <M}

I (o Il !
< (zrel%éxx]ﬂlnxo v ({s eCy":b<|se < M}),

because x — z|lnz| is a bounded function on [b, M], and thus I} < +00. We now show

that v/l is indeed finite on the set {s’ € C(‘il'” b < ||8]le < M}.
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Proceeding as in the case of I3, it can be obtained that for ¢ = 1,...,d, the function

s — In|(e;, 8/||s|le)| is bounded on the set {s’ € C(g'H b < ||§|le £ M} N R;. Say,

again, that |In|(e;, s/||s||e>|‘ < A for some A > 0. Then, |{e;, s)| > ||s|l.e™*, and for any
A > 2ble?, we have

|(\e;, )| > 2,

for any i = 1,...,d, s € {s’ € Cg'l"H : b < ||¢|le < M}NR;. From (8.2), we have for any
u e R4

| [, 81| 0 |, ) |3 () < o,
{s'€C;": b<||s'||c<M}

and thus, for any u € R?,

| [, 8)] [ 1n  (u, )] [y (ds) < +00,
{s'eC; " b<||s'|[e<MINR;

for any i = 1,...,d. Evaluating the above in particular at u = \e;, for any A > 2b~le?,
we get

/ y (e 5)][In [(Aei, )] |71 (ds) < +oo.
{srec! . b<||s/ | <MINR;

Noticing that z — z|In z| is increasing on [1, +00) and that [(\e;, s)| > 2 for any s in the

domain of integration, we have |(u, s>|‘ In [(u, s>\‘ > 21In2, and

/ y Al (ds) < +oo,
{s'eCy " b<||s | <MYNR;

forany i = 1,...,d. Hence,

d
Il (ds) < ;/{ Il (ds) < +oo,

/{S’GCJ'l: b<||s! || e <M} srecl b/l <MINR,

and A1l ({s’ ecll: p<ys). < M}) is finite. O

8.2 Proof of Proposition 2.2

The proposition is an immediate consequence of Bayes formula and of the following result,
which is an adaptation of Theorem 4.4.8 by Samorodnitsky and Tagqu (1994) Samorod-
nitsky and Taqqu (1994) to seminorms.
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Proposition 8.1 Let X = (Xi,...,Xy) be an a-stable random vector and let || - || be a
seminorm on R® such that X is representable on CE'H. Then, for every Borel set A C Cc‘l"”

with TI(DA) =0,

X
lim 2°P(|| X >z, — € A) = C,I'I'l(4), 8.6
Jim 2 P X > @ € 4) (4) (8.6)
. -« .
with Cy = ifa#1, and Cy = 2/7.

I'(2 — ) cos(mra/2)
Proof.
We follow the proof of Theorem 4.4.8 by Samorodnitsky and Taqqu (1994). The main
hurdle is to show that, with || -|| a semi-norm, KI'l = {s € Sy : ||s|| = 0}, and TI"I(K ) =

0, we have the series representation of X, (Xi,..., Xy) 4 (Z1,...,2Zq) where

Zy = (CoTI e STy Ves® _ (), k=1,....,4, (8.7)
i=1
with S; = (SZ-(l), A Si(d)), 1> 1, are i.i.d. C’g"‘—valued random vectors with common law

I‘”'H/FH"'(C’Q’H) and the b; ;(4)’s are constants.

By Proposition 2.1, we know that X admits a characteristic function of the form (2.1). This
allows to restate the integral representation Theorem 3.5.6 in Samorodnitsky and Taqqu
(1994) on the semi-norm unit cylinder as follows: with the measurable space (F,&) =
(C’C'}'H, Borel -algebra on C’C‘l"”), let M be an a-stable random measure on (£, £) with control
measure m = 'l'l skewness intensity 3(-) = 1 (see Definition 3.3.1 in Samorodnitsky and
Taqqu (1994) for details). Letting also f; : C(g'” — R defined by f; ((31, .. ,sd)> = s,
j=1,...,d, then

x4 (/cd' fl(s)M(ds),...,/Cd'l fd(s)M(ds)) + ol

This representation can be checked directly by comparing the characteristic functions of
the left-hand and right-hand sides. We can now apply Theorem 3.10.1 in Samorodnitsky
and Taqqu (1994) to the above integral representation with (E, &, m) the measure space
as described before, and 1 = F”"'/F”'H(C(g'”). This establishes (8.7). The rest of the proof
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is similar to that of Theorem 4.4.8 in Samorodnitsky and Taqqu (1994). We rely on the
triangle inequality property of semi-norms and the fact that any norm is finer than any

. . . . . 14
semi-norm in finite dimension. O

8.3 Proof of Lemma 3.1

From Proposition 2.1, we know that a necessary condition for the representability of X;
on C’T”r;!rhﬂ is (K = 0, where Kl = {s € Sy, 1541 : ||s]| = 0}. This condition is also
sufficient when either o # 1 or a = 1, = 0. Using the fact that I only charges discrete
atoms on Clmth?
TKIM)y =0 = {s€Smnnit:T({s}) >0 nKll =9
= V5 € Sminn,  [({s}) > 0= ||| > 0]
= VkeZ, [lldglle > 0= || > 0]

= VkeZ, |[lldi] = 0= ||dilc = 0]

— Vk e Z, [HdkH :0:>dk:0}

= VK€L, [(digmr s di) = 0= (digm, -, dkn) = 0],
by (3.1). Now assume that the following holds:
Wk €Z,  [(kims. s dk) =0 = (i, dgn) = 0], (8.8)
Then, if for some particular ky € Z, we have
(dkg+ms - - - diy) = 0.
It implies that

(dk‘o-i-m? ) dko—h) =0,

14
We say that a norm N is finer than a semi-norm N, if there is a positive constant C' such that

Ns(z) < CN(z) for any = € R%.
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and especially, as we assume h > 1,
(d(kg—1)4ms - - s dko—1) = 0.
Invoking (8.8), we deduce by recurrence that for any n > 0,
(d(ko—n)+m> - -+ Akg—n) = 0.
Therefore, (8.8) implies
Vk € Z, {(dk+m,...,dk):0:>V£§k‘—1, dgzo]

The reciprocal is clearly true. This establishes that (3.7) is a necessary and sufficient

condition for X; to be representable on Cll"” in the cases where either @ # 1, or a = 1,

B=0.

In the case @ = 1, 8 # 0, Proposition 2.1 states that the necessary and sufficient
condition for representability reads [g, ’ In ||s]] ‘F(ds) < 4o00. That is

P&y =0  and / [ 1s]1 [P (ds) < +oo.
S\KIII

Substituting I by its expression in (3.6), the above condition holds if and only if (3.7) is

true and
9d
o Z Z’U}ﬂ“dk”e In Pl < 400,
¥eS) keZ ”dkHe
the latter being equivalent to
d
> |ldi e In ldell | 4 o
kcZ HdkHE

8.4 Proof of Proposition 3.1

By Definition 3.1, (X;) is past-representable if and only if there exists m > 0, h > 1 such

that the vector (Xy—p, ..., X4, X¢41,. .., X¢ap) is representable on C’lﬂhﬂ. Consider first
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point (¢)(a), that is, the case a # 1, (e, ) = (1,0). By Lemma 3.1,

(X;) is past-representable <= There exist m >0, h > 1, such that (3.7) holds

— Hmzo,VkEZ,[de:...:dk:O — W<k-1, d,g:o}.
Thus,
(X:) not past-representable <= Vm > 0,3k € Z,dgyp =...=dr =0 and ¥ <k—1, dy #0
— Ym>0,Fk€Z,di1py, =...=dp =0 and dg_1 #0
— sz1,3k€Z,dk+m:...:dk+1:0 and dk;éO
<~ sup{m>1: k€L, dyrypy=...=dps1 =0, dp # 0} = +o0,

hence (3.10).
Regarding the last statement of point (¢)(a), assume first that mo < +oo and m > my.
Property (3.7) necessarily holds with mg. Indeed, if it did not, there would exist k € Z
such that

dktmy =...=dr, =0, and d; #0, for some ¢ <Fk—1,

and we would have found a sequence of consecutive zero values of length at least mg + 1

preceded by a non-zero value, contradicting the fact that
mo=sup{m>1: Ik €Z, dyyp=...=dry1 =0, and di # 0}.

As (3.7) holds with myg, it holds a fortiori for any m’ > mgy. Thus, X; =
(Xt—my--, X, Xpy1, ..., Xy1p) is representable for any m’ > mg, h > 1 by Lemma 3.1,
and (X;) is in particular (m, h)-past-representable.

Reciprocally let m > 0, h > 1 and assume that (X;) is (m, h)-past-representable. The
process (X;) is thus in particular past-representable, which as we have shown previously,
implies that mg < +o00. Ad absurdum, suppose now that 0 < m < mg < +oo. If mg =0,

there is nothing to do. Otherwise if mg > 1, by definition, there exists a k € Z such that
dk+m0 = ... = dk+1 = 0, and dk; ;é 0. (89)
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Because (X;) is (m, h)-past-representable, we have by Lemma 3.1 that (3.7) holds with m.
As m < mg and dg4pm, = ... = dg+1 = 0, we thus have that dy = 0 for all / < k£ + 1, and

in particular di = 0, hence the contradiction. We conclude that m > my.

Consider now point (¢)(b), i.e., the case & =1 and 8 # 0. From Lemma 3.1,
(X:) is past-representable <= There exist m > 0, h > 1, such that (3.7) and (3.8) hold

From the previous proof, we moreover have that
mgy < 400
dm >0, such that (3.7) holds <= my < 400 <= ¥V m' > mg, (3.7) holds
V' m' < myg, (3.7) does not hold

Hence
Im >0, h > 1, such that (3.7) and (3.8) hold

mo < +00

vV m!' > mg, (3.7) holds

V' m' < myg, (3.7) does not hold

Im >0, h > 1, such that (3.7) and (3.8) hold.

The latter in particular implies mg < +o00 and the existence of m > mg, h > 1 such that

(3.8) holds. Reciprocally,

mo < +00
Im > mg, h > 1, such that (3.8) holds
my < 400
= ¢ Vm' > myg, (3.7) holds
Im > mg, h > 1, such that (3.8) holds,
which in particular implies that there exists m > mg, h > 1 such that both (3.7) and (3.8)

hold. Hence the past-representability of (X;).
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In view of Definition 3.1, point (¢¢) is a direct consequence of the second part of Proposition
2.1.

8.5 Proof of Corollary 3.1

Letting ko be the greatest integer such that di, # 0 (such an index exists by (3.3)), then
immediately, for any m > 1, dgy+m = ... = dgy+1 = 0 and therefore my = +o0.

8.6 Proof of Corollary 3.2

We first show that deg(y) > 1 if and only if my < 4o0.
Clearly, if deg(y) = 0, then X; = 21120:700 dpeiyr for some kg in Z and mgy = +00.

Reciprocally, assume deg(¢)) = p > 1. Let us first show that (3.10) holds.

Denote ¢(F)¢(B) = Yi__,@iF" and O(F)H(B) = >4__,0;F', for any non-negative
degrees ¢ = deg(¢), r = deg(H), s = deg(®). From the recursive equation satisfied by
(Xt), we have that

p s
> eiXiri= Y Okerrn

i=—q k=—r
p S
— > @i Y ditrikri = Y, Okcrrn
t=—q keZ k=—r
p S
— > < > ‘Pidk—i>5t+k = > Orerrn- (8.10)
keZ Ni=—q —

Proceeding by identification using the uniqueness of representation of heavy-tailed moving

averages (see Gouriéroux and Zakoian (2015)), we get that for |k| > max(r, s),

/4
> @idy—; = 0. (8.11)

1=—q

Ad absurdum, if (X;) is not past-representable, then by Proposition 3.1

sup{m>1: Ik €Z, dyrm=...=dpr1 =0, dp #0} = +o0.
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Thus, there exists a sequence {m,, : n >0}, m, > 1, lim,_,; = +00, satisfying: for any
n > 0, there is an index k € Z such that
dk—p 75 0 and dk—p+1 == dk—p+2 = ... = dk-l—mn =0.

We can therefore construct a sequence (k) such that the above relation holds for all
n > 0. This sequence of integers in Z is either bounded or unbounded. We will show that

both cases lead to a contradiction.

First case: sup{|k,|: n > 0} = 400
There are two subsequences such that m,y — +o00 and |ky(,)| — +oo. For some n

large enough such that (8.11) holds and m,¢,,) > p + ¢, we have both
g9(n)

p
Z sOidl‘“'g(n)_i =0.

i=—q
and
dk;g(n>—p 75 0, dkg(n)_p+1 =...= dkg(n)+q =0.
Hence,
@pdkg(w—p =0,

which is impossible given that dy,  —, # 0 and ¢, # 0. Indeed, denoting
P(z) = 1+ 1z + ... + 2P, ¢, # 0 because deg(¢)) = p, it can be shown that

Pp = ¢p~

Second case: sup{|k,|:n > 0} < 400
Given that (k;,) is a bounded sequence, there exists by the Bolzano-Weierstrass theorem

a convergent subsquence (kg(,)). As (k) takes only discrete values, it necessarily holds

g(n 9(n)

that (ky(,)) reaches its limit at a finite integer ng > 1, that is, for all n > ng, kg,

limy, 400 Kg(n) := k € Z. Thus, for all n > ng

d,*€ 75 O, and dl;+mg = 0,

(n)

95



and as my(,) — +00, we deduce that
dp #0, and dg,,=0, forall £>1.

The process (X;) hence admit a moving average representation of the form

k
> dierins teZ. (8.12)

k=—o00

However, we also have by partial fraction decomposition

o[58 2.

for some polynomials b1 and bg such that 0 < deg(b;) < p—1, 0 < deg(bs) < ¢— 1 and
#(B)b1(B) + BPba(B)y(F) = 1. We can write in general

O(F)H(B)bi(B) _ =

w( ) = k;él CkEttks
O(F)H(B)BPby(B
qS(B) k;@ €kEL+k,

for some sequences of coefficients (ci), (ex), and where ¢; is the degree of the largest order
monomial in B of ©(F)H (B)by(B) (recall that F = B~1) and /s, is the degree of the largest
monomial in F' of BPO(F)H (B)b2(B). By (8.12), we deduce by identification that there is
some ¢ € Z such that ¢, = 0 for all k > ¢+ 1 and

= C k.
W (F) = 2 af

k=—{1
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Necessarily, £ > /1, otherwise ©(F)H (B)b;(B)y~"(F) = 0 which is impossible as all the
polynomials involved have non-negative degrees. Thus, we deduce that there exist two

polynomials P and @ of non-negative degrees such that

OGVHENG) _ N~k phy s o
"ﬁ(zil) —k:z:_Zl k Ca P( )+Q( )7 E(C.a
which yields
Oz HH(2)bi(2) = w(z ) (P(z™1) 4+ Q(2)), z e C. (8.13)

As deg(v) = p and ¥(z) = 0 if and only if |z|] > 1, we know that there are p complex
numbers z1,..., 2, such that 0 < |z| < 1 and w(zi_l) =0 for ¢ = 1,...,p. Evaluating

(8.13) at the z;’s, we get that
O(z; )bi (=) =0, for i=1,...,p,

because H has no roots inside the unit circle and P and @) are of finite degrees. From the

fact that deg(b1) < p — 1, we also know that for some z;,, b(z;,) # 0 which finally yields
O(z;,") =0.

We therefore obtain that ¢ and © have a common root, which is ruled out by assumption,

hence the contradiction. The sequence (k) can thus be neither bounded nor unbounded,

which is absurd. We conclude that
mo=sup{m >1: Jk€Z, dyym=...=dpsr1 =0, dp #0} < +00.

Hence the equivalence between (u2) and (wee).

Let us now show that whenever mg < 400, then (3.8) holds for any m > my.

As mg < 400, we have that for any m > mg and h > 1, ||dg|| > 0 as soon as dj, # 0, for

all k € Z (recall di, = (dgsm,---,dk, dgs1,---,dk—p)). For ARMA processes, the non-zero
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coefficients dj, of the moving average necessarily decay geometrically (times a monomial)
as k — +oo. To fix ideas, say dy ety ak’\F, for constants a # 0, b a non-negative
integer, and 0 < |\| < 1, which may change according to whether &k — 400 or k — —oo (if
deg(¢) = 0, then d_; = 0 for k > 0 large enough, however, since we assume deg(¢)) > 1, it

always holds that |dj| it ak? ¥, for the non-zero terms dy). Hence,
—+o00

dp, ~ ak’\Fd,,

k—+oo

for some constant vector d, such that ||d,| > 0 (which may change according to whether

k — 400 or k — —o0). We then have that

d| ldAl o,
dxle k=t |[dufle

and

1l

EAVEAS

~  const kPAF.
k—+oco

Therefore, for any m > mg, h > 1,

> ldlle

kEZ

< 400

EAEAS

The equivalence between (¢) and (cee) is now clear: on the one hand, if my < +oo,
then (3.8) holds for all m > mg, h > 1, which yields the (m,h)-past-representability of
(Xt—my oy Xty Xeg1, - - -, Xyap) for any m > mg, h > 1, by Lemma 3.1. In particular,
(X}) is past-representable. On the other hand, assuming (X;) is past-representable, then

necessarily mg < 400.
Regarding the last statement, it follows from the above proof that the condition mg <

+oo and m > my is sufficient for (m, h)-past-representability. It is also necessary, as (3.7)

never holds with m < mg (a fortiori, with m < mg = +00), concluding the proof.
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8.7 Proof of Proposition 4.1

By Proposition 2.2

AN B(V))

Pl (X, A|B) votee  TII(B(V))

The conclusion follows by considering the points of B(V) and AN B(V) that are charged
by the spectral measure I'l'l in (4.2).
8.8 Proof of Lemma 4.1

By Proposition 3.1, we have

rhl = 3= 3 |!dkH"5{ Y

¥eS, kEZ [

with di = (pk+mﬂ{k+m20}, - ,pkih]l{k_hzo}) and k € Z. Thus,

0, if E<-m-—1,
dp = (p"™,...,p,1,0,...,0), if —m<k<h,
pFhdy,, if k> h.
Therefore,
=%~ [ Z Hdk\l%{ }+ Z p|* = dy, Ha5{ sok—ha, }]
9veS) Lk=—m Mg T k=h lplR=Pldy, |
Moreover,
Z Z |p|a(k w) Hthaé vd
9€S) k=h { ()"~ hudhhu}
Z Htha [Z |p|ak h) +19BZ <a> k— h‘|5{19dh}
V€St lldpll
= Z a”dh”awgé .
19651 | | {W}
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Finally, noticing that for £ = —m and dj, = (1,0,...,0),

— _
. o ’LU19 «
P =57 Hwy Y Jldel 0 ya, +W||dh|’ O 9dy, 1
vesi L k=—m {HdkH} {!dh\}
- h—1 T
a Wy o
ZE:zWQW&w»+ > dill*6 ¢ ya, )+1ﬂMA%”50% 1
9esy L k=—m+1
{Hdk\} {Hth}
r h—1 1)
o Wy «a
= Z wg(s{(lg,07.,,70)}+(w19 Z HdkH 0 ﬁdk +Wudh” 0 ﬁdh )1
9es L k=—m+1 EA
{HdkH} {\th}

8.9 Proof of Proposition 4.2

Lemma 8.2 Let Tl'l ve the spectral measure given in Lemma 4.1 and assume that the p
18 positive.

Letting (Yo, ko) € Z, consider

I = {ﬁ/dk, - 9 f(dw) _ Yof(di)
el lldw | [, |l

for (9, K') € I} :
Form > 1, and 0 < ky < h, then

ﬁodk’
I:{ ;ogygh}
* 7 Uldw|

Form > 1, and —m < kg < —1, then

d
{%kﬂ, if —m+1<ky<—1
[, |

Iy =

{Q%dako}:{(ﬁovoa70)}7 Zf ko = —m.
HdO,kOH

For m =0, then

I
I = {Hdk’H - e{l,...,h}u{(0,0)}}.

Proof.
Case m > 1 and kg € {0,...,h}
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If ¥ € {~m,...,—1}, the (m + 1)*" component of f(dy) is zero, whereas the (m + 1)*?
component of f(dg,) is p¥0 # 0. Necessarily, ¥’ f(dp:)/||dp || # o f(dr,)/||dk, || and

I {ﬁ’dk/ 0 f(dr) _ Yof(diy)
[ —re ek

for (9, k) € {=1,41} x {0, . .,h}}.
Now, with k¥’ € {0, ..., h}, we have that

fldpr) = (pF ™ pP T PR,

f(dko) = (Pk0+m> s ?pkO—Ha pko)a

and by (3.1) we also have that

h
/ / ) —
e || = (o™, P 07,0, )
HdkOH = H(pk0+m7"‘7pk0+17pk0707- . '70)H.
h

Thus,

V' f(dp)  Yof(dr,)

Idi ]l |l
9 [ (do) _ op™f (do)
[ do]| [p[Fo]|do]|
19//)[ _ ﬁope 0 .
ldoll  ||doll’
s g1l _ ('O)e, 0=0,...,m
l[do| p

= PYy=1

— ¥ =1,

because p # 0 is assumed.
Case m > 1 and kg € {—m,...,—1}

By comparing the place of the first zero component, it is easy to see that

V' f(dp)  Yof(dr,)

= = k/ = ]{30.
I | [k, |l
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m—+1 h
fldw) = (p¥*™, ..., p,1,0,...,0,0,...,0),

f(dyy) = (pFFt™ ... p,1,0,...,0,0,...,0),

——
m+1 h
and we also have that
m—+1 h
——

Idw |l = [|(p" ™, ..., p,1,0,...,0,0,...,0)|,

Idg, || = (o™, ..., p,1,0,...,0,0,...,0)].
N——

m—+1 h
As k' = ky < -1,
Vf(de) _ of(dr,)
||| |, ||
V' pt dop"
ldioll ~ Tl oo R, an 0
d V4
< ﬂlﬁoldko;;:<g> , ZZO,---,m—}—k’O, and k/:ko.
ko

Now if —m +1 < kg < —1,

d l
19’190” kol :(p> , £=0,1,...,m+ky, and K = ko
ldioll — \p

<~ 19/:190 and k/:ko.

If ko = —m, given that (9o, ko) € T = Sy x ({—m,...,—l,O,l,...,h} U {(0, —m)}), and

as k' = kg = —m, we have that dy, = do._, = (1,0,...,0). Hence

d L
19/190” koH:<p> , =0, and k' =ky=—m ,
ldkoll - \p

— ¥ =Yy and k' =kyg=—-m

Case m =0
If ko € {1,...,h} then f(dy,) = p*® and by (3.1), ||dy, || = |p¥o. Thus, 9o f(dk,)/||d, || =
Yo. If kg = —m = 0, then f(dy,) = 1 and Yo f(dk,)/l|dk,|| = Po. The same holds for
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(¢, k") € T and we obtain that
V' f(dr) _ Vof(dr,)

= = ¥ = .
[l [k, I
O
Let us now prove Proposition 4.2. By Proposition 4.1,
!/ /
il {Mk' € Ay, Sdr) eVo}
[ || ’ ||
]P”'H(Xt,Aﬁk’B(Vo)) — . (8.14)
z ’ T—00 9'd 9 f(d
Tl <{ el LTI %})
||~ T [ld |
Focusing on the denominator, we have by (4.6)
V' dy : V' f(dy) V'dy : ' f(dyr) _ Yof(dy,)
Il ({k colll LA O VO} _ 7l { c ol , _ 0 }
e[| 7l | || T ldg | e |

We will now distinguish the cases arising from the application of Lemma 8.2. Recall that we

1—|p|* _

assume for this proposition that the p is positive. Thus, sign(p) = 1 and =4 7 oS
-p

B and wy = wy in (4.5) for ¥ € {—1,+1}.
Casem >1and 0 < kg < h

By Lemma 8.2,

Tl ({Mk coll . V' fdr) _ Pof(di) })

el T el i |

Dody
— [ § Yol </<}
r <{|dk/u‘ p=sh

h—1 _
Wy

= [wﬁo > ldil1* + T ’0|aHtha]
k=0 P

By (3.1), for ¥ € {0,1,...,h}

|| = ("™, PP 7,0, 0)
——

|k _hH(pm—"_h’_ "7ph+17ph707"'70)”
h

=|p
k'—h
= |p|" 7"l dp].
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Thus,

NELL 9 f(dr)  Dof(diy) & e
rl ({k coll . _ o } — wy, | pae=h) |
|| = 7T d | e | ’ k/Z:O

|p| "
1—|pl®

= wyp||dp|*

Similarly for the numerator in (8.14), by (4.7),

o (P 9 f(dy)
-l {k a, .. Ufdw) }
Tl €4 Tae €V

wﬁoHdhHa‘p’a(kih)(s{ﬁo}(ﬂ)a if 0<k<h-1,

1 .
wﬂo”thawé{ﬁo}(ﬂ), it k=h.

The conclusion follows.
Casem > 1and —m < kg < —1
We have by Lemma 8.2

(S0 9 (d) _ 90f (i) VY _ i (S Yol
: <{Hdk/HECm+h“' lawll — lldil j)=r {Hdkon}‘

If-m+1<ky<-—1,

. Yody, o
() e
0
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and

/ /
FH.” {ﬂdeEAﬁki 19f(dk)€vb}
[ ’

Tl ({ﬁodko }), if 9 =10, and k = kg,

Tl (@), if £ 0y or k # ko,

= wyo |y [|* 01901 (9) 410y ().

If kg = —m, then dy, = do—m = (1,0,...,0), and

Pl ({%}) = T ({96(1,0,..,0)}) = way.

9 dy 9 f(dy)
[ A i ) }
" <{||dk,||€ 2 g €V

Jod
:pn-(AMm{ 0 ko})
" Uldill

Tl (AM N {o(1,0,.. . ,0)}), if 9 =1y, and k= ko= —m,
Tl (@), if 99 or k# ko,

= wﬁo(s{ﬂo}(ﬁ)é{ko}(k‘)'

The conclusion follows as previously.

Casem =0
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By Lemma 8.2, as the p is positive

Tl ({Wk' coll . V@) _ ﬁof(dko)}>

|l T lde ] i |

_rhl ({m € ol = K €40, A}U {(on)}})

Given that ||dy | = |p|*', for any 1 < K < h,

V'dy : V' f(de) _ Yof(di,)
p||~<{k coll . _ 0 }
||~ T d | i |
h—1
o lldn[*
= Wy, + Wy, Z ”dk”H + 1_| ‘a
k=1 P
ST A
= wgy |1+ > |o® 1o ‘a]
k=1 P

B 1—|p|*"  |p|*"
_w%[l—\p!“ T

1
= wy,————.
°1—|p|*
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Similarly, by (4.7),

o[ [ 9 f(dy)
rlk { LA v}
Tdw]] <% Tapl €

) Yodi. .
ol <AM n {M ecll, . Kefo,... nu {(0,0)}})

Yod
Tl <{ 0 k}>’ —
= [l di||
Wi, 019,y (V) it k=0,
= wa,|p| g,y (9), i 1<k<h—1
ah
Woo 1-— |p|0¢5{790}(19)5 if k=h.

The conclusion follows.

8.10 Proof of Proposition 4.3

Lemma 8.3 Let X; be the a-stable anticipative AR(2) (resp. fractionally integrated AR)
as in (4.8) (resp. (4.10)). With f as in (4.1), and for any m > 1, h > 0,

Vk, 0> —m, V1,095 € S, [f(ill:‘l"“) = f(‘r?;ﬁ” — k=/{ and 9 = 02].

Proof.

The result is clear for both processes for —m < k,¢ < —1. For k,/ > 0,

f(rdy) _ f(2dy)
| dg || el

Vidg1;  Vadpy
(|| [ dell

, | d|l .
l|dell

— [Vi:O7...,m,

dp  dgt1

— = =...=90
dg  det !

(8.15)
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d d
The last statement in particular implies that e 2
de  dgp

For the anticipative AR(2), if A\; # A2, we then have
% _ dii1 )\]f—H _ )\lzf-i-l _ )\119+2 _ )\12€+2
dy d€+1 )\€+1 _ )\ngl )\€+2 _ )\€+2

k—¢ k—¢
= A =3
— k=1L
This case A1 = Ay = A is similar. For the anticipative fractionally integrated AR, given
that I'(z + 1) = 2I'(2) for any z € C, we have

A dip Tk +dD(+1) D(k+d+ 1D +2)

& d T TU+dTh+D) T(+d+Dr(k+2)
T +d+ DT(k+2)  T(k+d+ DT +2)

Fl+dl(k+1)  Tk+dTE+1)
— (k—=0)d—-1)=0

— k=1
Therefore, in all cases,
de _ di+41 [ d||
— = =...=h+— = k=/{ and i =1.
de  depr ] o

Let us now prove Proposition 4.3. The spectral measure of X; writes
]_“H“ = o'a Z ZwﬁHdk‘aé{ﬁdk}a
YeS1 keZ [
where the sequences (dj) are given respectively by (4.9) and (4.11) for the anticipative

AR(2) and fractionally integrated processes. By Proposition 2.2,

| (A N B(Vp))
PQH(Xt,A‘B(Vo)) e pH-ll(B(Vo))O
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On the one hand, we have by definition of B(Vp), Vy and Lemma 8.3,

19d

rl (B pn( k
HdkH

19d

_pn( K
HdkH

19d

pn( k

|dk||

— ({deo
”dk'()H

Similarly, it is easily shown that

Vo) : (0.k) € {— 1+1}xz}>

9f(d

anUl—h—‘rl : ’(‘fc(zk‘]‘g) € W, (197 k) € {_17+1} X Z})

ol . 9fdr) _ Jof(di) N

R 7 P Z})

(AN B(Vp)) = 1M <Am {l%dk()})_

The conclusion follows.
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